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Outline
2

Few words on some basic concepts:

What is CMB

What are CMB anisotropies

CMB polarization

Few very recent research topics/findings:

CMB polarization experiments

CMB lensing 

CMB-LSS correlation

Data analysis in cosmology: CMB examples and beyond
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The Universe and the CMB
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The CMB radiation: a bit of history
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Nuove misure, nuovi problemi 
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Anisotropies discovery: COBE, WMAP, Planck
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Spherical harmonics (caveat: n=l)
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The hunt for CMB angular power spectrum
8

The$beginning:$Partridge$and$
Wilkinson,$dedicated$
�Isotropometer��

Credits: Lyman Page
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Our goals: understand this figure
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Planck results 2015
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Radiation driving

• Gravitational potentials in radiation dominated era decay with time

• When fluids inverts oscillations there is no potential well: larger 
rarefaction amplitudes, information on matter-radiation equality

14
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Total contributions
15

ADIABATIC ANISOTROPY POWER SPECTRUM

• Temperature power spectrum for scale-invariant curvature fluctuations

67

CMB Anisotropies 19

This decay actually drives the oscillations: it is timed to leave the fluid max-
imally compressed with no gravitational potential to fight as it turns around.
The net effect is doubled since the redshifting from the spatial metric fluctua-
tion Φ also goes away at the same time. When the Universe becomes matter
dominated the gravitational potential is no longer determined by photon-baryon
density perturbations but by the pressureless cold dark matter. Therefore, the
amplitudes of the acoustic peaks increase as the cold dark matter-to-radiation
ratio decreases (Seljak 1994; Hu & Sugiyama 1995). Density perturbations in
any form of radiation will stop growing around horizon crossing and lead to this
effect. The net result is that across the horizon scale at matter radiation equality
(keq ≡ (4 − 2

√
2)/ηeq) the acoustic amplitude increases by a factor of 4-5 (Hu &

Sugiyama 1996). By eliminating gravitational potentials, photon-baryon acous-
tic oscillations eliminate the alternating peak heights from baryon loading. The
observed high third peak (Halverson et al 2001) is a good indication that cold
dark matter both exists and dominates the energy density at recombination.

3.6 Damping

The photon-baryon fluid has slight imperfections corresponding to shear viscosity
and heat conduction in the fluid (Weinberg 1971). These imperfections damp
acoustic oscillations. To consider these effects, we now present the equations of
motion of the system in their full form, including separate continuity and Euler
equations for the baryons. Formally the continuity and Euler equations follow
from the covariant conservation of the joint stress-energy tensor of the photon-
baryon fluid. Because photon and baryon numbers are separately conserved, the
continuity equations are unchanged,

Θ̇ = −
k

3
vγ − Φ̇ , δ̇b = −kvb − 3Φ̇ , (18)

where δb and vb are the density perturbation and fluid velocity of the baryons.
The Euler equations contain qualitatively new terms

v̇γ = k(Θ + Ψ) −
k

6
πγ − τ̇ (vγ − vb) ,

v̇b = −
ȧ

a
vb + kΨ + τ̇ (vγ − vb)/R . (19)

For the baryons the first term on the right accounts for cosmological expansion,
which makes momenta decay as a−1. The third term on the right accounts for
momentum exchange in the Thomson scattering between photons and electrons
(protons are very tightly coupled to electrons via Coulomb scattering), with τ̇ ≡
neσT a the differential Thomson optical depth, and is compensated by its opposite
in the photon Euler equation. These terms are the origin of heat conduction
imperfections. If the medium is optically thick across a wavelength, τ̇/k ≫ 1 and

20 Hu & Dodelson

the photons and baryons cannot slip past each other. As it becomes optically
thin, slippage dissipates the fluctuations.

In the photon Euler equation there is an extra force on the rhs due to anisotropic
stress gradients or radiation viscosity in the fluid, πγ . The anisotropic stress is
directly proportional to the quadrupole moment of the photon temperature dis-
tribution. A quadrupole moment is established by gradients in vγ as photons
from say neighboring temperature crests meet at a trough (see Plate 3, inset).
However it is destroyed by scattering. Thus πγ = 2(kvγ/τ̇ )Av, where the order
unity constant can be derived from the Boltzmann equation Av = 16/15 (Kaiser
1983). Its evolution is shown in Figure 3. With the continuity Equation (7),
kvγ ≈ −3Θ̇ and so viscosity takes the form of a damping term. The heat conduc-
tion term can be shown to have a similar effect by expanding the Euler equations
in k/τ̇ . The final oscillator equation including both terms becomes

c2
s

d

dη
(c−2

s Θ̇) +
k2c2

s

τ̇
[Av + Ah]Θ̇ + c2

sk
2Θ = −

k2

3
Ψ − c2

s
d

dη
(c−2

s Φ̇) , (20)

where the heat conduction coefficient Ah = R2/(1 + R). Thus we expect the
inhomogeneities to be damped by a exponential factor of order e−k2η/τ̇ (see Figure
3). The damping scale kd is thus of order

!

τ̇/η, corresponding to the geometric
mean of the horizon and the mean free path. Damping can be thought of as the
result of the random walk in the baryons that takes photons from hot regions into
cold and vice-versa (Silk 1968). Detailed numerical integration of the equations of
motion are required to track the rapid growth of the mean free path and damping
length through recombination itself. These calculations show that the damping
scale is of order kds∗ ≈ 10 leading to a substantial suppression of the oscillations
beyond the third peak.

How does this suppression depend on the cosmological parameters? As the
matter density Ωmh2 increases, the horizon η∗ decreases since the expansion rate
goes up. Since the diffusion length is proportional to

√
η∗, it too decreases as

the matter density goes up but not as much as the angular diameter distance D∗

which is also inversely proportional to the expansion rate. Thus, more matter
translates into more damping at a fixed multipole moment; conversely, it cor-
responds to slightly less damping at a fixed peak number. The dependence on
baryons is controlled by the mean free path which is in turn controlled by the free
electron density: the increase in electron density due to an increase in the baryons
is partially offset by a decrease in the ionization fraction due to recombination.
The net result under the Saha approximation is that the damping length scales
approximately as (Ωbh2)−1/4. Accurate fitting formulae for this scale in terms of
cosmological parameters can be found in (Hu & White 1997c).
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Baryon effects

• Enhance compression and shift 0-point of oscillations

• Slow down sound speed and change sound horizon
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Dark matter effects

• No baryons = no acoustic oscillations

17



Name TalkName TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

Dark matter effects

• No baryons = no acoustic oscillations

17



Name TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

Dark Energy effects
18

FIGURE 8. Variation of CTl with spatial curvature (left) and dark energy density (right). In both cases,
Ωbh2 and Ωch2 are fixed and the dark energy model is a cosmological constant.

models), and dark energy density in ΛCDM models is illustrated in Fig. 8. Both param-
eters principally affect the anisotropies through dA and so simply shift the peaks. The
remaining effect on large scales is due to the late-time ISW effect and, in closed models,
from mode quantisation. Disentangling the effects of dark energy and curvature from
the linear CMB anisotropies requires external data to break the geometric degeneracy.
Combining WMAP5 with BAO and supernova data gives−0.0178<ΩK < 0.0066 in Λ
models, fully consistent with flatness. (Only one external dataset is required in this case;
BAO is the most constraining.) The geometric degeneracy also limits constraints from
the CMB alone on more complex models with dynamical dark energy, even for a flat uni-
verse; a detailed discussion is given in [44]. The current constraints combining WMAP
with both BAO and supernova data are consistent with flatness and non-dynamical dark
energy: the equation of state parameter w is consistent with −1 at the 15% level.

5. CONSTRAINING EARLY-UNIVERSE PHYSICS WITH THE
CMB

5.1. Inflation and the origin of structure

So far, we have not discussed the origin of the primordial perturbation which pro-
vided the seeds for cosmological structure formation under the action of gravitational
instability. The study of this question has the potential to expose deep connections be-
tween cosmology and physics at immensely high energies which are forever beyond the
reach of earth-bound particle accelerators. Inflation [73, 74, 75, 76, 77, 78], an epoch
in which the expansion of the universe is accelerating, solves a number of puzzles asso-
ciated with the standard big bang cosmology. During a phase of accelerated expansion,
H−1 (the physical Hubble radius) remains almost fixed but the physical separation of
particles initially in causal contact grows exponentially. The result is that regions today
separated by cosmological distances were actually in causal contact before/during infla-
tion. At that time, these regions were given the necessary initial conditions, smoothness

Lecture notes on the physics of cosmic microwave background anisotropies March 30, 2009 31
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The full picture
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Composition 
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The cosmic pie in 2017

• Detection of scalar spectral: confirm one prediction of 
inflation

• Reconcile astrophysical data of galaxy + star formation 

21
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Polarization of the CMB
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Why it is useful?
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First formation of stars

Inflation physics

History of galaxy formation 
through gravitational lensing
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Stokes parameters and polarization
• A polarized field is defined by its Stokes parameters:

• Polarization is a headless vector, identical to itself for right-handed rotation of 
180deg: it’s a spin-2 complex field

• Circular polarization not produced by Thomson scattering, let’s neglect it for 
the time being...

24

CMB POLARIZATION: STOKES PARAMETERS

• For plane wave along z, symmetric trace-free correlation tensor of electric field E

defines (transverse) linear polarization tensor:

Pab ⇤
� 1

2⌃E
2
x � E2

y ⌥ ⌃ExEy⌥
⌃ExEy⌥ �1

2⌃E
2
x � E2

y ⌥

⇥

⇤
1

2

�
Q U
U �Q

⇥

Q > 0 Q < 0 U > 0 U < 0
 

• Under right-handed rotation of x and y through � about propagation direction (z)

Q± iU ⌅ (Q± iU)e⇥2i� ⇧ Q+ iU is spin -2

4

40 ⇤�⇥ � ⌃�⌦��⌦↵⌃⇧� � ⌅ ↵⌦⌥��⌃✏��⌃⌦ 

inverse of its frequency), the components of the wave electric field can be
written, in a given point of the space as

Ex = ax cos [⌥0t ⇤x(t)] Ey = ay cos [⌥0t ⇤y(t)] (2.26)

and its Stokes parameters are defines as follows (Jackson, 1975)

I a2
x + a2

y (2.27)

Q a2
x a2

y (2.28)

U 2axay cos(⇤x ⇤y) (2.29)
V 2axay sin(⇤x ⇤y) (2.30)

where brackets stand for time average. The parameter I gives the intensity
of the radiation and together with the parameter V, which describes circular
polarization, is a frame orientation independent quantity, while Q and U,
describe linear polarization in direction North-South or East-West (Q) and
NW-SE or NE-SW (U) according to their sign, are not. In fact, if we consider,
for example, a wave propagating towards ẑ direction, rotating the x-y plane
of an angle ⌃ will transform the Q and U parameters in the previous frame
into the new quantities

Q = Q cos(2⌃) +U sin(2⌃) (2.31)
U = Q sin(2⌃) +U cos(2⌃). (2.32)

This transformation defines a rotation invariant quantity Q2 +U2 and the
angle

⇥
1

2
tan 1 U

Q
(2.33)

which transforms under rotation as ⇥ ⌃. The physical observable con-
nected to polarization is defined as a "vector without head" P = [Q,U] or-
thogonal to wave’s direction of propagation, having magnitude Q2 +U2

and polar angle ⇥. This quantity is not a real vector because it has no ori-
entation, since it describes only the plane where the electric field oscillates,
and moreover, according to 2.32, it is transformed back in itself after rotation
by an angle ⌅, while a real vector would need a rotation by 2⌅.

⇣.✓.⌘ A first order estimation
In order to generalize our previous analysis we must consider not only

a single wave but a whole distribution of incoming and outcoming radi-
ation intensity and define consequently a cross section for the scattering
process encapsulating the transmission of a polarization state discussed in
sect. 2.5.1. The Thomson cross section for outgoing photons polarized along
the �Ei direction depends on the scalar product between the outcoming �E
and incoming electric field associated to the wave.

d⇧T

d�
=

3

8⌅

2

j=1

�Ei
�Ej

2
. (2.34)

Let’s consider now an unpolarized light which Thomson scatters and is
then viewed by an observer. If the incident intensity varies with direction
we can generate polarization and, if z axis is the direction of the outgoing
light (described by Stokes parameters I, Q, U, V), the incident light has
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Spin-weighted spherical harmonics
• Generalization of scalar spherical harmonics for spin fields: 

•  

• Can be related to scalar harmonics through spin raising/lowering 
operators (essential for calculations!)

25
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application of raising and lowering operator which will be useful in the
following par of the text and we outline below

sYlm = ( 1)s sYl m (2.48)
gsYl,m(⇤,⌃) = (l s)(l+ s+ 1)s+1Yl,m(⇤,⌃) (2.49)
ḡsYl,m(⇤,⌃) = (l+ s)(l s+ 1)s 1Yl,m(⇤,⌃) (2.50)

ḡgsYl,m(⇤,⌃) = (l s)(l+ s+ 1)sYl,m(⇤,⌃). (2.51)

Their explicit form can be expressed as

sYl,m(⇤,⌃) = eim⇥

⇤
(l+m)!(l m)!
(l+ s)!(l s)!

2l+ 1

4⌅

⌅ 1
2

sin2l(⇤/2) (2.52)

r

�
l s
r

⇥�
l+ s

r+ s m

⇥
( 1)l r s+m cot2r+s m(⇤/2).

As the spin quantities are non coordinate independent, it is the useful to
define the so called E and B modes of the spin s field

sE⇤m = sa
E
⇤m = sa⇤m + sa⇤m

2
(2.53)

sB⇤m = sa
B
⇤m = i

sa⇤m sa⇤m

2
. (2.54)

In the context of CMB polarization, starting from Q and U quantities we can
therefore construct a complex spin 2 field Q U according to definition of
eq. 2.42 as we can see simply applying the transformation rules of eq. 2.32.
Those fields can therefore be expanded as

(Q+ iU)(⇤,⇧) = 2a⇤m2Yl,m(⇤,⌃)

(Q iU)(⇤,⇧) = 2a⇤m 2Yl,m(⇤,⌃) (2.55)

and from the 2a⇤m we can construct, the power spectrum of E and B
modes and their cross correlation to the temperature anisotropies as it was
done in sect. 2.2

E⇤mE⇤ m = ⇥⇤⇤ ⇥mm CEE
⇤ (2.56)

B⇤mB⇤ m = ⇥⇤⇤ ⇥mm CBB
⇤ (2.57)

E⇤mB⇤ m = ⇥⇤⇤ ⇥mm CEB
⇤ (2.58)

�⇤mE⇤ m = ⇥⇤⇤ ⇥mm C�E
⇤ (2.59)

�⇤mB⇤ m = ⇥⇤⇤ ⇥mm C�B
⇤ (2.60)

�⇤mB⇤ m = ⇥⇤⇤ ⇥mm C�B
⇤ (2.61)

(2.62)

where we have dropped the spin subscript to simplify the notation.

⌘.✓ ⇤ ⇥ ⇧�⇧⇤✏�⌥⇤ �⌦⌅  �⌃⌦⇧✏⌥⇤  ↵⌅⇧�
The E modes and B modes pattern behave differently under parity trans-

formation: the first have ( 1)l parity while B modes have ( 1)l+1 parity
and are therefore a pseudo-scalar quantity. For this reason in absence of any
cosmological process which is parity violating, we expect the cross correla-
tion spectra between �B, EB and �B to vanish.
An alternative interpretation of E and B modes The E and B components can

�.� ⌥⌃⌅��⇤��⌦⇤⌃⇧ ⌥�⌦⌦⇥�⇧ �⇧�⌅↵ ⇤ 43

the sky cannot be separated into modes with different m because, since we
can observe only one universe, we expect to observe the ensemble averaged
power for each multipole. Nevertheless there are some peculiarities of po-
larization patterns which survives the average and are still distinguishable,
such as its parity and its correlation with temperature fluctuations.

�.� ⌥⌃⌅��⇤��⌦⇤⌃⇧ ⌥�⌦⌦⇥�⇧ �⇧�⌅↵ ⇤ 
Once having briefly explained which are the processes that generate the

polarization anisotropies, we want to discuss how to perform an analysis
on the sky to extract power spectrum and correlations functions. Given a
direction on the sky (i.e on a sphere) specified by two angles (�,⇥), we can
always define, according to differential geometry, three orthogonal vectors,
one radial (n) and two tangential (e1, e2)1 to the sphere. We define a func-
tion sf(�,⇥) on the sphere to be a spin-s weighted quantity if under a right
handed rotation of (e1, e2) by an angle ⇤ it transforms as

sf (�,⇥) = e is�
sf(�,⇥). (2.42)

A scalar field on the sphere can be expanded in spherical harmonics, which
are a complete orthonormal system, but these functions are not appropriate
to expand spin weighted ones. For this purpose a set of spin-s functions
which form a complete orthonormal set on the sphere and are called spin-
s spherical harmonics have been introduced to analyze signal radiation on
the sphere by Newman and Penrose (1962). For these functions there exist
operators of spin rising ( lowering) g(ḡ) which rises and lowers the spin of a
function

(gsf) = e i(s+1)�gsf (2.43)
(ḡsf) = e i(s 1)�ḡsf. (2.44)

The explicit expression for these operator are

gsf(�,⇥) = sins �

�

�
+ i csc �

⇥

⇥
sin s �sf(�,⇥) (2.45)

ḡsf(�,⇥) = sin s �

�

�
i csc �

⇥

⇥
sins �sf(�,⇥). (2.46)

Using these operators we can relate spin-s spherical harmonics to the usual
spherical harmonics

sYl,m(�,⌅) =

�
(⇧ s)!
(⇧+ s)!

⇥
gsYlm(�,⌅), (0 s ⇧) (2.47)

sYl,m(�,⌅) =

�
(⇧+ s)!
(⇧ s)!

⇥
( 1)sḡ sYlm(�,⌅), ( ⇧ s 0)

and construct scalar quantities from spin quantities. There exist some useful
properties relating spin-weighted spherical harmonics derived through the

1 The last two vectors are defined up to a rotation around the radial vector

44 ⇤ ⇥ �⌦⌥�↵✏�↵�⌥⇧� �⌦⌅ �↵���⌥⇣�✏⌥↵⌦

application of raising and lowering operator which will be useful in the
following par of the text and we outline below

sYlm = ( 1)s sYl m (2.48)
gsYl,m(⇤,⌃) = (l s)(l+ s+ 1)s+1Yl,m(⇤,⌃) (2.49)
ḡsYl,m(⇤,⌃) = (l+ s)(l s+ 1)s 1Yl,m(⇤,⌃) (2.50)

ḡgsYl,m(⇤,⌃) = (l s)(l+ s+ 1)sYl,m(⇤,⌃). (2.51)

Their explicit form can be expressed as

sYl,m(⇤,⌃) = eim⇥

⇤
(l+m)!(l m)!
(l+ s)!(l s)!

2l+ 1

4⌅

⌅ 1
2

sin2l(⇤/2) (2.52)

r

�
l s
r

⇥�
l+ s

r+ s m

⇥
( 1)l r s+m cot2r+s m(⇤/2).

As the spin quantities are non coordinate independent, it is the useful to
define the so called E and B modes of the spin s field

sE⇤m = sa
E
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In the context of CMB polarization, starting from Q and U quantities we can
therefore construct a complex spin 2 field Q U according to definition of
eq. 2.42 as we can see simply applying the transformation rules of eq. 2.32.
Those fields can therefore be expanded as

(Q+ iU)(⇤,⇧) = 2a⇤m2Yl,m(⇤,⌃)

(Q iU)(⇤,⇧) = 2a⇤m 2Yl,m(⇤,⌃) (2.55)

and from the 2a⇤m we can construct, the power spectrum of E and B
modes and their cross correlation to the temperature anisotropies as it was
done in sect. 2.2
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(2.62)

where we have dropped the spin subscript to simplify the notation.
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The E modes and B modes pattern behave differently under parity trans-

formation: the first have ( 1)l parity while B modes have ( 1)l+1 parity
and are therefore a pseudo-scalar quantity. For this reason in absence of any
cosmological process which is parity violating, we expect the cross correla-
tion spectra between �B, EB and �B to vanish.
An alternative interpretation of E and B modes The E and B components can
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Thomson scattering in action

• Maxwell’s equation: waves 
propagate in the orthogonal w.r.t. 
their electric field direction

• When a incoming wave scatters, 
only a given component of the 
incoming wave is diffuse

• What happens when you have 
more than a single waves 
interacting....

• Let’s assume we have an isotropic 
distribution (i.e only monopole)
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Thomson scattering in action - II

• What if we have a dipole 
anisotropy?
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Plate 10.13. Incoming dipole radiation also produces no polarization. Heavy (thin) lines denote hot 
(cold) spots. Here the incoming radiation is hotter than average (average is medium thickness) from 
the +Jc-direction, and colder than average from the -Jc-direction. The two rays from the ±x-directions 
therefore produce the average intensity for the outgoing ray along the y-direction. The outgoing 
intensity along the x-direction is produced by the ray incident from the ±j-directions. Since these 
have the average intensity, the outgoing intensity is also the average along the x-direction. The net 
result is outgoing unpolarized Hght. 

Plate 10.14. Incoming quadrupole radiation produces outgoing polarized light. The outgoing radia-
tion has greater intensity along the y-axis than in the Jc-direction. This is a direct result of the hotter 
radiation incident from the Jc-direction. 

Hot

Cold

Average

Cold

Hot

Credits Wayne HuDodelson 2003
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Plate 10.14. Incoming quadrupole radiation produces outgoing polarized light. The outgoing radia-
tion has greater intensity along the y-axis than in the Jc-direction. This is a direct result of the hotter 
radiation incident from the Jc-direction. 
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Cold

Hot

• What if we have a quadrupolar 
anisotropy?

Credits Wayne HuDodelson 2003
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Thomson scattering in action - II

• What if we have a dipole 
anisotropy?

28
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Plate 10.13. Incoming dipole radiation also produces no polarization. Heavy (thin) lines denote hot 
(cold) spots. Here the incoming radiation is hotter than average (average is medium thickness) from 
the +Jc-direction, and colder than average from the -Jc-direction. The two rays from the ±x-directions 
therefore produce the average intensity for the outgoing ray along the y-direction. The outgoing 
intensity along the x-direction is produced by the ray incident from the ±j-directions. Since these 
have the average intensity, the outgoing intensity is also the average along the x-direction. The net 
result is outgoing unpolarized Hght. 

Plate 10.14. Incoming quadrupole radiation produces outgoing polarized light. The outgoing radia-
tion has greater intensity along the y-axis than in the Jc-direction. This is a direct result of the hotter 
radiation incident from the Jc-direction. 

Hot
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Cold

Hot

• What if we have a quadrupolar 
anisotropy?

Credits Wayne HuDodelson 2003
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How to generate a quadrupole: scalar perturbations
• Single plane wave of scalar perturbation propagating along z

• Polarization modulated by quadrupole orientation and projection effects

29

k

Scattering

PHYSICS OF CMB POLARIZATION: SCALAR PERTURBATIONS

• Single plane wave of scalar perturbation has �2m ⇤ Y �
2m(k̂) ⇥ with k̂ along z,

dQ ⇤ sin2 � and dU = 0

� �

Plane-wave scalar quadrupole Electric quadrupole (m = 0) Pure E mode

Scatter Modulate

• Linear scalar perturbations produce only E-mode polarization

11

PHYSICS OF CMB POLARIZATION: SCALAR PERTURBATIONS

• Single plane wave of scalar perturbation has �2m ⇤ Y �
2m(k̂) ⇥ with k̂ along z,

dQ ⇤ sin2 � and dU = 0

� �

Plane-wave scalar quadrupole Electric quadrupole (m = 0) Pure E mode

Scatter Modulate

• Linear scalar perturbations produce only E-mode polarization

11

Pure 
E-modes

Observed  
pattern

Hu & White 2003

Hu & White 2003
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Polarization from scalar perturbation

• Polarization probes mainly baryon 
velocity at last scattering

• E-modes peak at minima of  T 
(pressure and velocity are out of 
phase)

• T and E-modes are correlated 

• Probe nature of pertubations

• B-modes are generated at second 
order in perturbation theory or 
through gravitational lensing

30SCALAR POLARIZATION POWER SPECTRA

• Polarization mostly probing vb at last
scattering

– CE
l peaks at minima of CT

l

• Correlations between T and E

• Additional large-angle polarization from
scattering around reionization

• B-modes are generated at second or-
der, e.g. by lensing (see later)

13

Challinor & Peiris 2009
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Tensor perturbations
• Transverse-traceless perturbation behave like gravity waves: distortion 

of space in the plane of the perturbation

• Generation of E and B at the same time and with the same amplitude

• Gravity waves decay once entered in the horizon: contribution 
confined to large scales

31

4.1. ANALYSIS OF THE PERTURBED EINSTEIN AND CONSERVATION EQUATIONS45

Figure 4.1: A picture of the phenomenology of sub-horizon acoustic oscillations.
The upper panels correspond to the case in which ⇥ ⌃= 0 and ⇥̇ = 0 at horizon
crossing. The lower panels show the opposite case, ⇥ = 0 and ⇥̇ ⌃= 0.

4.1.5 equations for tensor-type perturbations

Tensor-type perturbations are gauge invariant; they are represented by H(2)
T for

the metric and �(±2)
T for the stress energy tensor. They are related through the

Einstein equation

Ḧ(±2)
T + 2HḢ(±2)

T + (k2 + 2K)H(±2)
T = 8�Ga2p�(±2)

T , (4.13)

which again requires to have some external information to express the source
term �T .

4.1.6 super-horizon evolution

We now perform a phenomenological analysis of the equations above in the
super-horizon regime. For simplicity, we assume a flat FRW background, no
anisotropic stress and adiabatic perturbations, corresponding to the following
conditions, respectively:

a

k
⇤ H�1 ⌅⇧ k ⇥ H , K = 0 , �T = �(±1)

T = �(±2)
T = � = 0 . (4.14)

For scalar-type perturbations, let us start analyzing (4.40). Firts of all, it is
immediate to see that the source term (4.41) vanishes: S = 0. Second, the
member proportional to k2 in the term multiplying ⇥ can be neglected on sub-
horizin scales. In the RDE, characterized by w = c2s = 1/3, it is easy to see that
the equation reduces to

⇥̈� 2H2⇥ = 0 . (4.15)

k
Hu & White 2003
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Tensor power spectrum r=0.2
32SCALAR AND TENSOR POWER SPECTRA (r = 0.2)

19

Challinor & Peiris 2009
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Large scale T-E correlation

• Photon fluid flows from hot 
regions to cold initially

• Around a crest: intensity peaks in 
the directions along the crest and 
falls off to the neighboring 
troughs

• Final polarization is orthogonal 
to the crest or parallel to the 
trough for points on the through

• Pattern is tangential around hot 
spots and radial around cold 
spots

33

E (anti) correlation B no correlation

Hu & White 2003
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Real space T-E correlation (scalar)
34CORRELATED POLARIZATION IN REAL SPACE

15

Credits Anthony Challinor
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Real space T-E correlation (tensors)
35
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Current maps from Planck (satellite)
36

Planck Collaboration: Di↵use component separation: CMB maps

Full Q Full U

Fig. 8. 20� ⇥ 20� patch of the high-pass filtered Commander CMB polarization map, centered on the North Ecliptic Pole, (l, b) =
(96�, 30�). Each map is pixelized with a HEALPix resolution of Nside = 1024, and has an angular resolution of 100 FWHM. The top
row shows Q and U maps derived from the full-mission data set, the middle row shows the corresponding E and B maps, and the
bottom row shows the E and B maps of the half-ring half-di↵erence (HRHD) map. Note the characteristic + and ⇥ patterns in the
Q and U maps, and the clear asymmetry between E and B in the full data set. Also note that the HRHD E map is consistent with
both the full and HRHD B maps.

11
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Current maps from Planck (satellite)
37
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Current maps from Planck (satellite)
38
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Cosmological constraints of CMB polarization

• E-modes, TE correlation sensible to physics of acoustic oscillations 

• No Sachs-Wolf, ISW, nor Doppler terms for polarization: signal is cleaner (if 
noise is sufficiently low)

39

PARAMETERS FROM POLARIZATION: ACOUSTIC PEAKS AND DAMPING TAIL

• 30% improvement on �bh
2, �mh2, h and ns from Planck E modes at l > 20

• Other beneficiaries of polarization: isocurvature modes, Helium abundance etc.

23

48 ⇤↵⇥ �� ⇣�⌘✏�� ⇧⇣ ��⌅ ��⌦�✏ ◆�⌘ ��

enhances the oscillation therefore we have more CMB anisotropies on
small case if the matter density is low. This can be understood as fol-
low. Since the background density is decreasing with time, the density
fluctuations must grow unimpeded by pressure to maintain constant
potentials. In a radiation dominated regime pressure begins to fight
gravity at the first compressional extrema of the acoustic oscillation,
the Newtonian gravitational potential and spatial curvature must de-
cay. The decay drives the oscillations as at the moment of maximum
compression, there is no gravitational potential neither curvature per-
turbation to overcome as the sound waves turns around. When the
universe becomes matter dominated the gravitational potential is no
longer dominated by density perturbations of the dark matter which is
insensitive to pressure. For this reason, the amplitudes of the acoustic
peaks increase as the matter-to-radiation ratio decreases (see fig. 2.10).

FIGURE 7. Variation of CTl (left), C
E
l (top right) and C

TE
l (bottom right) as !bh2 is varied with fixed

!mh2 (top) and as !mh2 is varied at fixed !bh2 (bottom). For the latter the angular diameter distance to
last scattering has been held fixed. All models are flat.

We have factored this effect out in Fig. 7 by reducing the dark energy density to
keep dA fixed. The main effects of increasing !mh2 are then to push matter-radiation
equality back further in time and reduce the sound horizon and diffusion scale (since the

Lecture notes on the physics of cosmic microwave background anisotropies March 30, 2009 29

Figure 2.10.: Sensitivity of the temperature and polarization power spectra to the
dark matter density (Challinor and Peiris, 2009).

Dark energy �de: the dynamical effects of dark energy are late-time
phenomena as at the time of recombination its energy density was neg-
ligible. Therefore, the only possible effect is on the free-streaming of
photons on large scales which entered the horizon just recently, which
is visible through an enhancement of power in large scale anisotropies
due to a late-time integrated Sachs-Wolfe effect.

.� ⌘�⇧ ⌃�✏⌥�⌘⌘⇧� ✓
In the previous sections we focused our attention on the Q and U Stokes

parameter which is expected to be the main polarized component of the
CMB as an unpolarized photon field evolving via Compton scattering from
free electrons and free streaming cannot produce a circular polarization.
Nevertheless nothing prevents in principle the CMB to have a circularly
polarized component which may not be subdominant at all. In the last ten

Challinor & Peiris 
2009
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T/S constraints
• B-modes : smoking-gun evidence for gravitational waves in the early universe  

• Can constraints model and energy scale of inflation

40

GRAVITATIONAL WAVES IN THE CMB

• Cosmic variance of dominant scalar fluctuations limits �r = 0.07 from T and
�r = 0.02 if include E

– Degeneracies make actual limits worse; WMAP7 alone r < 0.36 (95% CL)
26
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the production of a stochastic background of gravitational waves with an
amplitude given simply by the Hubble scale H during inflation. Gravi-
tational waves are in fact a symmetric traceless perturbation to the back-
ground metric which are described by two polarization functions which
behave like two light scalar fields h+, h . All the considerations previously
made for scalar perturbation, apply also in this case and the power spectrum
of tensor perturbation can be written as the sum of the power spectrum for
the two polarizations functions since those are uncorrelated

�t(k) = k3PT (k) = k3PT (h+, ) =
2

⇤2

H2

M2
pl k=aH

. (1.71)

Since H is slowly varying during inflation the power spectrum of tensor
perturbation is nearly scale invariant and we can parametrize the deviation
of scale invariant through a spectral index as we did for eq. 1.68.

�2
t (k) ATk

nt nt 2⇥. (1.72)

The tensor fluctuations are often normalized relative to the amplitude of
scalar fluctuations through the so-called tensor to scalar ration r defined as

r
�2
t (k)

�2
s(k)

= 16⇥. (1.73)

Being �2
s fixed and �2

t H2 V(⌅) during inflation, the r parameter is
particularly important since it sets the energy scale for inflation

V1/4
� r

0.01

⇥1/4
1016GeV (1.74)

This prediction means that any measurement of a primordial gravitational
waves signature would give clean information about arguably the most im-
portant inflationary parameter and constrain the physics and distinguish
models of inflation.

�.✏ ⌥ ⇧���⌥⌦ � ⇤ �⌃⌅ ⌥ ⌥�⌥�� ⇥⌦ ⇤⌥�⌥⌦ ↵ 21

At this point it is then useful to introduce three parameters which help to
characterize an inflationary phase, the so called slow roll parameters

� =
Ḣ

H2
(1.53)

N =
aend

ain

dlna (1.54)

⇥ =
�̇

H�
. (1.55)

N is the so-called number of e-folds and defines the number of expansion cy-
cles that the universe goes through during the whole inflationary period. In
order to have a shrinking of the Hubble radius � 1, which means that
the fractional change of the Hubble parameter per e-fold is small; the last
parameter measures the fractional change of � per Hubble time, which is
the characteristic time length of the expansion, and if it is small means that
the inflation persists.
In the simplest models of inflation, the field is homogeneous, i.e., the depen-
dency on spatial coordinates is dropped and thus ⌅ = ⌅(t). We can then
drop the spatial derivatives term in eq. 1.50 and 1.49 and obtain a perfect
fluid with an equation of state

w� =
⇤�
p�

=
1
2 ⌅̇ V(⌅)
1
2 ⌅̇+ V(⌅)

. (1.56)

In these cases if the potential energy V(⌅) dominates over the kinetic energy
of the field (slow-roll approximation), then a negative pressure can be gener-
ated.
The number of e-folds before the inflation ends has to be sufficient to solve
the flatness and horizon problem. In general this number depends on the
physical model which drives the inflation, on the energy scale at which infla-
tion ends and on the post-inflationary history of the universe. Nevertheless
this number usually has an order of magnitude

N(⌅) = ln
aend

astart
40 60 (1.57)

�.✏.� From inflationary to radiation era or how to reheat the universe
During the inflationary period, all kinds of energy densities and matter

different from the inflaton are reduced to a status of extremely low density
by the accelerated expansion, which also cools down the universe very effi-
ciently. According to the standard Big-Bang model, we need the universe to
be in a hot state progressively cooling for the nucleosynthesis to happen and
for the CMB to be emitted later on. It is then natural to ask ourselves how
we can meet these conditions starting from a super cooled universe. We
therefore usually refer to this process as the reheating phase, whereby the
inflaton energy density after inflation is converted back into conventional
matter and radiation.
In the context of slow-roll inflation, once the slow-rolling conditions break
down, the scalar field dynamics switches from being overdamped to being
underdamped i.e. when it reaches the bottom of the potential it starts to
move and rapidly oscillate around the equilibrium position on timescales
closer to the Hubble one. As it does so, it decays into conventional matter

⌘.✓ ⌃⌅⌦⌅��✏⌥↵⌦ ↵⇧ ⇤↵� ↵�↵⌃⌥⇤�� �⌅�✏⇣�⇥�✏⌥↵⌦� 27

where

fk a⇥⌃ z
a2 ˙̄⌃
a

. (1.65)

Its solution shows that after the horizon crossing (k = aH), if we consider
the density perturbation of the inflaton in terms of comoving curvature per-
turbation, the perturbations in Fourier domain Rk stay constant as long as
they are in the superhorizon regime. This allows us to relate predictions
made at horizon exit, in very high energies regimes, to the observables af-
ter the horizon has grown for sufficiently long time, such that those per-
turbation become subhorizon again and re-entry the causality structure at
lower energies. After horizon re-entry the fluctuations evolve in an oscillat-
ing behavior. Solving eq. 1.64 requires making detailed assumption on the
vacuum state after inflation in order to be able to quantize the field f and
relate the quantum mechanical fluctuation to the energy density fluctuation
(Mukhanov, 2005; Baumann, 2011). Nevertheless as the quantum nature of
perturbations only predicts the statistical properties of fluctuations and not
their exact value in every point of the spacetime, we can fully describe the
properties of the primordial perturbations in terms of the correlation of the
comoving curvature perturbation at two different points in the space x and
y. In the Fourier space this is equivalent to describe the perturbation in
terms of the power spectrum

RkRk PR⇥
�
k k

⇥
(1.66)

where the angle brackets is a quantum expectation value. The assumption
of homogeneity and isotropies implies, on a statistical level, that the power
spectrum only depends on the magnitude of the wave vector, k k . The
explicit formula for the power spectrum of Rk can be evaluated at the hori-
zon cross, right after the freezing of perturbations, and is related to the
shape of the potential in the following way

PR(k) =
1

4k3
H2

⇤ k=aH

(1.67)

or is related to its dimensionless form

�2
s(k) =

k2

2⇧2
PR(k) =

1

8⇧2

H2

⇤M2
pl k=aH

(1.68)

The last equation predicts the shape of the scalar perturbation in the uni-
verse and is one of the most important prediction of inflationary models.
This spectrum becomes exactly scale invariant (independent of k) if H and
⌃̇ are constant in time during inflation. This is approximately true for in-
flationary models, as inflation must come to an end and cannot continue
forever. A deviation from the scale invariant behavior is therefore expected
and can be directly connected to the slow roll parameters i.e. on the shape
of the inflaton. If we reparametrize eq. 1.68 in the following way

�2
s(k) Ask

ns 1 (1.69)

the scalar spectral index ns corresponds to scale invariance if equal to 1 and
it is connected to the slow roll parameters through the consistency relations

ns = 1 6⇤+ 2⌅. (1.70)

So far we have considered only the scalar perturbation derived from the
quantum fluctuation of the inflaton. In addition to scalar perturbation, an-
other robust and model-independent prediction of inflationary theories is
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where

fk a⇥⌃ z
a2 ˙̄⌃
a

. (1.65)

Its solution shows that after the horizon crossing (k = aH), if we consider
the density perturbation of the inflaton in terms of comoving curvature per-
turbation, the perturbations in Fourier domain Rk stay constant as long as
they are in the superhorizon regime. This allows us to relate predictions
made at horizon exit, in very high energies regimes, to the observables af-
ter the horizon has grown for sufficiently long time, such that those per-
turbation become subhorizon again and re-entry the causality structure at
lower energies. After horizon re-entry the fluctuations evolve in an oscillat-
ing behavior. Solving eq. 1.64 requires making detailed assumption on the
vacuum state after inflation in order to be able to quantize the field f and
relate the quantum mechanical fluctuation to the energy density fluctuation
(Mukhanov, 2005; Baumann, 2011). Nevertheless as the quantum nature of
perturbations only predicts the statistical properties of fluctuations and not
their exact value in every point of the spacetime, we can fully describe the
properties of the primordial perturbations in terms of the correlation of the
comoving curvature perturbation at two different points in the space x and
y. In the Fourier space this is equivalent to describe the perturbation in
terms of the power spectrum

RkRk PR⇥
�
k k

⇥
(1.66)

where the angle brackets is a quantum expectation value. The assumption
of homogeneity and isotropies implies, on a statistical level, that the power
spectrum only depends on the magnitude of the wave vector, k k . The
explicit formula for the power spectrum of Rk can be evaluated at the hori-
zon cross, right after the freezing of perturbations, and is related to the
shape of the potential in the following way

PR(k) =
1

4k3
H2

⇤ k=aH

(1.67)

or is related to its dimensionless form

�2
s(k) =

k2

2⇧2
PR(k) =

1

8⇧2

H2

⇤M2
pl k=aH

(1.68)

The last equation predicts the shape of the scalar perturbation in the uni-
verse and is one of the most important prediction of inflationary models.
This spectrum becomes exactly scale invariant (independent of k) if H and
⌃̇ are constant in time during inflation. This is approximately true for in-
flationary models, as inflation must come to an end and cannot continue
forever. A deviation from the scale invariant behavior is therefore expected
and can be directly connected to the slow roll parameters i.e. on the shape
of the inflaton. If we reparametrize eq. 1.68 in the following way

�2
s(k) Ask

ns 1 (1.69)

the scalar spectral index ns corresponds to scale invariance if equal to 1 and
it is connected to the slow roll parameters through the consistency relations

ns = 1 6⇤+ 2⌅. (1.70)

So far we have considered only the scalar perturbation derived from the
quantum fluctuation of the inflaton. In addition to scalar perturbation, an-
other robust and model-independent prediction of inflationary theories is
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the production of a stochastic background of gravitational waves with an
amplitude given simply by the Hubble scale H during inflation. Gravi-
tational waves are in fact a symmetric traceless perturbation to the back-
ground metric which are described by two polarization functions which
behave like two light scalar fields h+, h . All the considerations previously
made for scalar perturbation, apply also in this case and the power spectrum
of tensor perturbation can be written as the sum of the power spectrum for
the two polarizations functions since those are uncorrelated

�t(k) = k3PT (k) = k3PT (h+, ) =
2

⇤2

H2

M2
pl k=aH

. (1.71)

Since H is slowly varying during inflation the power spectrum of tensor
perturbation is nearly scale invariant and we can parametrize the deviation
of scale invariant through a spectral index as we did for eq. 1.68.

�2
t (k) ATk

nt nt 2⇥. (1.72)

The tensor fluctuations are often normalized relative to the amplitude of
scalar fluctuations through the so-called tensor to scalar ration r defined as

r
�2
t (k)

�2
s(k)

= 16⇥. (1.73)

Being �2
s fixed and �2

t H2 V(⌅) during inflation, the r parameter is
particularly important since it sets the energy scale for inflation

V1/4
� r

0.01

⇥1/4
1016GeV (1.74)

This prediction means that any measurement of a primordial gravitational
waves signature would give clean information about arguably the most im-
portant inflationary parameter and constrain the physics and distinguish
models of inflation.
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the production of a stochastic background of gravitational waves with an
amplitude given simply by the Hubble scale H during inflation. Gravi-
tational waves are in fact a symmetric traceless perturbation to the back-
ground metric which are described by two polarization functions which
behave like two light scalar fields h+, h . All the considerations previously
made for scalar perturbation, apply also in this case and the power spectrum
of tensor perturbation can be written as the sum of the power spectrum for
the two polarizations functions since those are uncorrelated

�t(k) = k3PT (k) = k3PT (h+, ) =
2

⇤2

H2

M2
pl k=aH

. (1.71)

Since H is slowly varying during inflation the power spectrum of tensor
perturbation is nearly scale invariant and we can parametrize the deviation
of scale invariant through a spectral index as we did for eq. 1.68.

�2
t (k) ATk

nt nt 2⇥. (1.72)

The tensor fluctuations are often normalized relative to the amplitude of
scalar fluctuations through the so-called tensor to scalar ration r defined as

r
�2
t (k)

�2
s(k)

= 16⇥. (1.73)

Being �2
s fixed and �2

t H2 V(⌅) during inflation, the r parameter is
particularly important since it sets the energy scale for inflation

V1/4
� r

0.01

⇥1/4
1016GeV (1.74)

This prediction means that any measurement of a primordial gravitational
waves signature would give clean information about arguably the most im-
portant inflationary parameter and constrain the physics and distinguish
models of inflation.

Credits Anthony Challinor

Planck collaboration 2015
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Sketch of the Cosmic Ionization History

 

• at redshifts higher than 
~104 Universe               
! fully ionized

• z " 104 ! free electron 
fraction Ne/NH ~ 1.16 
(Helium has 2 electrons and 
abundance ~ 8%) 

• HeIII ! HeII 
recombination at z~6000 

• HeII ! HeI 
recombination at z~2000

• HII ! HI    
recombination at z~1000

Reionization
• New stars re-ionize the plasma in the 

universe

• Rescattering erases fluctuations below 
the horizon scale and regenerates 
them on the horizon scale at that time

• Change in the overall normalization 
for T and E at small scales

• Large scale E & B proportional to 
optical depth

• Limitation due to cosmic variance

41

LARGE-ANGLE POLARIZATION FROM REIONIZATION

• Temperature quadrupole at reionization peaks around k(�re � �⇥) ⇤ 2

– Re-scattering generates polarization on this linear scale ⌅ projects to
l ⇤ 2(�0 � �re)/(�re � �⇥)

– Amplitude of polarization ⇧ optical depth through reionization ⌅ best way to
measure ⇥ with CMB

16
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modes which are still outside the horizon at recombination produce a
negligible amount of anisotropy by the time of reionization as on those
scales the electron’s own last scattering surface is almost uniform and
given that scattering isotropic radiation has no effect, reionization does
not alter the temperature anisotropies from recombination on angular
scales larger than ⇧ 10.
Electron scattering during reionization also generates new large-angle
polarization, as an effect of the presence of a quadrupole at that time,
generating a bump in the power spectrum of E modes on angular
scales (Zaldarriaga, 1997)

⇧re 2
(⇤0 ⇤re)

⇤re ⇤
. (2.64)

The screening effect of reionization on CMB power spectrum com-
plicates the inference of the amplitude of the primordial fluctuations
power spectrum from temperature data alone as this effect is degener-
ate with ⌅re.

Baryon density ⇥bh
2: the baryon density changes the sound speed and

then the sound horizon, shifting peaks on the left (or right). Adding
baryons, the R parameter increases reducing the sound speed and
the compression phase is enhanced without an increase in the pres-
sure, leading to an overall increased hight of the odd peaks. Baryons
also shift the zero point of acoustic oscillations of a factor R� and if
their density is increase, they reduce the diffusion length and damping
moves to smaller angular scales (see fig. 2.9).

FIGURE 7. Variation of CTl (left), C
E
l (top right) and C

TE
l (bottom right) as !bh2 is varied with fixed

!mh2 (top) and as !mh2 is varied at fixed !bh2 (bottom). For the latter the angular diameter distance to
last scattering has been held fixed. All models are flat.

We have factored this effect out in Fig. 7 by reducing the dark energy density to
keep dA fixed. The main effects of increasing !mh2 are then to push matter-radiation
equality back further in time and reduce the sound horizon and diffusion scale (since the
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Figure 2.9.: Sensitivity of the temperature and polarization power spectra to the
baryon density (Challinor and Peiris, 2009).

Matter density ⇥mh2: the matter density defines the moment of equal-
ity, i.e., when energy density in the radiative component equals the one
due to matter. If the matter content is low, the equality happens closer
to recombination and thus an additional radiative component must be
taken into account when computing inhomogeneities at recombination
as it is not anymore negligible. The additional radiative component

Credits Anthony Challinor

Credits Jens Chluba
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Direct measurement of primeval gravitational waves 

           

 
Theoretical predictions and observational constraints on primordial gravitational waves from inflation are shown in 

a plot of !GW(f) (the gravitational wave energy density per logarithmic frequency interval, in units of the critical 
density) versus frequency.  The dashed curve (corresponding to tensor-to-scalar ratio r=0.36 is the maximum 
allowed based on WMAP-1 if the primordial spectrum is perfectly scale invariant (nt=0).  The dotted curves are the 
maximum for nt=0 if r=0.01 or~0.001.  Inflation produces a spectrum in which the index changes slowly as a 
function of frequency: the blue region represents the range predicted for simple inflation models with the minimal 
number of parameters and tunings.  The currently existing experimental constraints shown are due to: big bang 
nucleosynthesis (BBN), binary pulsars, and WMAP-1 (first year) with SDSS.  Also shown are the projections for 
LIGO (both LIGO-I, after one year running, and LIGO-II); LISA; and BBO (both initial sensitivity, BBO-I, and after 

cross-correlating receivers, BBO-Corr).      Figure courtesy of Latham Boyle and Paul Steinhardt. 
 
The search for a gravitational wave stochastic background is also being carried out at very much higher frequencies by 
interferometric gravitational wave detectors.  The Laser Interferometer Gravitational-wave Observatory (LIGO) operates 4km 
long interferometers at two widely separated sites. The interferometers obtain their best sensitivity in a band extending from 
70 to 300 Hz.  The search for a stochastic background is carried out by measuring noise common to the interferometers 
using cross-correlation.  At initial design sensitivity, which will be attained in 2005, the !GW(f) detectable will be close to 10

–7
.  

With an upgrade planned to be operating by 2013 LIGO will extend its sensitive band in low frequency to 15Hz and improve 

its limiting sensitivity by a factor of 15.  With these changes the limiting value for !GW(f) will become 10
–10

, still not at the 
level anticipated for slow roll inflation but able to detect a variety of other models. 
The Laser Interferometer Space Antenna (LISA) is a configuration of three spacecraft placed at the vertices of an equilateral 
triangle with sides 5x10

6
 km long. The sensitive observing band extends from 0.1mHz to 10mHz. The measurement of a 

stochastic background would be carried out by measuring the noise of the system using observational modes of the 
interferometer sensitive to gravitational waves and then subtracting from this (in power) the intrinsic noise of the system in a 
mode not sensitive to gravitational waves. LISA will need to contend with a foreground of gravitational wave "noise" from the 
unresolved gravitational wave emission of ordinary white dwarf binaries in our Galaxy.  As is true for LIGO, LISA does not 

have the sensitivity to measure the anticipated level for slow roll inflation. 
Big Bang Observer (BBO) is a concept being considered for launch after LISA.  BBO is being planned to fill the frequency 
gap between the ground based interferometers and LISA, the band from 10mHz to 1 Hz.  It will use high power 
interferometry on baselines of 5x10

4
 km in triangular configurations, ultimately in a hexagonal pattern but with three widely 

separated constellations of spacecraft.  The sensitivity projections for a single configuration used in a similar mode to LISA 
approaches the slow roll inflation prediction for !GW(f).  A later phase where cross correlation is done between 
configurations, much as in the LIGO program, could reach well below the slow roll values.  BBO has to contend with the 
foreground of compact binary coalescences of neutron stars and black holes throughout the entire universe.  The temporal 
signature of these coalescences will be used to remove them from the stochastic background. 

Bock et al 2006
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• Primordial magnetic fields 

• Another alternative: axion interactions
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4

that any leakages of primary CTE
⇥ into C̃TB

⇥ are a non-
negligeable, if not dominant, contaminant of the primary
TB cross-correlation. As primary TE are not a�ected
by parity breaking, this would have significantly lowered
the e⇥ciency of using the (necessarily lensed) TB angu-
lar power spectrum as a probe of chiral gravity.

Finally, the lensed angular power spectra for polarized
anisotropies read

C̃EE
⇥ =

�
1 +RP

⇥
CEE

⇥ +
 

⇥1,⇥2

F (+)
⇥⇥1⇥2

C��
⇥1

CEE
⇥2 (18)

+
 

⇥1,⇥2

F (�)
⇥⇥1⇥2

C��
⇥1

CBB
⇥2

C̃BB
⇥ =

�
1 +RP

⇥
CBB

⇥ +
 

⇥1,⇥2

F (+)
⇥⇥1⇥2

C��
⇥1

CBB
⇥2 (19)

+
 

⇥1,⇥2

F (�)
⇥⇥1⇥2

C��
⇥1

CEE
⇥2

C̃EB
⇥ =

�
1 +RP

⇥
CEB

⇥ (20)

+
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⇤
F (+)
⇥⇥1⇥2

� F (�)
⇥⇥1⇥2

⌅
C��

⇥1
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⇥⇥1⇥2

=
1

16
[⇤1(⇤1 + 1) + ⇤2(⇤2 + 1)� ⇤(⇤+ 1)]2
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and

RP = �1

2
[⇤(⇤+ 1)� 4]

 

⇥3

⇤3(⇤3 + 1)
2⇤3 + 1

4⇥
C��

⇥3
. (22)

As is the case for TB correlations, the lensed EB power
spectrum is not a�ected by the primary EE and BB
power spectra. This once again means that the potential
observation of a (necessarily lensed) non-vanishing EB
angular power spectrum is a direct tracer of non-zero EB
correlations prior to lensing. In the more precise setting
of this study, this means that observing non-vanishing
EB (as well as non-vanishing TB) is a direct view of
primary EB cross-correlations due to parity breaking,
though ⇤-modes are reshu⇤ed by lensing.

C. Numerical results

The explicit computation of the six angular power
spectra is done by numerically solving for the Boltz-
mann equations. To this end, we modified the class
Boltzmann code 1 [42] incorporating two di�erent pri-
mordial power spectra for left-handed and right-handed

1
http://class-code.net

FIG. 1: Upper panel: Angular power spectra for primary
CMB anisotropies for BB (black curve), TB (red curves) and
EB (blue curves) correlations. The parameters r(+) is set
equal to 0.05 and � varies from 0.1 (meaning 10% of parity
violation) to 1 (100% of parity violation). Solid lines cor-
respond to positive values of the angular power spectra and
dashed lines correspond to negative values. Changing from
(�) to (��) with r(+) unchanged changes the sign of CTB

�

and CEB
� and leaves CBB

� una�ected. We note that smaller
|�| translates into smaller

��r(�)

��. Lower panel: Same as up-
per panel but taking into account the impact of gravitational
lensing.

tensor modes, as well as the impact of lensing on primary
anisotropies using the above-derived formulas. Our main
interest is the TB and EB angular power spectra and
we only show our results for such C⇥’s (alongside the BB
spectrum used as a reference to evaluate the amplitude
of the odd power spectra). The case of TT , EE, BB
and TE power spectra is identical to standard, parity-
invariant cosmology, setting r = r(+).
The CMB angular power spectra for BB (black curve),

TB (red-orange curves) and EB (blue curves) in the case
of primary anisotropies are depicted in the upper panel
of Fig. 1, for nR = nL = 0. The parameter r(+) is set
equal to 0.05 and � = 0.1, 0.5 and 1, corresponding to
r(�) = 0.005, 0.025 and 0.05. The specific case of � = 1
corresponds to 100% of parity violation. As � is positive-

parameters for a monochromatic electromagnetic plane
wave and the Boltzmann equation for CMB photons
coupled to pseudoscalars in Sec. III. In Sec. IV we write
the Stokes parameters in terms of the left and right polar-
izations gauge potential and solve the differential equa-
tions for the latter for oscillating behavior of the
pseudoscalar field. In a similar way Sec. V is dedicated
to the monotonic behavior of the pseudoscalar field. In
Sec. VI we test the constant rotation angle approximation.
We conclude in Sec. VII. We work in units where the speed
of light is equal to one (c ¼ 1).

II. ELECTRODYNAMICS COUPLED TO A
PSEUDOSCALAR FIELD

The Lagrangian density L for the photons and the
pseudoscalar field ! is [20] (following the notation of
[21]):

L ¼ " 1

4
F"#F

"# " 1

2
r"!r"!" Vð!Þ

" g!
4
!F"#

~F"#: (2)

The Euler-Lagrange equations resulting from this
Lagrangian are:

h! % r"r"! ¼ dV

d!
þ g!

4
F"#

~F"#; (3)

r"F
"# ¼ "g!ðr"!Þ ~F"#; (4)

r"
~F"# ¼ 0: (5)

Using the definition of the electromagnetic tensor F"# %
r"A# "r#A" Eq. (4) becomes:

hA# "r#ðr"A
"Þ " R"

#A" ¼ "g!
2
ðr"!Þ$"#

%&F%&:

(6)

The complete antisymmetric tensor contain the determi-
nant of the metric g and ½( ( () guarantees antisymmetry in
the four indexes [22]:

$'()* ¼ ffiffiffiffiffiffiffi"g
p ½'()*); (7)

$'()* ¼ "ð ffiffiffiffiffiffiffi"g
p Þ"1½'()*): (8)

For a spatially flat Friedmann-Robertson-Walker universe
the metric is:

ds2 ¼ "dt2 þ a2ðtÞdx2 ¼ a2ð+Þ½"d+2 þ dx2); (9)

where t is the cosmic time, + is conformal time, and x
denotes the space coordinates. We consider a plane wave
propagating along n̂ in Coulomb gauge (r (A ¼ 0). If n̂ is
aligned with the z axis and neglecting the spatial variation
of the pseudoscalar field ! ¼ !ð+Þ, the two relevant com-
ponents of Eq. (6) are:

A00
x ð+; zÞ "

@2Axð+; zÞ
@z2

¼ g!!
0 @Ayð+; zÞ

@z
; (10)

A00
y ð+; zÞ "

@2Ayð+; zÞ
@z2

¼ "g!!
0 @Axð+; zÞ

@z
: (11)

Defining Fourier transform as ~Ax;yðk;+Þ ¼ ð2,Þ"1 *R
eikzAx;yð+; zÞdz the previous equations become:

~A 00
x ðk;+Þ þ k2 ~Axðk;+Þ þ g!!

0ik ~Ayðk;+Þ ¼ 0; (12)

~A 00
y ðk;+Þ þ k2 ~Ayðk;+Þ " g!!

0ik ~Axðk;+Þ ¼ 0: (13)

where k is the Fourier conjugate of z. These equations can
be decoupled introducing ~A+ðk;+Þ ¼ ~Axðk;+Þ +
i ~Ayðk;+Þ, left and right components of the electromagnetic
vector potential:

~A 00
+ðk;+Þ þ ½k2 + g!!

0k) ~A+ðk;+Þ ¼ 0: (14)

III. STANDARD REVIEW OF STOKES
PARAMETERS AND BOLTZMANN EQUATION

A. Stokes parameters

The complex electric field vector for a plane wave
propagating along ẑ direction at a point ðx; yÞ in some
transverse plane z ¼ z0 is:

E ¼ ðExðtÞ; EyðtÞÞ ¼ ½êx"xðtÞei’xðtÞ þ êy"yðtÞei’yðtÞ)e"ikt;

(15)

where the physical quantity is the real part of E. For a
spatially flat Friedmann-Robertson-Walker metric the re-
lation between the electromagnetic tensor and the physical
fields is:

F"# ¼ að+Þ
0 "Ex "Ey "Ez

Ex 0 Bz "By

Ey "Bz 0 Bx

Ez By "Bx 0

0
BBB@

1
CCCA: (16)

In general we consider quasimonochromatic waves: the
amplitudes ("xðtÞ and "yðtÞ) and the phases (’xðtÞ and
’yðtÞ) are slowly varying functions of time respect to the
inverse frequency of the wave.
The Stokes parameters I, Q, U, and V are defined as:

I % 1

a2
ðhE,

xðtÞExðtÞiþ hE,
yðtÞEyðtÞiÞ; (17)

Q % 1

a2
ðhE,

xðtÞExðtÞi" hE,
yðtÞEyðtÞiÞ; (18)

U % 1

a2
ðhE,

xðtÞEyðtÞiþ hE,
yðtÞExðtÞiÞ

¼ 2

a2
h"x"y cosð’x " ’yÞi; (19)

FABIO FINELLI AND MATTEO GALAVERNI PHYSICAL REVIEW D 79, 063002 (2009)

063002-2

jg!j ¼
"EM

2#fa

3

4
$ with 0:1 & $ & 1; (91)

where the value for $ depends on the particular model
considered for the axion. By using this relation a limit on

the coupling constant is turned into a limit on the energy of
symmetry breaking.
The critical density associated with the misalignment

production of axions strongly depends on the initial mis-
alignment angle associated with the axion field!i through
the following relation [3,4]:

FIG. 3 (color online). EE (a), BB (b), TE (c), TB (d), and EB (e) angular power spectra for m ¼ 10"22 eV and g! ¼ 10"20 eV"1

(black solid line), the black dotted line is the standard case in which there is no coupling between photons and pseudoscalars (% ¼ 0).
For the BB power spectrum (b) we plot for comparison also the polarization signal induced by gravitational lensing (black dotted line),
and primordial BB signal if r ¼ 0:1 (blue dot-dashed line). The cosmological parameters of the flat "CDM model used here are
#bh

2 ¼ 0:022, #ch
2 ¼ 0:123, & ¼ 0:09, ns ¼ 1, As ¼ 2:3# 10"9, H0 ¼ 100h km s"1 Mpc"1 ¼ 72 km s"1 Mpc"1.
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to the electromagnetic field in a parity-dependant way
[15–17]. Similar e⇥ects can be obtained due to a rotation
of the plane of linear polarization of the CMB photons
traveling from the last scattering surface to our detec-
tors. This could result from either the Faraday rotation
induced by interaction with background magnetic fields
[18–21] or interactions with pseudoscalar fields on the
trajectory of CMB photons [22].

In this paper, we consider the case of odd-parity an-
gular power spectra as probes of parity violation in the
primordial Universe as induced by gravity. The impli-
cation of chiral gravity on CMB anisotropies has been
first explored in Ref. [23] and then in Ref. [24] where
it was shown that if parity is violated by gravitation at
the linear level, CMB polarized anisotropies should ex-
hibit non vanishing EB and TB cross-correlations. This
idea has been theoretically strengthened in Refs. [25–
27], and the idea that gravity could be parity dependent
can be traced back to its formulation by e.g. Cartan and
Kibble [28] or Ashtekar [29]. The possible detection of
such parity asymmetry using CMB datas coming from a
satellite-like mission has been discussed in Refs. [30, 31],
in Ref. [32] in the Horava-Lifshitz framework and in Ref.
[33] (including the case of a ballon-borne experiment in
the latter).

We amend and elaborate on this proposal of Refs.[23,
24, 30, 31, 33] in three directions. First, chiral gravity
leads to primary TB and EB cross-correlations which
are latter on, deformed by the weak gravitational lens-
ing by large scale structure. As this could potentially
lead e.g. EE correlations to leak into EB correlations
(which would partially mask the primary EB), we there-
fore include in the predicted C�’s the impact of lensing.
Second, we make use of a Fisher matrix formalism to
assess the potential detection of chiral gravity from the
measurements of CMB polarized anisotropies in two typ-
ical experimental setups: small-scale experiments as mo-
tivated by operating (or forthcoming) balloon-borne or
ground-based experiments such as polarbear, sptpol,
qubic or actpol, for ground-based experiments [34],
and, such as spider or ebex, for balloon-borne exper-
iments [35], and, satellite-like missions as motivated by
e.g. litebird, prism or pixie proposals [36]. Estima-

tion of the uncertainties on the reconstructed CTB(EB)
�

(subsequently used in the Fisher matrix) is based first on
a näıve mode-counting (as a reference), and, second, on
Monte-Carlo simulations coupled to a realistic statistical,
pure pseudospectrum based estimators of angular power
spectra. Thirdly, we assess the impact of a miscalibra-
tion of the orientation of the polarized detectors which
creates spurious TB and EB correlations coming from
TE and EE, BB respectively.

The paper is organized as follows. The section II is
devoted to the theoretical prediction of the TB and EB
angular power spectra including the impact of weak grav-
itational lensing by large scale structure. We present
the statistical uncertainties on the reconstruction of
CTB(EB)

� ’s using pure pseudospectrum estimators in Sec.

III. The results of the application of such an approach
to the two above-defined typical cases of CMB experi-
ments dedicated to polarization, small-scale experiments
and satellite-like missions, are presented in Secs. IVB
and IVC respectively. We finally conclude and discuss
the potential detection of chiral gravity within CMB
anisotropies in the last section, Sec. V, and discuss the
relevance and extension of those results to other possible
sources of parity violation in the primordial universe.
The technical details are provided in the appendices A

and B.

II. ANGULAR POWER SPECTRA IN CHIRAL
GRAVITY

A. Primary anisotropies

If parity invariance is broken by gravity, the amount
of gravitational waves produced during inflation di⇥ers
from one helicity state to another. As a consequence, the
primary CMB polarized anisotropies gain non vanishing
TB and EB cross-correlations. Using the line of sight
solution of the Boltzmann equation [38] and following
Ref. [24], the di⇥erent angular power spectra are given
by

CXZ
� =

⌥
dk

⇧
�X

�,S(k, �0)�
Z
�,S(k, �0)PS(k) (1)

+ �X
�,T(k, �0)�

Z
�,T(k, �0)

⇤
PR
T (k) + ⇥⇥ PL

T(k)
⌅⌃

In the above, X, Z = T, E or B and �X,S(T)
� is the

transfer function for scalar(tensor) modes. The number
⇥ is equal to (+1) for the TT, EE, BB and TE angu-
lar power spectra, and, equal to (�1) for the TB and
EB angular power spectra. Clearly, the TB and EB
cross-correlations are equal to zero if PR

T = PL
T at all

k values, as expected in a parity invariant primordial
universe. However, if for any reason PR

T (k) ⇤= PL
T(k),

then the primary CMB anisotropies would exhibit non-
vanishing TB and EB cross-correlations. In the follow-
ing, the TT, EE, BB and TE correlations will be de-
noted even power spectra and the TB and EB correla-
tions will be called odd power spectra.

The primary correlations of BB, TB and EB types
are only sourced by the tensor mode and these angular
power spectra are given by

CBB
� =

⌥
dk

�
�B

�,,T(k, �0)
⇥2 P(+)

T (k), (2)

CTB
� =

⌥
dk�T

�,T(k, �0)�
B
�,T(k, �0)P

(�)
T (k), (3)

CEB
� =

⌥
dk�E

�,T(k, �0)�
B
�,T(k, �0)P

(�)
T (k), (4)

with

P(±)
T (k) = PR

T (k)± PL
T(k). (5)

3

Following Ref. [24–27], the primordial power spectra of
the left-handed and right-handed gravitational waves dif-
fer by two di�erent e�ective Newton constants. As a
consequence, one expect a change in amplitude but iden-
tical spectral indices for PR

T and PL
T , i.e. rR ⌃= rL and

nR = nL. The same modifications are also obtained in
the framework of pseudoscalar inflation [15–17]. We sub-
sequently model the primordial power spectra by

P(±)
T (k) = r(±) ⇥AS ⇥

⌅
k

k0

⇧nT

, (6)

with AS the amplitude of the power spectrum for
scalar perturbations at the pivot scale, k0, (set equal to
0.002 Mpc�1 in our study) and, nT(= nR = nL) the tilt
of the tensor modes. The parameters r(±) = rR ± rL
stand for the tensor-to-scalar ratio amounting the ampli-

tude of P(±)
T . The parameter r(+) is positive-valued while

r(�) can be either positive-valued (rR > rL) or negative-
valued (rR < rL). Since the BB correlations are only
generated by P(+) and the TB and EB correlations by
P(�), the amplitude of CBB

⇥ measures the cosmological
parameter r(+), while the amplitudes of CTB

⇥ and CEB
⇥

measure the parameter r(�). In a parity invariant uni-
verse, rR = rL and one easily obtains r(+) = r, the stan-
dard tensor-to-scalar ratio, and r(�) = 0. We stress that
there is a priori no reason for r(+) to be equal to the
tensor-to-scalar ratio of standard cosmology, r, except in
the case of parity invariant universe. However, what is
constrained thanks to a measurement of CBB

⇥ is r(+) and
from that perspective, r(+) plays the same role as r.

Parity breaking is amounted by the parameter:

� =
r(�)

r(+)
=

rR � rL
rR + rL

, (7)

which varies from �1 ⇤ � ⇤ 1 since both rR and rL
are greater than or equal to zero. Parity is not bro-
ken by gravity if � = 0. The case of no production of
left-handed(right-handed resp.) gravitational waves cor-
responds to � = 1(�1 resp.).

Moreover, the opposite convention of � can be adopted,
as in [30]. It simply changes the sign of the EB and TB
correlations. Indeed, through parity transformation, i.e.

r(+) ⇧ r⇥(+) = r(+) and � ⇧ �⇥ = ��, (8)

(corresponding to rR ⇧ r⇥R = rL and rL ⇧ r⇥L = rR),
the primary CMB anisotropies are changed to

CTB
⇥ ⇧ C ⇥TB

⇥ = �CTB
⇥ , (9)

CEB
⇥ ⇧ C ⇥EB

⇥ = �CEB
⇥ , (10)

leaving the four other power spectra unchanged.

B. Impact of lensing

During their propagation from recombination to today,
CMB photons travel through the potential-well of large

scale structures deforming their trajectories because of
gravitational lensing. This distorts the spatial distribu-
tion of primary anisotropies and deforms their angular
power spectra. However, the gravitational lensing is usu-
ally neglected as mentioned in Ref.[31]. We propose here
to derive the impact of lensing by large scale structure
and to show the obtained lensed power spectra. To this
end, we adopt the harmonic formalism developed in Ref.
[39], extended here to account for the presence of primary
TB and EB correlations which are non-zero (see also Ref.
[40, 41] for a real-space formalism). This computation is
explicitly given in App. A and we only provide here the
final results. For temperature, one obtains :
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More interestingly is the case of the cross-correlation
between temperature and polarization fields including
primary TB correlations :
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It is worth mentionning that the primary TE angular
power spectrum does not contribute to the lensed TB
angular power spectrum. If it were not the case, the for-
mer power spectrum would have spoilt the lensed C̃TB

⇥
(at least in some range of angular scales). Indeed, Pri-
mary TB correlations are only sourced by tensor modes
in chiral gravity while primary TE are sourced by both
scalar and tensor modes. As a consequence, the polarized
anisotropies are such as:

⇤⇤CTE
⇥

⇤⇤ ⌅
⇤⇤CTB

⇥

⇤⇤. This means
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Figure 2: The V-mode power spectra are compared with the linear polarizations. As in Fig.

1 on both axes the common logarithm of the indicated quantity is reported.

the underlying cosmological parameters, to the initial conditions of the Einstein-Boltzmann
hierarchy as well as to the magnetic field parameters. For illustration the concordance model

supplemented by adiabatic initial conditions has been considered. The maximal intensity of
the comoving magnetic field has been taken to be of the order of the nG. This is the range

of current bounds stemming from the simultaneous analysis of the measured TE and TT

power spectra (see [9], first and second reference). Larger magnetic fields would distort the
acoustic oscillations in the TT power spectra. Low frequency instruments could make the

difference for scrutinizing a potential V-mode polarization. In this respect the results and
the techniques of [13] (as well as the earlier results of [14]) could be probably revisited in

the light of the considerations developed here. It has been shown that the VT correlation

for a comoving magnetic field from 5 to 10 nG can be as large as 10−5 (µK)2 at 10 GHz
for ℓ < 20 (i.e. large angular separations). This means that for frequencies O(MHz), the

resulting signal could be even 6 or 7 orders of magnitude larger than a putative B-mode
signal from gravitational lensing (see, e.g. Fig. 2, thick dashed curved in the left plot). It

has been demonstrated that the study of circular dichroism is not more forlorn than other

signals which are often invoked as conceptually important to consider but observationally
difficult to assess. The systematic effects plaguing the measurements of the V-mode power

spectra differ from the case of linear polarizations. Wether or not they are less severe depends

also upon the features of the instrument and on the specific frequency band. The author is
grateful to G. Sironi, M. Gervasi and A. Tartari for stimulating discussions.
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number density of relativistic particles; a consequence of
this is that an equal mixture of positive and negative
particles will contribute to circular polarization conver-
sion while there will be no rotation associated with linear
polarization. Also, conversion depends on the square of
the amplitude of the magnetic field and not the magnetic
field itself. Thus, in certain favorable astrophysical con-
ditions, the FC to circular polarization can be significant
leading to a measurable contribution to the Stokes-V pa-
rameter. As a potential source of conversion between
Stokes-U to V, we will consider galaxy clusters, as there
is some evidence for populations of relativistic particles
in these massive objects.

The extent to which galaxy clusters convert Stokes-Q
to a Stokes-U parameter under FR has already been dis-
cussed in the literature [13]. The rotation effect encoun-
tered here depends on the properties of the magnetic field
and the distribution of thermal electrons, both of which
are now well known for clusters through X-ray and syn-
chrotron emission observations. The radio measurements
of FR through intracluster gas indicate magnetic fields or
order tens of microGauss towards nearby massive galaxy
clusters [10]. The extreme ultraviolet and the hard X-
ray emission observed towards certain clusters suggest
the presence of relativistic electrons with bulk Lorentz
factors of order ∼ 300 and ∼ 104, respectively [16]. The
calculations that attempt to explain these observations
generally suggest relativistic populations with a spectrum
N(γ) ∝ γ−β where β ∼ 2.3 and as steep as ∼ 3.3.

Assuming reasonable parameters for galaxy clusters
with B = 10µG, a path length of 1 Mpc, which is a
typical size for a massive cluster, γmin = 100 for rela-
tivistic particles, and an observed frequency of 10 GHz,
we estimate ∆φFC ∼ few × 10−3. With a typical rms
contribution of order 10−6 to the incoming CMB polar-
ization that propagate through galaxy clusters, the out-
going radiation should contain a circular polarization of
order 10−9 at scales corresponding to galaxy clusters.
Note that this estimate is highly uncertain by at least
two orders of magnitude both due to the unknown num-
ber density of relativistic particles and the Lorentz-factor
distribution of these particles. Since one expects a contri-
bution to the Stokes-V parameter when the radiation is
propagating nearly perpendicular to the magnetic field,
the final contribution not only depends on the magni-
tude of the magnetic field, but also on detailed physical
properties such as the spatial distribution. Due to the λ3

dependence on the wavelength, the Stokes-V contribution
can potentially reach the maximal Stokes-U contribution
at low frequencies of 1 GHz and below.

We can extend the approach presented in Ref. [13],
following the so-called halo model [18], to calculate the
expected angular power spectrum of the Stokes-V contri-
bution. The Stokes-V correlation is simply the product
of correlation functions involving Stokes-U contribution
and the FC rotation measure: CV (θ) = CU (θ)CFC(θ).
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l

10−5

10−3

10−1

101

!
"

 (
µ
K)

E

B

V  (1 GHz)

V  (10 GHz)

FIG. 1. The flat-band power spectra of CMB polariza-
tion (∆T = TCMB

!

l(l + 1)/2πCl). We show contributions
to the E-mode (solid line), B-mode (dotted line) and esti-
mates for the Stokes-V mode at 10 (dashed line) and 1 GHz
(long-dashed line). The contribution to B-modes contains
two parts involving gravitational-waves at large angular scales
and gravitational lensing effect at small angular scales. The
shown V-mode contributions should be considered reasonable
given uncertainties associated with relativistic populations.
Given the significant wavelength dependence, λ3 in this plot,
low-frequency observations are desirable to detect the circular
polarization contribution.

The correlation function associated with the Stokes-U
contribution can be written as [6]:

CU (θ) =
"

ldl

2π

#

CEE
l

2
[J0(lθ) − J4(lθ)] +

CBB
l

2
[J0(lθ) + J4(lθ)]

$

. (8)

We assume a total contribution to the B-mode power
spectrum, CBB

l , from both gravitational waves, with a
tensor-to-scalar ratio of 0.1, and gravitational lensing
conversion of E to B-mode. Since lensing, effectively,
happens at redshifts greater than 1 [19], while FC hap-
pens in massive clusters at redshifts less than 1, it is
unlikely that we have overestimated the total linear po-
larization contribution that can be converted to the cir-
cular polarization. To calculate CFC(θ), we use a halo
distribution with masses greater than 1014 M⊙ with the
assumption that the distribution of relativistic particles
in these halos trace the gas distribution and the magnetic
field in each cluster is constant, which in this case we set
at 10 µGauss. We summarize our results in figure 1.

In addition to galaxy clusters as discussed above, large-
scale shocks involved with the formation of structures,
including galaxy clusters, could be significant sources of
magnetized plasma in which FC may be efficient. Due
to the strong dependence on wavelength, the Faraday

3
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tropies.
Since the V Stokes parameter is a frame independent quantity and rotation-
ally invariant it is an observable on its own unlike the linear polarization
Stokes parameters and can be correlated with itself and with CMB temper-
ature and polarization field. The VE and VB cross correlation spectra are
negligible as the signal is weaker than the already faint VV autocorrelation
spectra. The correlation with temperature anisotropies however can be de-
tected and thanks to its frequency dependency which can lead to a signal
potentially as large as B modes signal or even orders of magnitude larger
than that if observed on a frequency band ⇧ GHz. The picture may be
complicated by the presence of more consistent inhomogeneous future of
the magnetic field which can rotate the polarization of the CMB and mix all
Stokes parameters.

Another way to produce circular polarization in CMB is through the in-
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hierarchy as well as to the magnetic field parameters. For illustration the concordance model

supplemented by adiabatic initial conditions has been considered. The maximal intensity of

the comoving magnetic field has been taken to be of the order of the nG. This is the range

of current bounds stemming from the simultaneous analysis of the measured TE and TT

power spectra (see [9], first and second reference). Larger magnetic fields would distort the

acoustic oscillations in the TT power spectra. Low frequency instruments could make the

di�erence for scrutinizing a potential V-mode polarization. In this respect the results and

the techniques of [13] (as well as the earlier results of [14]) could be probably revisited in

the light of the considerations developed here. It has been shown that the VT correlation

for a comoving magnetic field from 5 to 10 nG can be as large as 10�5 (µK)2 at 10 GHz

for � < 20 (i.e. large angular separations). This means that for frequencies O(MHz), the

resulting signal could be even 6 or 7 orders of magnitude larger than a putative B-mode

signal from gravitational lensing (see, e.g. Fig. 2, thick dashed curved in the left plot). It

has been demonstrated that the study of circular dichroism is not more forlorn than other

signals which are often invoked as conceptually important to consider but observationally

di⇥cult to assess. The systematic e�ects plaguing the measurements of the V-mode power

spectra di�er from the case of linear polarizations. Wether or not they are less severe depends

also upon the features of the instrument and on the specific frequency band. The author is

grateful to G. Sironi, M. Gervasi and A. Tartari for stimulating discussions.
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Figure 2.12.: CVV
⇥ and CTV

⇥ power spectra generated by scattering in presence of a
primordial magnetic field of 1nG compared to the E and B polarization
power spectra (Giovannini, 2009; Giovannini, 2010a).

teraction of CMB with relativistic electrons in a magnetized environment
(Cooray, Melchiorri, and Silk, 2003). This interaction is known as Faraday
rotation is typical of, i.e., relativistic jets and consist in a conversion of an
incoming linearly polarized radiation into circularly polarized one. Clus-
ters of galaxies are in fact a good environment for Faraday conversion as
in addition to the presence of thermal electrons at high temperature their
large-scale diffuse synchrotron emission suggests the presence of magnetic
fields. If in a galaxy cluster the population of electron follows an energy
distribution like

N(⇥) = N0⇥
� (2.67)

where ⇥ is the Lorentz factor, the total rate conversion from linear to circular
polarization is given by

V̇ = 2U
d⇤⌃FC

dt
(2.68)

⇤⌃FC 3 10 7(1+ z) 3

⇤
⌅obs
1cm

⌅⇤
� 1

� 2

⌅

dl

1kpc

� nrel

0.1cm 3

⇥�⇥min

300

⇥⇤
B

10µG

⌅2

(1 µ2) (2.69)
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FIGURE 8. Variation of CTl with spatial curvature (left) and dark energy density (right). In both cases,
!bh2 and !ch2 are fixed and the dark energy model is a cosmological constant.

models), and dark energy density in "CDM models is illustrated in Fig. 8. Both param-
eters principally affect the anisotropies through dA and so simply shift the peaks. The
remaining effect on large scales is due to the late-time ISW effect and, in closed models,
from mode quantisation. Disentangling the effects of dark energy and curvature from
the linear CMB anisotropies requires external data to break the geometric degeneracy.
Combining WMAP5 with BAO and supernova data gives�0.0178<!K < 0.0066 in "
models, fully consistent with flatness. (Only one external dataset is required in this case;
BAO is the most constraining.) The geometric degeneracy also limits constraints from
the CMB alone on more complex models with dynamical dark energy, even for a flat uni-
verse; a detailed discussion is given in [44]. The current constraints combining WMAP
with both BAO and supernova data are consistent with flatness and non-dynamical dark
energy: the equation of state parameter w is consistent with �1 at the 15% level.

5. CONSTRAINING EARLY-UNIVERSE PHYSICS WITH THE
CMB

5.1. Inflation and the origin of structure

So far, we have not discussed the origin of the primordial perturbation which pro-
vided the seeds for cosmological structure formation under the action of gravitational
instability. The study of this question has the potential to expose deep connections be-
tween cosmology and physics at immensely high energies which are forever beyond the
reach of earth-bound particle accelerators. Inflation [73, 74, 75, 76, 77, 78], an epoch
in which the expansion of the universe is accelerating, solves a number of puzzles asso-
ciated with the standard big bang cosmology. During a phase of accelerated expansion,
H�1 (the physical Hubble radius) remains almost fixed but the physical separation of
particles initially in causal contact grows exponentially. The result is that regions today
separated by cosmological distances were actually in causal contact before/during infla-
tion. At that time, these regions were given the necessary initial conditions, smoothness
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Figure 2.11.: Sensitivity of the temperature power spectrum to curvature (left) and
dark energy (right) density (Challinor and Peiris, 2009).

years in fact a renewed theoretical effort was dedicated to the investigation
of physical mechanisms able to create a non vanishing circular polariza-
tion in the CMB, in particular in the context of extension of the standard
model for electromagnetic interactions (Alexander, Ochoa, and Kosowsky,
2009; Finelli and Galaverni, 2009; Harari and Sikivie, 1992; Agarwal et al.,
2008). Those extension usually result in optical activity in the propagation
of electromagnetic radiation (Lue, Wang, and Kamionkowski, 1999; Balaji,
Brandenberger, and Easson, 2003) and or in a modification to the disper-
sion relations of electromagnetic radiation in vacuum resulting in a rotation
of the plane of linear polarization while free streaming. Among these ex-
tensions and without sake of completeness we recall the coupling between
photons and pseudoscalar fields, coupling between vector fields and pho-
tons, testing of the Shiff conjecture (Carroll and Field, 1991). The amount of
circularly polarization produced by those phenomena is usually small but
the picture changes if we consider a more standard way of producing such
a signal: the interaction with a magnetic field.
In presence of a magnetic field having an inhomogeneity scale at least com-
parable to the Hubble radius, the scattering between photons, protons and
electron acquires in general a dependency on the Stokes parameters of in-
coming radiation. As it was done for the temperature case it is possible to
work out the Boltzmann equation in harmonic domain for circular polariza-
tion

�̇V + ikµ�V + ⇤̇�V = ⇤̇CV (⇥, k, µ) (2.65)

which present a dependency on the observational frequency. The magnitude
of the V component can be summarized through the function

f(⇥) = 2.79 10 12

�
B

nG

⇥�
GHz

⇥

⇥
(1+ z ) (2.66)

which couples also to the standard temperature and polarization case
through a second order term and is therefore negligible, given the ampli-
tude of the function f itself. We refer the reader to Giovannini (2009) for
an explicit expression of the C function in 2.65 but it is interesting to note
that it is coupled to monopole of the temperature perturbation and to the
polarization source function and is therefore generated by the simultaneous
presence of a primordial magnetic field and to the primordial curvature per-
turbations which generate the monopole in the photon distribution. More-
over if a primordial perturbation of circular polarization is already present,
it can couple and slightly distort the temperature and polarization aniso-
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2008). Those extension usually result in optical activity in the propagation
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sion relations of electromagnetic radiation in vacuum resulting in a rotation
of the plane of linear polarization while free streaming. Among these ex-
tensions and without sake of completeness we recall the coupling between
photons and pseudoscalar fields, coupling between vector fields and pho-
tons, testing of the Shiff conjecture (Carroll and Field, 1991). The amount of
circularly polarization produced by those phenomena is usually small but
the picture changes if we consider a more standard way of producing such
a signal: the interaction with a magnetic field.
In presence of a magnetic field having an inhomogeneity scale at least com-
parable to the Hubble radius, the scattering between photons, protons and
electron acquires in general a dependency on the Stokes parameters of in-
coming radiation. As it was done for the temperature case it is possible to
work out the Boltzmann equation in harmonic domain for circular polariza-
tion

�̇V + ikµ�V + ⇤̇�V = ⇤̇CV (⇥, k, µ) (2.65)

which present a dependency on the observational frequency. The magnitude
of the V component can be summarized through the function

f(⇥) = 2.79 10 12

�
B

nG

⇥�
GHz

⇥

⇥
(1+ z ) (2.66)
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through a second order term and is therefore negligible, given the ampli-
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an explicit expression of the C function in 2.65 but it is interesting to note
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polarization source function and is therefore generated by the simultaneous
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Figure 2: The V-mode power spectra are compared with the linear polarizations. As in Fig.

1 on both axes the common logarithm of the indicated quantity is reported.

the underlying cosmological parameters, to the initial conditions of the Einstein-Boltzmann
hierarchy as well as to the magnetic field parameters. For illustration the concordance model

supplemented by adiabatic initial conditions has been considered. The maximal intensity of
the comoving magnetic field has been taken to be of the order of the nG. This is the range

of current bounds stemming from the simultaneous analysis of the measured TE and TT

power spectra (see [9], first and second reference). Larger magnetic fields would distort the
acoustic oscillations in the TT power spectra. Low frequency instruments could make the

difference for scrutinizing a potential V-mode polarization. In this respect the results and
the techniques of [13] (as well as the earlier results of [14]) could be probably revisited in

the light of the considerations developed here. It has been shown that the VT correlation

for a comoving magnetic field from 5 to 10 nG can be as large as 10−5 (µK)2 at 10 GHz
for ℓ < 20 (i.e. large angular separations). This means that for frequencies O(MHz), the

resulting signal could be even 6 or 7 orders of magnitude larger than a putative B-mode
signal from gravitational lensing (see, e.g. Fig. 2, thick dashed curved in the left plot). It

has been demonstrated that the study of circular dichroism is not more forlorn than other

signals which are often invoked as conceptually important to consider but observationally
difficult to assess. The systematic effects plaguing the measurements of the V-mode power

spectra differ from the case of linear polarizations. Wether or not they are less severe depends

also upon the features of the instrument and on the specific frequency band. The author is
grateful to G. Sironi, M. Gervasi and A. Tartari for stimulating discussions.
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number density of relativistic particles; a consequence of
this is that an equal mixture of positive and negative
particles will contribute to circular polarization conver-
sion while there will be no rotation associated with linear
polarization. Also, conversion depends on the square of
the amplitude of the magnetic field and not the magnetic
field itself. Thus, in certain favorable astrophysical con-
ditions, the FC to circular polarization can be significant
leading to a measurable contribution to the Stokes-V pa-
rameter. As a potential source of conversion between
Stokes-U to V, we will consider galaxy clusters, as there
is some evidence for populations of relativistic particles
in these massive objects.

The extent to which galaxy clusters convert Stokes-Q
to a Stokes-U parameter under FR has already been dis-
cussed in the literature [13]. The rotation effect encoun-
tered here depends on the properties of the magnetic field
and the distribution of thermal electrons, both of which
are now well known for clusters through X-ray and syn-
chrotron emission observations. The radio measurements
of FR through intracluster gas indicate magnetic fields or
order tens of microGauss towards nearby massive galaxy
clusters [10]. The extreme ultraviolet and the hard X-
ray emission observed towards certain clusters suggest
the presence of relativistic electrons with bulk Lorentz
factors of order ∼ 300 and ∼ 104, respectively [16]. The
calculations that attempt to explain these observations
generally suggest relativistic populations with a spectrum
N(γ) ∝ γ−β where β ∼ 2.3 and as steep as ∼ 3.3.

Assuming reasonable parameters for galaxy clusters
with B = 10µG, a path length of 1 Mpc, which is a
typical size for a massive cluster, γmin = 100 for rela-
tivistic particles, and an observed frequency of 10 GHz,
we estimate ∆φFC ∼ few × 10−3. With a typical rms
contribution of order 10−6 to the incoming CMB polar-
ization that propagate through galaxy clusters, the out-
going radiation should contain a circular polarization of
order 10−9 at scales corresponding to galaxy clusters.
Note that this estimate is highly uncertain by at least
two orders of magnitude both due to the unknown num-
ber density of relativistic particles and the Lorentz-factor
distribution of these particles. Since one expects a contri-
bution to the Stokes-V parameter when the radiation is
propagating nearly perpendicular to the magnetic field,
the final contribution not only depends on the magni-
tude of the magnetic field, but also on detailed physical
properties such as the spatial distribution. Due to the λ3

dependence on the wavelength, the Stokes-V contribution
can potentially reach the maximal Stokes-U contribution
at low frequencies of 1 GHz and below.

We can extend the approach presented in Ref. [13],
following the so-called halo model [18], to calculate the
expected angular power spectrum of the Stokes-V contri-
bution. The Stokes-V correlation is simply the product
of correlation functions involving Stokes-U contribution
and the FC rotation measure: CV (θ) = CU (θ)CFC(θ).
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FIG. 1. The flat-band power spectra of CMB polariza-
tion (∆T = TCMB

!

l(l + 1)/2πCl). We show contributions
to the E-mode (solid line), B-mode (dotted line) and esti-
mates for the Stokes-V mode at 10 (dashed line) and 1 GHz
(long-dashed line). The contribution to B-modes contains
two parts involving gravitational-waves at large angular scales
and gravitational lensing effect at small angular scales. The
shown V-mode contributions should be considered reasonable
given uncertainties associated with relativistic populations.
Given the significant wavelength dependence, λ3 in this plot,
low-frequency observations are desirable to detect the circular
polarization contribution.

The correlation function associated with the Stokes-U
contribution can be written as [6]:

CU (θ) =
"

ldl

2π

#

CEE
l

2
[J0(lθ) − J4(lθ)] +

CBB
l

2
[J0(lθ) + J4(lθ)]

$

. (8)

We assume a total contribution to the B-mode power
spectrum, CBB

l , from both gravitational waves, with a
tensor-to-scalar ratio of 0.1, and gravitational lensing
conversion of E to B-mode. Since lensing, effectively,
happens at redshifts greater than 1 [19], while FC hap-
pens in massive clusters at redshifts less than 1, it is
unlikely that we have overestimated the total linear po-
larization contribution that can be converted to the cir-
cular polarization. To calculate CFC(θ), we use a halo
distribution with masses greater than 1014 M⊙ with the
assumption that the distribution of relativistic particles
in these halos trace the gas distribution and the magnetic
field in each cluster is constant, which in this case we set
at 10 µGauss. We summarize our results in figure 1.

In addition to galaxy clusters as discussed above, large-
scale shocks involved with the formation of structures,
including galaxy clusters, could be significant sources of
magnetized plasma in which FC may be efficient. Due
to the strong dependence on wavelength, the Faraday
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tropies.
Since the V Stokes parameter is a frame independent quantity and rotation-
ally invariant it is an observable on its own unlike the linear polarization
Stokes parameters and can be correlated with itself and with CMB temper-
ature and polarization field. The VE and VB cross correlation spectra are
negligible as the signal is weaker than the already faint VV autocorrelation
spectra. The correlation with temperature anisotropies however can be de-
tected and thanks to its frequency dependency which can lead to a signal
potentially as large as B modes signal or even orders of magnitude larger
than that if observed on a frequency band ⇧ GHz. The picture may be
complicated by the presence of more consistent inhomogeneous future of
the magnetic field which can rotate the polarization of the CMB and mix all
Stokes parameters.

Another way to produce circular polarization in CMB is through the in-
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the underlying cosmological parameters, to the initial conditions of the Einstein-Boltzmann
hierarchy as well as to the magnetic field parameters. For illustration the concordance model

supplemented by adiabatic initial conditions has been considered. The maximal intensity of

the comoving magnetic field has been taken to be of the order of the nG. This is the range

of current bounds stemming from the simultaneous analysis of the measured TE and TT

power spectra (see [9], first and second reference). Larger magnetic fields would distort the

acoustic oscillations in the TT power spectra. Low frequency instruments could make the

di�erence for scrutinizing a potential V-mode polarization. In this respect the results and

the techniques of [13] (as well as the earlier results of [14]) could be probably revisited in

the light of the considerations developed here. It has been shown that the VT correlation

for a comoving magnetic field from 5 to 10 nG can be as large as 10�5 (µK)2 at 10 GHz

for � < 20 (i.e. large angular separations). This means that for frequencies O(MHz), the

resulting signal could be even 6 or 7 orders of magnitude larger than a putative B-mode

signal from gravitational lensing (see, e.g. Fig. 2, thick dashed curved in the left plot). It

has been demonstrated that the study of circular dichroism is not more forlorn than other

signals which are often invoked as conceptually important to consider but observationally

di⇥cult to assess. The systematic e�ects plaguing the measurements of the V-mode power

spectra di�er from the case of linear polarizations. Wether or not they are less severe depends

also upon the features of the instrument and on the specific frequency band. The author is

grateful to G. Sironi, M. Gervasi and A. Tartari for stimulating discussions.
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Figure 2.12.: CVV
⇥ and CTV

⇥ power spectra generated by scattering in presence of a
primordial magnetic field of 1nG compared to the E and B polarization
power spectra (Giovannini, 2009; Giovannini, 2010a).

teraction of CMB with relativistic electrons in a magnetized environment
(Cooray, Melchiorri, and Silk, 2003). This interaction is known as Faraday
rotation is typical of, i.e., relativistic jets and consist in a conversion of an
incoming linearly polarized radiation into circularly polarized one. Clus-
ters of galaxies are in fact a good environment for Faraday conversion as
in addition to the presence of thermal electrons at high temperature their
large-scale diffuse synchrotron emission suggests the presence of magnetic
fields. If in a galaxy cluster the population of electron follows an energy
distribution like

N(⇥) = N0⇥
� (2.67)

where ⇥ is the Lorentz factor, the total rate conversion from linear to circular
polarization is given by

V̇ = 2U
d⇤⌃FC

dt
(2.68)

⇤⌃FC 3 10 7(1+ z) 3

⇤
⌅obs
1cm
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� 2
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dl
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0.1cm 3

⇥�⇥min

300
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B
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FIGURE 8. Variation of CTl with spatial curvature (left) and dark energy density (right). In both cases,
!bh2 and !ch2 are fixed and the dark energy model is a cosmological constant.

models), and dark energy density in "CDM models is illustrated in Fig. 8. Both param-
eters principally affect the anisotropies through dA and so simply shift the peaks. The
remaining effect on large scales is due to the late-time ISW effect and, in closed models,
from mode quantisation. Disentangling the effects of dark energy and curvature from
the linear CMB anisotropies requires external data to break the geometric degeneracy.
Combining WMAP5 with BAO and supernova data gives�0.0178<!K < 0.0066 in "
models, fully consistent with flatness. (Only one external dataset is required in this case;
BAO is the most constraining.) The geometric degeneracy also limits constraints from
the CMB alone on more complex models with dynamical dark energy, even for a flat uni-
verse; a detailed discussion is given in [44]. The current constraints combining WMAP
with both BAO and supernova data are consistent with flatness and non-dynamical dark
energy: the equation of state parameter w is consistent with �1 at the 15% level.

5. CONSTRAINING EARLY-UNIVERSE PHYSICS WITH THE
CMB

5.1. Inflation and the origin of structure

So far, we have not discussed the origin of the primordial perturbation which pro-
vided the seeds for cosmological structure formation under the action of gravitational
instability. The study of this question has the potential to expose deep connections be-
tween cosmology and physics at immensely high energies which are forever beyond the
reach of earth-bound particle accelerators. Inflation [73, 74, 75, 76, 77, 78], an epoch
in which the expansion of the universe is accelerating, solves a number of puzzles asso-
ciated with the standard big bang cosmology. During a phase of accelerated expansion,
H�1 (the physical Hubble radius) remains almost fixed but the physical separation of
particles initially in causal contact grows exponentially. The result is that regions today
separated by cosmological distances were actually in causal contact before/during infla-
tion. At that time, these regions were given the necessary initial conditions, smoothness
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Figure 2.11.: Sensitivity of the temperature power spectrum to curvature (left) and
dark energy (right) density (Challinor and Peiris, 2009).

years in fact a renewed theoretical effort was dedicated to the investigation
of physical mechanisms able to create a non vanishing circular polariza-
tion in the CMB, in particular in the context of extension of the standard
model for electromagnetic interactions (Alexander, Ochoa, and Kosowsky,
2009; Finelli and Galaverni, 2009; Harari and Sikivie, 1992; Agarwal et al.,
2008). Those extension usually result in optical activity in the propagation
of electromagnetic radiation (Lue, Wang, and Kamionkowski, 1999; Balaji,
Brandenberger, and Easson, 2003) and or in a modification to the disper-
sion relations of electromagnetic radiation in vacuum resulting in a rotation
of the plane of linear polarization while free streaming. Among these ex-
tensions and without sake of completeness we recall the coupling between
photons and pseudoscalar fields, coupling between vector fields and pho-
tons, testing of the Shiff conjecture (Carroll and Field, 1991). The amount of
circularly polarization produced by those phenomena is usually small but
the picture changes if we consider a more standard way of producing such
a signal: the interaction with a magnetic field.
In presence of a magnetic field having an inhomogeneity scale at least com-
parable to the Hubble radius, the scattering between photons, protons and
electron acquires in general a dependency on the Stokes parameters of in-
coming radiation. As it was done for the temperature case it is possible to
work out the Boltzmann equation in harmonic domain for circular polariza-
tion

�̇V + ikµ�V + ⇤̇�V = ⇤̇CV (⇥, k, µ) (2.65)

which present a dependency on the observational frequency. The magnitude
of the V component can be summarized through the function

f(⇥) = 2.79 10 12

�
B

nG

⇥�
GHz

⇥

⇥
(1+ z ) (2.66)

which couples also to the standard temperature and polarization case
through a second order term and is therefore negligible, given the ampli-
tude of the function f itself. We refer the reader to Giovannini (2009) for
an explicit expression of the C function in 2.65 but it is interesting to note
that it is coupled to monopole of the temperature perturbation and to the
polarization source function and is therefore generated by the simultaneous
presence of a primordial magnetic field and to the primordial curvature per-
turbations which generate the monopole in the photon distribution. More-
over if a primordial perturbation of circular polarization is already present,
it can couple and slightly distort the temperature and polarization aniso-
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Figure 4. Comparison of power spectra of primary and secondary CMB temperature anisotropies and foregrounds at 150 GHz. The
data points are the latest SPT (Reichardt et al. 2011; R12) and ACT (Das et al. 2011) measurements; we simply overplot the various
power spectrum components here rather than performing a fit to these data. The CIB clustering power was reproduced from the
model of Xia et al. (2011; X12), as described in Section 3.1. The tSZ power spectrum was obtained from the model described in
Efstathiou & Migliaccio (2012; EM12), fixed to have ℓ(ℓ+ 1)CtSZ

ℓ /2π|ℓ=3000 = 4 µK2 (see Section 3.2), and the tSZ×CIB power, which
is negative at 150 GHz, was calculated by combining the X12 and EM12 models, as described in Sections 2 and 3. We show the kSZ
power calculated in Sehgal et al. (2010). Radio and CIB point source shot noise levels were taken from R12 and X12 respectively (the
ACT data points have been corrected to account for the difference in radio source shot noise levels due to more sources being masked
by SPT). The primary lensed CMB power was calculated assuming a standard ΛCDM cosmology consistent with WMAP constraints
(Komatsu et al. 2011).

bulk electron motion in galaxy clusters and the intergalactic medium but assumes instantaneous reionization; including the
effect of patchy reionization would increase this signal. Since the tSZ×CIB power is negative for the principal CMB channels

of ACT, SPT and Planck, we would expect uncertainty in the tSZ×CIB power to degrade constraints on the upper limit of

the kSZ.

In principle, the tSZ×CIB and kSZ components could be separated on the basis of their frequency dependence, however,

we find that the frequency dependence is actually very similar across much of the frequency range probed by ACT and SPT.

Figure 5 shows the frequency dependence of the tSZ, clustered CIB, tSZ×CIB and kSZ power. The tSZ and clustered CIB
power are – individually – easily distinguishable from a blackbody, however the tSZ×CIB closely resembles a blackbody

(horizontal line) for ν < 200 GHz. This will further worsen kSZ constraints, and indeed R12 find that the kSZ upper limit

is increased by more than a factor of two when the tSZ×CIB correlation is allowed, despite using data from all three SPT
channels.

To assist in the analysis of small-scale CMB data, we have made the tSZ×CIB curve from Figure 4 available to download1.

1 http://www.physics.ox.ac.uk/users/AddisonG/

Addison et al. 2012
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Exagerating a bit…
50

Polarization Lensing
• Since E and B denote the relationship between the polarization

amplitude and direction, warping due to lensing creates B-modes

Original Lensed BLensed E
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• Photon deviation given by the gradient of a scalar field called lensing potential

• Not much sensitive to non linear evolution (work in progress)

Lensing more in detail

Other more general theories may give different results. The relativistic version of MOND
due to Bekenstein (63) is a bi-metric theory, however in this case the photons are still null
geodesics, and many of the predictions for lensing are in fact the same as GR (64) (though of
course the relation to the matter is different).

3 The lensing potential

In this section we define the lensing potential, an effective integrated potential useful for cal-
culating the effect of weak lensing on the CMB anisotropies. We then calculate the power
spectrum of the lensing potential, and discuss non-linear corrections and small scale approxi-
mations. In later sections we shall use the lensing potential extensively for computing lensing
deflection angles and their covariance.

We recall from Eq. (1.3) that the deflection angle of a source at conformal distance χ∗ is given
in terms of the potential Ψ by

α = −2
! χ∗

0
dχ

fK(χ∗ − χ)

fK(χ∗)
∇⊥Ψ(χn̂; η0 − χ). (3.1)

The quantity η0 − χ is the conformal time at which the photon was at position χn̂. It is
convenient to write ∇⊥Ψ = (∇n̂Ψ)/fK(χ) so that

α = −2
! χ∗

0
dχ

fK(χ∗ − χ)

fK(χ∗)fK(χ)
∇n̂Ψ(χn̂; η0 − χ), (3.2)

where ∇n̂ represents the angular derivative, equivalent to the covariant derivative on the
sphere defined by n̂. This result was derived rigorously at lowest order in Eq. (2.13). We then
define the lensing potential,

ψ(n̂) ≡ −2
! χ∗

0
dχ

fK(χ∗ − χ)

fK(χ∗)fK(χ)
Ψ(χn̂; η0 − χ), (3.3)

so that the deflection angle is given by ∇n̂ψ. From now on we write this simply as ∇ψ.
Note that the lensing potential appears to be formally divergent because of the 1/χ term near
χ = 0. However this divergence only affects the monopole potential, which does not contribute
to the deflection angle. We may therefore set the monopole term to zero, and the remaining
multipoles will be finite, at which point the lensing potential field is well defined.

For the CMB we can approximate recombination as instantaneous so that the CMB is de-
scribed by a single source plane at χ = χ∗. We neglect the very small effect of late-time sources,
including reionization, so a single 2D map of the lensing potential on the sphere contains all
the required information. For scales on which the potential Ψ is Gaussian, the lensing poten-
tial will be Gaussian. On smaller scales non-linear evolution can introduce non-Gaussianity
even for Gaussian primordial fields, however on acoustic scales this is a small correction so we
defer discussion of non-linear evolution to a later section.
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Fig. 3. Cumulative contribution of different redshifts to the power spectrum of the lensing potential
for a concordance ΛCDM model. Note we have used a log scale for Cψ

l in the left-hand plot, but
linear in the right-hand plot.
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Fig. 4. Contributions of different wavenumbers k (in Mpc−1) to the power spectrum of the lensing
potential for a concordance ΛCDM model.

l ≥ 1 the Bessel functions go to zero at the origin, jl(kχ) → 0 as χ → 0, so the l ≥ 1 power
spectrum is finite and well defined.

The last scattering surface is a long way away, so the lensing potential has contributions out
to quite high redshift as show in Fig. 3. Nearby low redshift potentials only contribute to
the large-scale lensing, so the spectrum is only quite weakly sensitive to late time non-linear
evolution. The contributions from different wavenumber ranges are shown in Fig. 4.
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Fig. 1. The angular power spectrum of the gradient mode generated by matter density fluctuations with the lin-
ear matter power spectrum (black dotted), and with the fitting formula of the non-linear matter power spectrum
given in Refs. [44] (green dashed) or [45] (red solid).

◦ vector perturbations:

S(±1)
φ,ℓ (λ, λ′) =

!
(ℓ + 1)!
2(ℓ − 1)!

"
λ − λ′

λλ′
jℓ(λ′)

λ′ − 1
ℓ(ℓ + 1)

1
(λ′)2

d[λ′ jℓ(λ′)]
dλ′

#
, (29)

S(±1)
ϖ,ℓ (λ, λ′) = ±

!
1

2ℓ(ℓ + 1)
jℓ(λ′), (30)

◦ tensor perturbations:

S(±2)
φ,ℓ (λ, λ′) =

!
(ℓ + 2)!
32(ℓ − 2)!

"
λ − λ′

λλ′
jℓ(λ′)

λ′ − 2
ℓ(ℓ + 1)

1
(λ′)3

d[λ′ jℓ(λ′)]
dλ′

#
+ δℓ,2

10
√
3
δ(λ′),

(31)

S(±2)
ϖ,ℓ (λ, λ′) = ±

!
(ℓ + 2)!
(ℓ − 2)!

1
2ℓ(ℓ + 1)

jℓ(λ′)

λ′ . (32)

2.2.3. Angular power spectrum of gradient and curl modes. Figure 1 shows the angular power
spectrum of the gradient mode generated by the matter density fluctuations. Three lines show the
cases with different fitting formulas of the matter power spectrum, i.e., the halofit model [44] and
its revised formula [45], in calculating the angular power spectrum. For comparison, we also show
the case with the linear power spectrum. Note that the lensing power spectrum is computed with
CAMB [46]. The linear approximation to the matter power spectrum would be accurate at the scales
where the signal becomes large (ℓ ∼ 10–100). The non-linear growth of matter density perturbations
enhances the amplitude by 20–30% at ℓ ∼ 2000 compared to linear theory. The sensitivity of Cφφ

ℓ to
the models of the non-linear evolution would be not so significant even at these scales, because the
lensing power spectrum computed with the halofit model of Ref. [44] is only a few percent smaller
than the revised formula.
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Lensing potential cosmological sensitivity

• Sensitive to parameters affecting structure formation rate

• Early dark energy, neutrino masses, modified gravity…. 

• One of the most important cosmological observable in the next years!

52

PTEP 2014, 06B108 T. Namikawa

Fig. 2. Left : Logarithmic derivatives of the gradient-mode power spectrum d lnCφφ
ℓ /dp with respect to the

dark-energy equation-of-state parameters w0 (red solid), wa (green dashed), total mass of neutrinos
!
mν

(blue dotted), and $mh2 (orange long-dashed). The derivatives are normalized with the value at ℓ = 2. Note
that the sign of the derivative with respect to $mh2 is positive, while the others have negative sign. Right : The
angular power spectrum of the curl mode generated by primordial gravitational waves with tensor-to-scalar
ratio r = 0.1 (green dotted) and a specific model of the cosmic string network (red solid/orange dashed).

In the left panel of Fig. 2, to see how the angular power spectrum depends on cosmological sources,
we show the logarithmic derivatives of the angular power spectrum Cφφ

ℓ with respect to w0 and wa ,
a parameterization of the dark-energy equation-of-state as w = w0 + (1− a)wa , and the total mass
of neutrinos

!
mν . For comparison, we also show the dependence on the matter density $mh2. Note

that the derivatives are normalized with the value at ℓ = 2. The derivatives with respect to the neu-
trino mass depend on ℓ, since the presence of the massive neutrinos suppresses the matter density
fluctuations at smaller scales than their free-streaming scale after they become non-relativistic parti-
cles [47]. On the other hand, the derivatives with respect to w0 and wa are almost scale independent
because the density fluctuations are affected by the properties of dark energy through the evolution
of the scale factor in the linear perturbation regime. These behaviors imply that the power spectrum
of the gradient mode can distinguish the effect of the neutrino mass from that of the dark energy
through the scale dependence [48]. We note, however, that there exist some parameters that exhibit a
similar scale dependence to the total neutrino mass, which can be a source of parameter degeneracy
(see, e.g., [49]). As shown in Fig. 2, the logarithmic derivative with respect to the matter density gives
a similar trend to that of the neutrino mass. This is because the matter density changes not only the
amplitude of matter density fluctuations but also shifts the peak of the matter power spectrum which
is determined by the radiation–matter equality. Within the CMB data set, the degeneracy between
the total mass of neutrinos and matter density remains and other external datasets would be required
to break this degeneracy.

On the other hand, in the right panel of Fig. 2 we show examples of the curl-mode angular power
spectrum generated by primordial gravitational waves with tensor-to-scalar ratio r = 0.1, and a
specific model of cosmic string networks [50] parametrized by the tension Gµ and reconnection
probability P . The angular power spectrum decreases at smaller scales since the perturbations are
suppressed at sub-horizon scale. That is, a measurement of the curl-mode power spectrum on a large
scale is important to probe the primordial gravitational waves and cosmic string networks.
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• Variance is preserved but power is 
reshuffled

• Small effect on Temperature, more 
important on E-modes

• B-modes: main source of signal, 
contaminant for inflationary signal 
detection

• Lensing correlates angular scales: 
non-Gaussian feature

• We can reconstruct the lensing 
potential from CMB

Effects on power spectrum
53
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• Variance is preserved but power is 
reshuffled

• Small effect on Temperature, more 
important on E-modes

• B-modes: main source of signal, 
contaminant for inflationary signal 
detection

• Lensing correlates angular scales: 
non-Gaussian feature

• We can reconstruct the lensing 
potential from CMB
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Fig. 6. Top: the lensed temperature power spectrum (solid) and the unlensed spectrum (dotted),
compared to the large l asymptotic result of Eq. (4.16) (dashed). Bottom: the fractional change in
the power spectrum due to lensing. Both plots are for a typical concordance ΛCDM model.
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(
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2
)

⎤

⎦ . (4.14)

The remaining integral is generally small, and the lensed spectrum only deviates from scale
invariant at the O(10−3) level. If there were no lensing power at l > l0, scale invariance would
be preserved on scales l > l0: a large-scale lensing mode magnifies and demagnifies small-
scale structures, which has no effect if the structures are scale invariant. Lensing of the CMB
is important because the acoustic oscillations and small scale damping give a well defined
non-scale-invariant structure to the power spectrum.
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Fig. 13. Top: the lensed E (top solid) and lensed B (bottom solid) power spectra, compared to
the unlensed E spectrum (dotted) and the asymptotic result of Eq. (5.35) (dashed). Bottom: the
fractional change in the E power spectrum due to lensing. All results are for a fiducial standard
ΛCDM cosmology.

5.3.2 Lensed polarization correlation functions

As in the case of the temperature spectrum, the series expansion in the deflection angle that we
have used in the previous section is not expected to be very accurate on small scales, so for a
more accurate calculation of the lensed power spectra we need a non-perturbative calculation,
most easily performed via the correlation function. The calculation is rather similar to the
one for the temperature we did in Section 4.2, so we shall not labour the similar parts of the
derivations here. The calculation was first done in Ref. (90), though here we include new fully
non-perturbative results as well as lowest terms in the series expansion.

We shall work from the spin-2 polarization field P . The scalar correlation function between
polarization at x and x′ should be independent of the basis used to define P at the two points.
To do this, we want to describe the polarization in the physically relevant basis defined by
r ≡ x − x′. If r makes an angle φr to the ex axis, this amounts to rotating the basis by an
angle φr anticlockwise at each point, giving Pr(x) = e−2iφrP (x). In this physical basis we can
then define the basis-independent correlation functions
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Effects on maps
• Lensed and unlensed maps are practically indistinguishable by eye

• Their difference shows a pattern similar to the LSS which lensed the signal
S. Basak et al.: Simulating weak lensing of CMB maps 57

Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter

S. Basak et al.: Simulating weak lensing of CMB maps 57

Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
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of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
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hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
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as computed in CAMB, are based on non-trivial, partially re-
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2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
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method, we show in Fig. 6 the relative difference between the
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ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
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nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter

S. Basak et al.: Simulating weak lensing of CMB maps 57

Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement

256 512 1 min 12 s 491 MB
512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
the convolution length K to simulate a CMB map (both unlensed and
lensed, with nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
2 6 45 min 8.4 GB
2 8 60 min 9.1 GB

Table 5. Variation in CPU time and memory requirements with the over-
sampling factor σ for simulating a realization CMB map (both unlensed
and lensed, nside = 1024, lmax = 2048) using NFFT.

Oversampling Convolution CPU Memory
factor length time requirement
(σ) (K)
2 4 32 min 7.6 GB
3 4 38 min 10 GB
4 4 47 min 13 GB

interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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Fig. 3. Top left: a small portion of a simulated unlensed CMB temper-
ature anisotropy map. Top right: a small portion of the corresponding
lensed CMB temperature anisotropy map. Bottom left: a small portion
of the amplitude of the simulated deflection field map. Bottom right: a
small portion of the difference of simulated lensed and unlensed CMB
maps. These maps are obtained using NFFT for the oversampling factor
σ = 2 and convolution length K = 4.

Table 3. Variation in CPU time and memory requirements with resolu-
tion to simulate CMB maps (unlensed and lensed, oversampling factor
σ = 2, convolution length K = 4) using NFFT.

nside lmax CPU Memory
time requirement
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512 1024 6 min 8 s 1.9 GB

1024 2048 32 min 7.6 GB

such realization of a lensed CMB temperature field, as well as
the difference between the lensed and unlensed fields.

Since weak lensing of CMB is a tiny effect on small angu-
lar scales, we show a realization of a small portion of the un-
lensed CMB temperature anisotropies, lensed CMB temperature
anisotropies, amplitude of deflection field and, the difference of
lensed and unlensed CMB temperature anisotropies in Fig. 3 to
illustrate the lensing effect more clearly. Although unlensed and
lensed CMB temperature anisotropies are indistinguishable to
the naked eye, the correlation between the deflection field and
the difference between the lensed and unlensed CMB tempera-
ture anisotropies is clearly visible.

Table 3 shows the typical CPU time and memory required to
simulate a single realization of unlensed and lensed CMB tem-
perature and polarization, at different resolutions. These timings
correspond to an AMD880 CPU running at 2.4 GHz. Storage of
the window function at the grid points in both the spatial and
frequency domain before computing the Fourier transform con-
sumes a fair amount of memory, which ultimately increases the
overall memory requirement for the simulation of lensed CMB
maps (Kunis & Potts 2008; Fourmont 2003).

Tables 4 and 5 show the same, but with varying convolu-
tion lengths and oversampling factors. Increase in the convo-
lution length not only increases the computational cost of the

Table 4. Variation in the CPU time and memory requirements with
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lensed, with nside = 1024, lmax = 2048) using NFFT.
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factor length time requirement
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interpolation part of NFFT, but also increases the cost of the
precomputation of window function and memory requirement
since one has to compute and store the window function at a
larger number of grid points in the spatial domain before apply-
ing NFFT (Kunis & Potts 2008; Fourmont 2003). On the other
hand, increasing the oversampling factor only impacts the mem-
ory and CPU requirements of the (oversampled) FFT part of the
algorithm.

On the same plots, Fig. 4 shows the theoretical power spectra
CXY

l , where XY represents TT, EE, T E and BB respectively, for
the lensed and unlensed cases, as predicted by CAMB (Challinor
& Lewis 2005). In the cosmological model, we decided to in-
clude no primordial tensors, hence CBB

l is entirely due to lensing.
An accurate recovery of this power spectrum from lensed

polarization maps is therefore a powerful test of our simulation
method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
this corresponds to a very small underestimation of the scatter
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l is entirely due to lensing.
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method. In Fig. 5, we show, on top of the lensed theoretical
spectra (lines), the average empirical power spectra computed
from 1000 simulations (circles). We can see that the agreement
is excellent, which is remarkable for CBB

l as explained above.
We have ignored the lensed angular power spectrum beyond the
multipole l = 1700 in the comparison, because the accurate com-
putation of the average empirical power spectra for the multi-
poles l > 1700 requires lensed CMB maps simulated from the
power spectra of unlensed CMB and a lensing potential beyond
the multipole lmax = 2048, which is the maximum multipole we
used in the simulations. It is worth noting here that theoretical
predictions for the B-mode power spectra induced from lensing,
as computed in CAMB, are based on non-trivial, partially re-
summed expansions of correlation functions (Challinor & Lewis
2005). Figure 5 clearly shows very good agreement between the
power spectra predicted from CAMB and measured from our
simulations, therefore validating a posteriori the theoretical pre-
dictions.

To obtain a more quantitative view of the accuracy of the
method, we show in Fig. 6 the relative difference between the
average empirical power spectra computed on the 1000 simula-
tions and the theoretical spectra from CAMB, both for the un-
lensed (red solid) and lensed (green dashed) cases. In each plot,
we also show the theoretical root-mean-square deviation of the
averaged empirical spectra, computed by neglecting the small
lensing-induced non-Gaussianity in the lensed cases. Note that
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;

ðQ' iUÞðn̂nÞ ¼ ~ðQðQ' i ~UUÞ½n̂nþ dðn̂nÞ) ; ð1Þ

where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼

D

",

"ðn̂nÞ ¼ #2

Z
dD

ðDs #DÞ
DDs

$ðDn̂n;DÞ ; ð2Þ

where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;

ðQ' iUÞðn̂nÞ ¼ #
Z

d2l

ð2#Þ2
½EðlÞ ' iBðlÞ)e'2i’l eil x n̂n ;

"ðn̂nÞ ¼
Z

d2L

ð2#Þ2
"ðLÞeiL x n̂n ; ð3Þ

where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)

!#ðlÞ ¼
Z

d2l0

ð2#Þ2
~##ðl 0ÞWðl 0;LÞ ;

!EðlÞ ¼
Z

d2l0

ð2#Þ2
h
~EEðl 0Þ cos 2’l 0l # ~BBðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

!BðlÞ ¼
Z

d2l0

ð2#Þ2
h
~BBðl 0Þ cos 2’l 0l þ ~EEðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

ð4Þ

where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;

h",ðLÞ"ðL0Þi * ð2#Þ2!ðL# L0ÞL#2Cdd
L ;

where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

C##
l

!!!
noise

¼ TCMB

DT

" ##2

elðlþ1Þ$2=8 ln 2 ;

CEE
l

!!!
noise

¼ CBB
l

!!!
noise

¼ TCMB

DP

" ##2

elðlþ1Þ$2=8 ln 2 ; ð8Þ

where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
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and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
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of an unlensed B-polarization, lensing will generate it. The
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Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum
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of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
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where D is the comoving distance along the line of sight in
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the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
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and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;

ðQ' iUÞðn̂nÞ ¼ #
Z

d2l

ð2#Þ2
½EðlÞ ' iBðlÞ)e'2i’l eil x n̂n ;

"ðn̂nÞ ¼
Z

d2L

ð2#Þ2
"ðLÞeiL x n̂n ; ð3Þ

where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)

!#ðlÞ ¼
Z

d2l0

ð2#Þ2
~##ðl 0ÞWðl 0;LÞ ;

!EðlÞ ¼
Z

d2l0

ð2#Þ2
h
~EEðl 0Þ cos 2’l 0l # ~BBðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

!BðlÞ ¼
Z

d2l0

ð2#Þ2
h
~BBðl 0Þ cos 2’l 0l þ ~EEðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

ð4Þ

where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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where the power spectra include all sources of variance to
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼
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for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
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general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
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remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2
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lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by
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remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
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where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)

!#ðlÞ ¼
Z

d2l0

ð2#Þ2
~##ðl 0ÞWðl 0;LÞ ;

!EðlÞ ¼
Z

d2l0

ð2#Þ2
h
~EEðl 0Þ cos 2’l 0l # ~BBðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

!BðlÞ ¼
Z

d2l0

ð2#Þ2
h
~BBðl 0Þ cos 2’l 0l þ ~EEðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

ð4Þ

where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum
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of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
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DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.

MASS RECONSTRUCTION WITH CMB POLARIZATION 567

Tiny!

trative purposes, we use a flat! cold dark matter cosmology
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dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;
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where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;
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where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼

D
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;
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where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
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lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.

MASS RECONSTRUCTION WITH CMB POLARIZATION 567

Tiny!
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throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.
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Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
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where n̂n is the direction on the sky, tildes denote the
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum
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Finally, we define the power spectra of the observed tem-

perature and polarization fields as
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.

MASS RECONSTRUCTION WITH CMB POLARIZATION 567

trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)
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where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.
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and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum
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L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼
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DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
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lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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the power in the deflection field Cdd
L (Hu 2000b). Consider

averaging over an ensemble of realizations of the tempera-
ture and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

hxðlÞx0ðl 0ÞiCMB ¼ f!ðl; l 0Þ"ðLÞ ; ð9Þ

where x; x0 ¼ !;E;B and L ¼ l þ l 0. We have assumed
l 6¼ %l 0 and will use the subscript ! to distinguish between
choices of the xx0 pairing, e.g., ! ¼ !!. The correlation
returns the value of the deflection potential with weightings
f! that depend on the unlensed power spectra of equation
(7), which are given explicitly in Table 1.

The two-point correlations of the CMB Fourier modes
themselves cannot be used to reconstruct the deflection
potential since " is also statistically isotropic so that in the
true ensemble average h"ðLÞi ¼ 0. Equation (9) does sug-
gest however that an appropriate average over pairs of mul-
tipole moments can be used to estimate the deflection field
dðn̂nÞ.

Let us define a general weighting of the moments

d!ðLÞ ¼
A!ðLÞ
L

Z
d2l1

ð2#Þ2
xðl1Þx0ðl2ÞF!ðl1; l2Þ ; ð10Þ

Fig. 1.—Exaggerated example of the lensing effect on a 10& ' 10& field. Top, from left to right: Unlensed temperature field, unlensed E-polarization field,
spherically symmetric deflection field dðnÞ. Bottom, from left to right: Lensed temperature field, lensed E-polarization field, lensed B-polarization field. The
scales for the polarization and temperature fields differ by a factor of 10. [See the electronic edition of the Journal for a color version of this figure.]

Fig. 2.—Power spectra of the CMB temperature and polarization fields
compared with the detector noise of the Planck satellite and a nearly perfect
experiment with a noise level of DT ¼ DP=

ffiffiffi
2

p
¼ 1 lK arcmin and a beam

of $ ¼ 40 (thick long-dashed line for polarization, thin long-dashed line for
temperature). The Planck experiment has sufficient signal-to-noise ratio to
map the ! field but can only marginally map the E-polarization field; the
nearly perfect experiment canmap all three fields to l ¼ 2000.
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;

ðQ' iUÞðn̂nÞ ¼ ~ðQðQ' i ~UUÞ½n̂nþ dðn̂nÞ) ; ð1Þ

where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼

D

",

"ðn̂nÞ ¼ #2

Z
dD

ðDs #DÞ
DDs

$ðDn̂n;DÞ ; ð2Þ

where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;

h",ðLÞ"ðL0Þi * ð2#Þ2!ðL# L0ÞL#2Cdd
L ;

where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

C##
l

!!!
noise

¼ TCMB

DT

" ##2

elðlþ1Þ$2=8 ln 2 ;

CEE
l

!!!
noise

¼ CBB
l

!!!
noise

¼ TCMB

DP

" ##2

elðlþ1Þ$2=8 ln 2 ; ð8Þ

where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.
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istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;

h",ðLÞ"ðL0Þi * ð2#Þ2!ðL# L0ÞL#2Cdd
L ;
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tial power spectrum with a weighting appropriate for the
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where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼
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for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40
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experiment (DT ¼ DP=
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)
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where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼
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ðDs #DÞ
DDs

$ðDn̂n;DÞ ; ð2Þ

where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;

ðQ' iUÞðn̂nÞ ¼ #
Z

d2l

ð2#Þ2
½EðlÞ ' iBðlÞ)e'2i’l eil x n̂n ;

"ðn̂nÞ ¼
Z

d2L

ð2#Þ2
"ðLÞeiL x n̂n ; ð3Þ

where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
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defined by the unlensed power spectra
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where the power spectra include all sources of variance to
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C##
l

!!!
noise

¼ TCMB

DT

" ##2

elðlþ1Þ$2=8 ln 2 ;

CEE
l

!!!
noise

¼ CBB
l

!!!
noise

¼ TCMB

DP

" ##2

elðlþ1Þ$2=8 ln 2 ; ð8Þ

where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼
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general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.
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the power in the deflection field Cdd
L (Hu 2000b). Consider

averaging over an ensemble of realizations of the tempera-
ture and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

hxðlÞx0ðl 0ÞiCMB ¼ f!ðl; l 0Þ"ðLÞ ; ð9Þ

where x; x0 ¼ !;E;B and L ¼ l þ l 0. We have assumed
l 6¼ %l 0 and will use the subscript ! to distinguish between
choices of the xx0 pairing, e.g., ! ¼ !!. The correlation
returns the value of the deflection potential with weightings
f! that depend on the unlensed power spectra of equation
(7), which are given explicitly in Table 1.

The two-point correlations of the CMB Fourier modes
themselves cannot be used to reconstruct the deflection
potential since " is also statistically isotropic so that in the
true ensemble average h"ðLÞi ¼ 0. Equation (9) does sug-
gest however that an appropriate average over pairs of mul-
tipole moments can be used to estimate the deflection field
dðn̂nÞ.

Let us define a general weighting of the moments

d!ðLÞ ¼
A!ðLÞ
L

Z
d2l1

ð2#Þ2
xðl1Þx0ðl2ÞF!ðl1; l2Þ ; ð10Þ

Fig. 1.—Exaggerated example of the lensing effect on a 10& ' 10& field. Top, from left to right: Unlensed temperature field, unlensed E-polarization field,
spherically symmetric deflection field dðnÞ. Bottom, from left to right: Lensed temperature field, lensed E-polarization field, lensed B-polarization field. The
scales for the polarization and temperature fields differ by a factor of 10. [See the electronic edition of the Journal for a color version of this figure.]

Fig. 2.—Power spectra of the CMB temperature and polarization fields
compared with the detector noise of the Planck satellite and a nearly perfect
experiment with a noise level of DT ¼ DP=

ffiffiffi
2

p
¼ 1 lK arcmin and a beam

of $ ¼ 40 (thick long-dashed line for polarization, thin long-dashed line for
temperature). The Planck experiment has sufficient signal-to-noise ratio to
map the ! field but can only marginally map the E-polarization field; the
nearly perfect experiment canmap all three fields to l ¼ 2000.
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where l2 ¼ L" l1 and the normalization

A!ðLÞ ¼ L2

"Z
d2l1

ð2"Þ2
f!ðl1; l2ÞF!ðl1; l2Þ

#"1

ð11Þ

is chosen so that

hd!ðLÞiCMB ¼ dðLÞ % L#ðLÞ : ð12Þ

In general there are six estimators corresponding to the 3!
pairs of !, E, B. In the assumed cosmology, where gravita-
tional wave perturbations are negligible compared with den-
sity perturbations, ! ¼ BB has vanishing signal-to-noise
ratio, effectively reducing the estimators to five.

We can optimize the filter F! by minimizing the variance
hd&! ðLÞd!ðLÞi, subject to the normalization constraint

F!ðl1; l2Þ ¼
Cx0x0

l1
Cxx

l2
f!ðl1; l2Þ " Cxx0

l1
Cxx0

l2
f!ðl2; l1Þ

Cxx
l1
Cx0x0

l2
Cx0x0

l1
Cxx

l2
" ðCxx0

l1
Cxx0

l2
Þ2

: ð13Þ

This filter takes on simple forms for two common cases: if
x ¼ x0, as in the case of ! ¼ !!, EE, andBB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
2Cxx

l1
Cxx

l2

; ð14Þ

if ~CCxx0
l ¼ 0, as in the case of ! ¼ !B and EB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
Cxx

l1
Cx0x0

l2

: ð15Þ

The noise properties of these estimators follow from

hd&! ðLÞd$ðL
0Þi ¼ ð2"Þ2%ðL" L0Þ½Cdd

L þN!$ðLÞ) ; ð16Þ

where

N!$ðLÞ ¼ L"2A!ðLÞA$ðLÞ
Z

d2l1

ð2"Þ2
F!ðl1; l2Þ

!
F$ðl1; l2Þ

* C
x!x$
l1

C
x0!x

0
$

l2
þ F$ðl2; l1ÞC

x!x0$
l1

C
x0!x$
l2

"
: ð17Þ

Recall that the xx power spectra account for both the cos-
mic variance of the fields and the noise variance of the
experiment. Notice that for the minimum variance filter

N!!ðLÞ ¼ A!ðLÞ : ð18Þ

In Figure 3, we compare the signal and noise power spectra
for the Planck experiment and the reference experiment
defined in x 2. Recall that true mapping is possible when the
signal exceeds the noise spectrum. For the Planck experi-

ment, !! provides the best estimator, reflecting the fact
that Planck will not be able to produce true maps of the
polarization modes. Furthermore, the signal-to-noise ratio
is highest at Ld200, reflecting the fact that the modes are
mainly correlated across DL + 60, where the deflection
power spectrum peaks.

For the reference experiment, all five estimators have suf-
ficient signal-to-noise ratio to produce maps at Ld200. The
EB estimator has the best signal-to-noise ratio and allows
for mapping to Ld1000. The reason is that there is no noise
variance contributed by an unlensed B-field. Furthermore,
the signal intrinsically comes from higher L. A B-field at a
wavenumber l cannot be generated from neighboringmodes
l 0 + l from the low-L deflection field because of the sin term
in the lensing kernel (see eq. [5]). Thus, the signal-to-noise
ratio is relatively higher at high L in the EB estimator.

For experiments that are intermediate in sensitivity
between Planck and the reference experiment, the five esti-
mators of the deflection field have comparable signal-to-
noise ratio and may be used to cross-check each other. At
high L where the individual estimators are noise limited,
combining the estimators as

dmvðLÞ ¼
X

!

w!ðLÞd!ðLÞ ð19Þ

Fig. 3.—Deflection signal (dd ) and noise power spectra of the quadratic
estimators and their minimum variance (mv) combination: (a) Planck
experiment; (b) reference experiment. As the sensitivity of the experiment
improves, the best quadratic estimator switches from !! to EB. Only the
EB-estimator can reconstruct the mass distribution at Le200.

TABLE 1

Minimum Variance Filters

! f!ðl1; l2Þ

!! ........ ~CC!!
l1

ðL x l1Þ þ ~CC!!
l2

ðL x l2Þ
!E ........ ~CC!E

l1
cos’l1 l2 ðL x l1Þ þ ~CC!E

l2
ðL x l2Þ

!B ........ ~CC!E
l1

sin 2’l1 l2 ðL x l1Þ
EE......... ½~CCEE

l1
ðL x l1Þ þ ~CCEE

l2
ðL x l2Þ) cos 2’l1 l2

EB......... ½~CCEE
l1

ðL x l1Þ " ~CCBB
l2

ðL x l2Þ) sin 2’l1 l2

BB......... ½~CCBB
l1

ðL x l1Þ þ ~CCBB
l2

ðL x l2Þ) cos 2’l1 l2
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Lensing reconstruction basis
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;

ðQ' iUÞðn̂nÞ ¼ ~ðQðQ' i ~UUÞ½n̂nþ dðn̂nÞ) ; ð1Þ

where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼

D
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"ðn̂nÞ ¼ #2

Z
dD

ðDs #DÞ
DDs

$ðDn̂n;DÞ ; ð2Þ

where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
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d2l

ð2#Þ2
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

C##
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noise

¼ TCMB

DT

" ##2

elðlþ1Þ$2=8 ln 2 ;

CEE
l

!!!
noise

¼ CBB
l

!!!
noise

¼ TCMB

DP

" ##2
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
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istical properties of the lensed fields may be completely
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of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
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ffiffiffi
2

p
DT as appropriate
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general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as
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example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra
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hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
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contamination added in quadrature. We will include Gaus-
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
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for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40
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lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
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¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.
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of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.
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As can be seen from equation (5), lensing mixes and there-
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the power in the deflection field Cdd
L (Hu 2000b). Consider

averaging over an ensemble of realizations of the tempera-
ture and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

hxðlÞx0ðl 0ÞiCMB ¼ f!ðl; l 0Þ"ðLÞ ; ð9Þ

where x; x0 ¼ !;E;B and L ¼ l þ l 0. We have assumed
l 6¼ %l 0 and will use the subscript ! to distinguish between
choices of the xx0 pairing, e.g., ! ¼ !!. The correlation
returns the value of the deflection potential with weightings
f! that depend on the unlensed power spectra of equation
(7), which are given explicitly in Table 1.

The two-point correlations of the CMB Fourier modes
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where l2 ¼ L" l1 and the normalization

A!ðLÞ ¼ L2

"Z
d2l1

ð2"Þ2
f!ðl1; l2ÞF!ðl1; l2Þ

#"1

ð11Þ

is chosen so that

hd!ðLÞiCMB ¼ dðLÞ % L#ðLÞ : ð12Þ

In general there are six estimators corresponding to the 3!
pairs of !, E, B. In the assumed cosmology, where gravita-
tional wave perturbations are negligible compared with den-
sity perturbations, ! ¼ BB has vanishing signal-to-noise
ratio, effectively reducing the estimators to five.

We can optimize the filter F! by minimizing the variance
hd&! ðLÞd!ðLÞi, subject to the normalization constraint

F!ðl1; l2Þ ¼
Cx0x0

l1
Cxx

l2
f!ðl1; l2Þ " Cxx0

l1
Cxx0

l2
f!ðl2; l1Þ

Cxx
l1
Cx0x0

l2
Cx0x0

l1
Cxx

l2
" ðCxx0

l1
Cxx0

l2
Þ2

: ð13Þ

This filter takes on simple forms for two common cases: if
x ¼ x0, as in the case of ! ¼ !!, EE, andBB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
2Cxx

l1
Cxx

l2

; ð14Þ

if ~CCxx0
l ¼ 0, as in the case of ! ¼ !B and EB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
Cxx

l1
Cx0x0

l2

: ð15Þ

The noise properties of these estimators follow from

hd&! ðLÞd$ðL
0Þi ¼ ð2"Þ2%ðL" L0Þ½Cdd

L þN!$ðLÞ) ; ð16Þ

where

N!$ðLÞ ¼ L"2A!ðLÞA$ðLÞ
Z

d2l1

ð2"Þ2
F!ðl1; l2Þ

!
F$ðl1; l2Þ

* C
x!x$
l1

C
x0!x

0
$

l2
þ F$ðl2; l1ÞC

x!x0$
l1

C
x0!x$
l2

"
: ð17Þ

Recall that the xx power spectra account for both the cos-
mic variance of the fields and the noise variance of the
experiment. Notice that for the minimum variance filter

N!!ðLÞ ¼ A!ðLÞ : ð18Þ

In Figure 3, we compare the signal and noise power spectra
for the Planck experiment and the reference experiment
defined in x 2. Recall that true mapping is possible when the
signal exceeds the noise spectrum. For the Planck experi-

ment, !! provides the best estimator, reflecting the fact
that Planck will not be able to produce true maps of the
polarization modes. Furthermore, the signal-to-noise ratio
is highest at Ld200, reflecting the fact that the modes are
mainly correlated across DL + 60, where the deflection
power spectrum peaks.

For the reference experiment, all five estimators have suf-
ficient signal-to-noise ratio to produce maps at Ld200. The
EB estimator has the best signal-to-noise ratio and allows
for mapping to Ld1000. The reason is that there is no noise
variance contributed by an unlensed B-field. Furthermore,
the signal intrinsically comes from higher L. A B-field at a
wavenumber l cannot be generated from neighboringmodes
l 0 + l from the low-L deflection field because of the sin term
in the lensing kernel (see eq. [5]). Thus, the signal-to-noise
ratio is relatively higher at high L in the EB estimator.

For experiments that are intermediate in sensitivity
between Planck and the reference experiment, the five esti-
mators of the deflection field have comparable signal-to-
noise ratio and may be used to cross-check each other. At
high L where the individual estimators are noise limited,
combining the estimators as

dmvðLÞ ¼
X

!

w!ðLÞd!ðLÞ ð19Þ

Fig. 3.—Deflection signal (dd ) and noise power spectra of the quadratic
estimators and their minimum variance (mv) combination: (a) Planck
experiment; (b) reference experiment. As the sensitivity of the experiment
improves, the best quadratic estimator switches from !! to EB. Only the
EB-estimator can reconstruct the mass distribution at Le200.

TABLE 1

Minimum Variance Filters

! f!ðl1; l2Þ

!! ........ ~CC!!
l1

ðL x l1Þ þ ~CC!!
l2

ðL x l2Þ
!E ........ ~CC!E

l1
cos’l1 l2 ðL x l1Þ þ ~CC!E

l2
ðL x l2Þ

!B ........ ~CC!E
l1

sin 2’l1 l2 ðL x l1Þ
EE......... ½~CCEE

l1
ðL x l1Þ þ ~CCEE

l2
ðL x l2Þ) cos 2’l1 l2

EB......... ½~CCEE
l1

ðL x l1Þ " ~CCBB
l2

ðL x l2Þ) sin 2’l1 l2

BB......... ½~CCBB
l1

ðL x l1Þ þ ~CCBB
l2

ðL x l2Þ) cos 2’l1 l2
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trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;

ðQ' iUÞðn̂nÞ ¼ ~ðQðQ' i ~UUÞ½n̂nþ dðn̂nÞ) ; ð1Þ

where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼

D

",

"ðn̂nÞ ¼ #2

Z
dD

ðDs #DÞ
DDs

$ðDn̂n;DÞ ; ð2Þ

where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;

ðQ' iUÞðn̂nÞ ¼ #
Z

d2l

ð2#Þ2
½EðlÞ ' iBðlÞ)e'2i’l eil x n̂n ;

"ðn̂nÞ ¼
Z

d2L

ð2#Þ2
"ðLÞeiL x n̂n ; ð3Þ

where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)

!#ðlÞ ¼
Z

d2l0

ð2#Þ2
~##ðl 0ÞWðl 0;LÞ ;

!EðlÞ ¼
Z

d2l0

ð2#Þ2
h
~EEðl 0Þ cos 2’l 0l # ~BBðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

!BðlÞ ¼
Z

d2l0

ð2#Þ2
h
~BBðl 0Þ cos 2’l 0l þ ~EEðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

ð4Þ

where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;

h",ðLÞ"ðL0Þi * ð2#Þ2!ðL# L0ÞL#2Cdd
L ;

where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

C##
l

!!!
noise

¼ TCMB

DT

" ##2

elðlþ1Þ$2=8 ln 2 ;

CEE
l

!!!
noise

¼ CBB
l

!!!
noise

¼ TCMB

DP

" ##2

elðlþ1Þ$2=8 ln 2 ; ð8Þ

where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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to the line-of-sight projection of the gravitational potential
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where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;

ðQ' iUÞðn̂nÞ ¼ #
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d2L
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where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)
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where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and
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Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;
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where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

C##
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noise

¼ TCMB

DT

" ##2
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CEE
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!!!
noise

¼ CBB
l

!!!
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where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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the power in the deflection field Cdd
L (Hu 2000b). Consider

averaging over an ensemble of realizations of the tempera-
ture and polarization fields but with a fixed lensing field.
The two-point correlation of the modes takes the form

hxðlÞx0ðl 0ÞiCMB ¼ f!ðl; l 0Þ"ðLÞ ; ð9Þ

where x; x0 ¼ !;E;B and L ¼ l þ l 0. We have assumed
l 6¼ %l 0 and will use the subscript ! to distinguish between
choices of the xx0 pairing, e.g., ! ¼ !!. The correlation
returns the value of the deflection potential with weightings
f! that depend on the unlensed power spectra of equation
(7), which are given explicitly in Table 1.

The two-point correlations of the CMB Fourier modes
themselves cannot be used to reconstruct the deflection
potential since " is also statistically isotropic so that in the
true ensemble average h"ðLÞi ¼ 0. Equation (9) does sug-
gest however that an appropriate average over pairs of mul-
tipole moments can be used to estimate the deflection field
dðn̂nÞ.

Let us define a general weighting of the moments

d!ðLÞ ¼
A!ðLÞ
L

Z
d2l1

ð2#Þ2
xðl1Þx0ðl2ÞF!ðl1; l2Þ ; ð10Þ

Fig. 1.—Exaggerated example of the lensing effect on a 10& ' 10& field. Top, from left to right: Unlensed temperature field, unlensed E-polarization field,
spherically symmetric deflection field dðnÞ. Bottom, from left to right: Lensed temperature field, lensed E-polarization field, lensed B-polarization field. The
scales for the polarization and temperature fields differ by a factor of 10. [See the electronic edition of the Journal for a color version of this figure.]

Fig. 2.—Power spectra of the CMB temperature and polarization fields
compared with the detector noise of the Planck satellite and a nearly perfect
experiment with a noise level of DT ¼ DP=

ffiffiffi
2

p
¼ 1 lK arcmin and a beam

of $ ¼ 40 (thick long-dashed line for polarization, thin long-dashed line for
temperature). The Planck experiment has sufficient signal-to-noise ratio to
map the ! field but can only marginally map the E-polarization field; the
nearly perfect experiment canmap all three fields to l ¼ 2000.
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where l2 ¼ L" l1 and the normalization

A!ðLÞ ¼ L2

"Z
d2l1

ð2"Þ2
f!ðl1; l2ÞF!ðl1; l2Þ

#"1

ð11Þ

is chosen so that

hd!ðLÞiCMB ¼ dðLÞ % L#ðLÞ : ð12Þ

In general there are six estimators corresponding to the 3!
pairs of !, E, B. In the assumed cosmology, where gravita-
tional wave perturbations are negligible compared with den-
sity perturbations, ! ¼ BB has vanishing signal-to-noise
ratio, effectively reducing the estimators to five.

We can optimize the filter F! by minimizing the variance
hd&! ðLÞd!ðLÞi, subject to the normalization constraint

F!ðl1; l2Þ ¼
Cx0x0

l1
Cxx

l2
f!ðl1; l2Þ " Cxx0

l1
Cxx0

l2
f!ðl2; l1Þ

Cxx
l1
Cx0x0

l2
Cx0x0

l1
Cxx

l2
" ðCxx0

l1
Cxx0

l2
Þ2

: ð13Þ

This filter takes on simple forms for two common cases: if
x ¼ x0, as in the case of ! ¼ !!, EE, andBB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
2Cxx

l1
Cxx

l2

; ð14Þ

if ~CCxx0
l ¼ 0, as in the case of ! ¼ !B and EB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
Cxx

l1
Cx0x0

l2

: ð15Þ

The noise properties of these estimators follow from

hd&! ðLÞd$ðL
0Þi ¼ ð2"Þ2%ðL" L0Þ½Cdd

L þN!$ðLÞ) ; ð16Þ

where

N!$ðLÞ ¼ L"2A!ðLÞA$ðLÞ
Z

d2l1

ð2"Þ2
F!ðl1; l2Þ

!
F$ðl1; l2Þ

* C
x!x$
l1

C
x0!x

0
$

l2
þ F$ðl2; l1ÞC

x!x0$
l1

C
x0!x$
l2

"
: ð17Þ

Recall that the xx power spectra account for both the cos-
mic variance of the fields and the noise variance of the
experiment. Notice that for the minimum variance filter

N!!ðLÞ ¼ A!ðLÞ : ð18Þ

In Figure 3, we compare the signal and noise power spectra
for the Planck experiment and the reference experiment
defined in x 2. Recall that true mapping is possible when the
signal exceeds the noise spectrum. For the Planck experi-

ment, !! provides the best estimator, reflecting the fact
that Planck will not be able to produce true maps of the
polarization modes. Furthermore, the signal-to-noise ratio
is highest at Ld200, reflecting the fact that the modes are
mainly correlated across DL + 60, where the deflection
power spectrum peaks.

For the reference experiment, all five estimators have suf-
ficient signal-to-noise ratio to produce maps at Ld200. The
EB estimator has the best signal-to-noise ratio and allows
for mapping to Ld1000. The reason is that there is no noise
variance contributed by an unlensed B-field. Furthermore,
the signal intrinsically comes from higher L. A B-field at a
wavenumber l cannot be generated from neighboringmodes
l 0 + l from the low-L deflection field because of the sin term
in the lensing kernel (see eq. [5]). Thus, the signal-to-noise
ratio is relatively higher at high L in the EB estimator.

For experiments that are intermediate in sensitivity
between Planck and the reference experiment, the five esti-
mators of the deflection field have comparable signal-to-
noise ratio and may be used to cross-check each other. At
high L where the individual estimators are noise limited,
combining the estimators as

dmvðLÞ ¼
X

!

w!ðLÞd!ðLÞ ð19Þ

Fig. 3.—Deflection signal (dd ) and noise power spectra of the quadratic
estimators and their minimum variance (mv) combination: (a) Planck
experiment; (b) reference experiment. As the sensitivity of the experiment
improves, the best quadratic estimator switches from !! to EB. Only the
EB-estimator can reconstruct the mass distribution at Le200.

TABLE 1

Minimum Variance Filters

! f!ðl1; l2Þ

!! ........ ~CC!!
l1

ðL x l1Þ þ ~CC!!
l2

ðL x l2Þ
!E ........ ~CC!E

l1
cos’l1 l2 ðL x l1Þ þ ~CC!E

l2
ðL x l2Þ

!B ........ ~CC!E
l1

sin 2’l1 l2 ðL x l1Þ
EE......... ½~CCEE

l1
ðL x l1Þ þ ~CCEE

l2
ðL x l2Þ) cos 2’l1 l2

EB......... ½~CCEE
l1

ðL x l1Þ " ~CCBB
l2

ðL x l2Þ) sin 2’l1 l2

BB......... ½~CCBB
l1

ðL x l1Þ þ ~CCBB
l2

ðL x l2Þ) cos 2’l1 l2
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F!ðl1; l2Þ !
f!ðl1; l2Þ
2Cxx

l1
Cxx

l2

; ð14Þ

if ~CCxx0
l ¼ 0, as in the case of ! ¼ !B and EB,

F!ðl1; l2Þ !
f!ðl1; l2Þ
Cxx

l1
Cx0x0

l2

: ð15Þ

The noise properties of these estimators follow from

hd&! ðLÞd$ðL
0Þi ¼ ð2"Þ2%ðL" L0Þ½Cdd

L þN!$ðLÞ) ; ð16Þ

where

N!$ðLÞ ¼ L"2A!ðLÞA$ðLÞ
Z

d2l1

ð2"Þ2
F!ðl1; l2Þ

!
F$ðl1; l2Þ

* C
x!x$
l1

C
x0!x

0
$

l2
þ F$ðl2; l1ÞC

x!x0$
l1

C
x0!x$
l2

"
: ð17Þ

Recall that the xx power spectra account for both the cos-
mic variance of the fields and the noise variance of the
experiment. Notice that for the minimum variance filter

N!!ðLÞ ¼ A!ðLÞ : ð18Þ

In Figure 3, we compare the signal and noise power spectra
for the Planck experiment and the reference experiment
defined in x 2. Recall that true mapping is possible when the
signal exceeds the noise spectrum. For the Planck experi-

ment, !! provides the best estimator, reflecting the fact
that Planck will not be able to produce true maps of the
polarization modes. Furthermore, the signal-to-noise ratio
is highest at Ld200, reflecting the fact that the modes are
mainly correlated across DL + 60, where the deflection
power spectrum peaks.

For the reference experiment, all five estimators have suf-
ficient signal-to-noise ratio to produce maps at Ld200. The
EB estimator has the best signal-to-noise ratio and allows
for mapping to Ld1000. The reason is that there is no noise
variance contributed by an unlensed B-field. Furthermore,
the signal intrinsically comes from higher L. A B-field at a
wavenumber l cannot be generated from neighboringmodes
l 0 + l from the low-L deflection field because of the sin term
in the lensing kernel (see eq. [5]). Thus, the signal-to-noise
ratio is relatively higher at high L in the EB estimator.

For experiments that are intermediate in sensitivity
between Planck and the reference experiment, the five esti-
mators of the deflection field have comparable signal-to-
noise ratio and may be used to cross-check each other. At
high L where the individual estimators are noise limited,
combining the estimators as

dmvðLÞ ¼
X

!

w!ðLÞd!ðLÞ ð19Þ

Fig. 3.—Deflection signal (dd ) and noise power spectra of the quadratic
estimators and their minimum variance (mv) combination: (a) Planck
experiment; (b) reference experiment. As the sensitivity of the experiment
improves, the best quadratic estimator switches from !! to EB. Only the
EB-estimator can reconstruct the mass distribution at Le200.

TABLE 1

Minimum Variance Filters

! f!ðl1; l2Þ

!! ........ ~CC!!
l1

ðL x l1Þ þ ~CC!!
l2

ðL x l2Þ
!E ........ ~CC!E

l1
cos’l1 l2 ðL x l1Þ þ ~CC!E

l2
ðL x l2Þ

!B ........ ~CC!E
l1

sin 2’l1 l2 ðL x l1Þ
EE......... ½~CCEE

l1
ðL x l1Þ þ ~CCEE

l2
ðL x l2Þ) cos 2’l1 l2

EB......... ½~CCEE
l1

ðL x l1Þ " ~CCBB
l2

ðL x l2Þ) sin 2’l1 l2

BB......... ½~CCBB
l1

ðL x l1Þ þ ~CCBB
l2

ðL x l2Þ) cos 2’l1 l2
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I. INTRODUCTION

As Cosmic Microwave Background (CMB) photons
traverse the Universe, their paths are gravitationally de-
flected by large-scale structures. This gravitational lens-
ing of the CMB can be used to reconstruct maps of the in-
tegrated deflections from density fluctuations in the Uni-
verse, and the growth of structure. Gravitational lensing
of the CMB has been detected in the CMB tempera-
ture anisotropy in several ways: in the smoothing of the
acoustic peaks of the temperature power spectrum [1–3],
in cross-correlations with tracers of the large-scale mat-
ter distribution [4–10], and in the four-point correlation
function of CMB temperature maps [11–14]. Measur-
ing CMB polarization anisotropy will enable much higher
signal-to-noise lensing maps, thus improving the recon-
struction of the projected mass distribution. However,
this measurement is challenging due to the faintness of
the polarized signal.
The South Pole Telescope (SPT) collaboration recently

reported a detection of lensed polarization using the
cross-correlation between maps of CMB polarization and
sub-mm maps of galaxies from Herschel/SPIRE [15]. A
companion paper has confirmed these results using Po-

larbear data [16]. This cross-correlation is immune to
several instrumental systematic effects, but it is only sen-
sitive to a fraction of the redshift range over which CMB
photons are deflected. Furthermore, the cosmological in-
terpretation of this measurement requires assumptions
about the relation of sub-mm galaxies to the underlying
mass distribution [17].
In this Letter, we present the direct detection of gravi-

tational lensing of the polarized CMB using data from the
Polarbear experiment. We present power spectra of
the lensing deflection field for two four-point estimators
using only CMB polarization data, and tests for spurious
systematic contamination of these estimators. We com-
bine the two estimators to increase the signal-to-noise of
the lensing detection.

II. CMB LENSING

Gravitational lensing affects CMB polarization by de-
flecting photon trajectories from a direction on the sky
n + d(n) to a new direction n. In the flat-sky approxi-
mation, this implies that the lensed and unlensed Stokes
parameters are related by

(Q± iU)(n) = (Q̃± iŨ)(n+ d(n)), (1)

where Q̃ or Ũ denotes a primordial Gaussian CMB po-
larization map, Q and U are the observed Stokes pa-
rameters, and d(n) is the lensing deflection field. CMB
polarization defined in Eq. (1) is rotation-invariant and
can be decomposed into electric- (E-) and magnetic-like
(B-) modes [18].
Taylor expanding Eq. (1) to first order in the deflection

angle reveals that the off-diagonal elements of the two-

point correlation functions of E- and B-modes are propor-
tional to the lensing deflection field, d(n). Quadratic es-
timators take advantage of this feature to measure CMB
lensing [19–21]. The two lensing quadratic estimators for
CMB polarization are:

dEE(L) =
AEE(L)

L

!
d2l

(2π)2
E(l)E(l′)

C̃EE
l L · l

CEE
l CEE

l′
cos 2φll′ ,

(2)
and

dEB(L) =
AEB(L)

L

!
d2l

(2π)2
E(l)B(l′)

C̃EE
l L · l

CEE
l CBB

l′
sin 2φll′ .

(3)
In Eqs. (2, 3), l, l′, and L are coordinates in Fourier
space with L = l + l′. The angular separation between
l and l′ is φll′ , C̃EE

l is the theoretical primordial power
spectrum, CEE

l and CBB
l are theoretical lensed power

spectra. The estimators are normalized by AEE(L) and
AEB(L) so that they recover the input deflection power
spectrum [21].
The power spectrum of these estimators is:

⟨dα(L)d
∗

β(L
′)⟩ = (2π)2δ(L− L

′)(Cdd
L +N (0)

αβ (L) (4)

+ higher-order terms).

Here, α and β are chosen from {EE,EB}, however we do
not use α = β = EE as our focus is on the most direct
probe of CMB lensing represented by the conversion of E -
to-B patterns. The four-point correlation function takes
advantage of the fact that gravitational lensing converts
Gaussian primary anisotropy to a non-Gaussian lensed
anisotropy. When calculating this non-Gaussian signal,
however, there is a “Gaussian bias” term N (0) in the
four-point correlation that has to be subtracted. The
Gaussian bias is zero when α ̸= β (i.e., ⟨dEE(L)d∗EB(L

′)⟩)
because ⟨E(l)B(l′)⟩=0 under the assumption of parity
invariance. However, the Gaussian bias is much larger
than the lensing power spectrum in the α = β case. The
Gaussian bias can be estimated, and removed, in several
ways [11, 13, 14]; the approach used in this Letter is
described in the Data Analysis section.

III. OBSERVATIONS AND CALIBRATION

The Polarbear experiment on the Huan Tran Tele-
scope is located at the James Ax Observatory in North-
ern Chile on Cerro Toco at West longitude 67◦47′10.4′′,
South latitude 22◦57′29.0′′, at elevation of 5.20 km. The
details of the instrument are described in Kermish et
al. [22]. The 1,274 polarization-sensitive transition-edge
sensor bolometers are sensitive to a spectral band cen-
tered at 148 GHz with 26% fractional bandwidth [23].
The 3.5 meter aperture of the telescope primary mir-
ror produces a beam with a 3.5′ full width at half
maximum (FWHM). Three approximately 3◦ × 3◦ fields
centered at right ascension and declination (23h02m,
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FIG. 3. Upper panel: Two-dimensional marginalized poste-
rior probability for Ωm and ΩΛ (68% and 95% C.L.s shown).
Colored contours are for WMAP + ACT Lensing, black lines
are for WMAP only. Using WMAP data alone, universes with
ΩΛ = 0 lie within the 95% C.L. The addition of lensing data
breaks the degeneracy, favoring models with dark energy.
Lower panel: One-dimensional marginalized posterior proba-
bility for ΩΛ (not normalized). An energy density of ΩΛ ≃ 0.7
is preferred even from WMAP alone, but when lensing data
are included, an ΩΛ = 0 universe is strongly disfavoured.

This constraint is due to the inclusion of CMB lensing
power spectrum data, which probe structure formation
and geometry long after decoupling and so break the
CMB geometric degeneracy. Our analysis provides the
first demonstration of the ability of the CMB lensing

power spectrum to constrain cosmological parameters.
It provides a clean verification of other measurements
of dark energy. In future work, our analysis can be easily
extended to give constraints on more complex forms of
dark energy with w ̸= −1. With much more accurate
measurements of CMB lensing expected from ACT, SPT
[24], Planck [25], and upcoming polarization experiments
including ACTPol [26], lensing reconstruction promises
to further elucidate the properties of dark energy and
dark matter [27].
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Planck Collaboration: Gravitational lensing by large-scale structures with Planck
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Fig. 6 Planck 2015 full-mission MV lensing potential power spectrum measurement, as well as earlier measurements using the
Planck 2013 nominal-mission temperature data (Planck Collaboration XVII 2014), the South Pole Telescope (SPT, van Engelen
et al. 2012), and the Atacama Cosmology Telescope (ACT, Das et al. 2014). The fiducial �CDM theory power spectrum based on
the parameters given in Sect. 2 is plotted as the black solid line.

In addition to the priors above, we adopt the same sampling
priors and methodology as Planck Collaboration XIII (2015),†
using CosmoMC and camb for sampling and theoretical predic-
tions (Lewis & Bridle 2002; Lewis et al. 2000). In the �CDM
model, as well as ⇤bh2 and ns, we sample As, ⇤ch2, and the
(approximate) acoustic-scale parameter �MC. Alternatively, we
can think of our lensing-only results as constraining the sub-
space of ⇤m, H0, and ⇤8. Figure 7 shows the corresponding
constraints from CMB lensing, along with tighter constraints
from combining with additional external baryon acoustic oscil-
lation (BAO) data, compared to the constraints from the Planck
CMB power spectra. The contours overlap in a region of accept-
able Hubble constant values, and hence are compatible. To show
the multi-dimensional overlap region more clearly, the red con-
tours show the lensing constraint when restricted to a reduced-
dimensionality space with �MC fixed to the value accurately mea-
sured by the CMB power spectra; the intersection of the red and
black contours gives a clearer visual indication of the consis-
tency region in the ⇤m–⇤8 plane.

The lensing-only constraint defines a band in the ⇤m–⇤8
plane, with the well-constrained direction corresponding ap-
proximately to the constraint

⇤8⇤
0.25
m = 0.591 ± 0.021 (lensing only; 68 %). (13)

This parameter combination is measured with approximately
3.5% precision.

The dependence of the lensing potential power spectrum on
the parameters of the �CDM model is discussed in detail in
† For example, we split the neutrino component into approximately

two massless neutrinos and one with
�

m⇥ = 0.06 eV, by default.

Appendix E; see also Pan et al. (2014). Here, we aim to use
simple physical arguments to understand the parameter degen-
eracies of the lensing-only constraints. In the flat �CDM model,
the bulk of the lensing signal comes from high redshift (z > 0.5)
where the Universe is mostly matter-dominated (so potentials are
nearly constant), and from lenses that are still nearly linear. For
fixed CMB (monopole) temperature, baryon density, and ns, in
the �CDM model the broad shape of the matter power spectrum
is determined mostly by one parameter, keq ⇤ aeqHeq ⇧ ⇤mh2.
The matter power spectrum also scales with the primordial am-
plitude As; keeping As fixed, but increasing keq, means that the
entire spectrum shifts sideways so that lenses of the same typ-
ical potential depth ⇥lens become smaller. Theoretical �CDM
models that keep ⌥eq ⇤ keq ⌅� fixed will therefore have the same
number (proportional to keq ⌅�) of lenses of each depth along
the line of sight, and distant lenses of the same depth will also
maintain the same angular correlation on the sky, so that the
shape of the spectrum remains roughly constant. There is there-
fore a shape and amplitude degeneracy where ⌥eq ⌅ constant,
As ⌅ constant, up to corrections from sub-dominant changes in
the detailed lensing geometry, changes from late-time potential
decay once dark energy becomes important, and nonlinear ef-
fects. In terms of standard �CDM parameters around the best-fit
model, ⌥eq ⇧ ⇤0.6

m h, with the power-law dependence on ⇤m only
varying slowly with ⇤m; the constraint ⌥eq ⇧ ⇤0.6

m h = constant
defines the main dependence of H0 on ⇤m seen in Fig. 7.

The argument above for the parameter dependence of the
lensing power spectrum ignores the e⌅ect of baryon suppres-
sion on the small-scale amplitude of the matter power spectrum
(e.g., Eisenstein & Hu 1998). As discussed in Appendix E, this
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mode polarization field, and an odd parity B-mode po-
larization field [28, 29]. The B-mode polarization is of
particular interest, because although scalars provide the
dominant contributions to both T and E-modes, they
do not produce B-modes at linear order. Gravitational
lensing by large-scale structure results in a remapping of
the CMB photons by the lensing deflection field d – typi-
cally 3

′

in magnitude – which points from the direction in
which a CMB photon is received to the direction in which
it was originally emitted. Lensing converts E-modes into
B-modes and thus induces a correlation between the lens-
ing B-modes and E-modes; similar correlations are also
introduced between formerly independent pairs of E po-
larization modes.
The optimal polarized quadratic estimators for lensing

make use of these changes in the statistical properties
of the CMB sky, and estimate lensing by measuring the
characteristic lensing-induced correlation between differ-
ent polarized Fourier modes [30–32]. The so-called EB
and EE estimators are given by:

κ̂EB(L) =

!

d2l

(2π)2
gEB(L, l)E(l)B(L − l) (1)

and

κ̂EE(L) =

!

d2l

(2π)2
gEE(L, l)E(l)E(L − l), (2)

where g is a function chosen as in [32] to normalize and
optimize the estimator, L and l are Fourier space vec-
tors conjugate to position on the sky, and κ = −∇ · d/2
is the lensing convergence. Using these estimators, we
calculate a noisy map of the lensing convergence field κ
which can be correlated with the Herschel submillimeter
background maps. In the estimators, we use only scales
500 ≤ ℓ ≤ 2700 in the polarization maps.
To test the pipeline, we generate a set of 400 Monte

Carlo simulations which have similar properties to the
data. To construct these simulations, we lens Gaus-
sian simulations of CMB Q and U polarization using
the method described in [33]. We then add noise with
the same level and spatial inhomogeneity as found in the
data, with a constant power spectrum. We verified that
the deviation of the map noise power from white noise
was minimal over the range of scales used in our recon-
struction.
These simulations are used to validate our pipeline as

follows. We cross-correlate the reconstructed lensing con-
vergence maps with the input lensing convergence maps
in the simulation, which act as a proxy for the correlated
part of the Herschel maps. By testing whether the re-
sulting cross-power agrees with the noiseless lensing con-
vergence power spectrum, we verify that our reconstruc-
tion and cross-correlation pipeline is unbiased. We repeat
this pipeline validation with 100 CMB polarization signal
simulations that have passed through the entire scanning

and mapmaking pipeline and verify that our pipeline is
not significantly biased by scanning/mapmaking within
the relevant range of scales.
We use the lensing convergence maps, reconstructed

and validated as described above with the EB and
EE estimators, to measure the polarization lensing-CIB
cross-power.
Predicted Cross-power: As shown e.g. in [34], the

cross-power is given by

CκI
ℓ =

!

dzH(z)

η2(z)
Wκ(z)W I(z)P (k = ℓ/η(z), z) (3)

where P (k, z) is the matter power spectrum, W I(z) is
proportional to the redshift origin of the infrared back-
ground signal dI/dz and Wκ is defined as

Wκ(z) =
3

2H(z)
Ω0H

2
0 (1 + z)η(z)

(η∗ − η(z))

η∗
. (4)

Here η(z) is the comoving distance to redshift z, η∗ is the
comoving distance to the last scattering surface, H(z) is
the Hubble parameter, and Ω0 and H0 give the current
values of the matter density parameter and the Hubble
parameter.
We base our fiducial signal calculation of the lensing-

CIB cross-power on the best-fit W I(z) at 500µm from
[16], which in turn relies on the model of [35]. The re-
sulting signal theory curve is used in Figs. 1 and 2.
Measured Cross-power: We measure the cross-

powers of polarization lensing and the Herschel maps
of the infrared background on two Polarbear maps
(RA12 and RA23), with lensing derived from both the
EB and EE estimators. All four cross-power spectra
(two estimators on two maps) are shown in the lowest
panel of Fig. 1. We co-add the two cross-spectra involving
the EB estimator to calculate a cross-power correspond-
ing to a measurement of B-mode polarization, shown in
the middle panel of Fig. 1; we obtain evidence forB-mode
polarization from lensing at a significance of 2.3σ. The
significance of a detection is calculated using the expres-

sion
"

#

i(χ
2
i,null − χ2

i,theory) where the sum is over all

relevant cross-powers and χ2 is calculated using the full
covariance matrix. We similarly construct a co-added
combination of all four polarized lensing-cross powers,
shown in the top panel of Fig. 1; this corresponds to a
detection of polarized lensing at 4.0σ significance.
The errors and the 5 × 5 covariance matrix for our

cross-power measurement are obtained using the 400
Monte Carlo simulations described earlier. We perform
simple convergence tests by varying the number of simu-
lations used and find stable results. We also note that the
errors we simulate agree with the results of analytical cal-
culations based on the observed power spectra and that
using only the diagonal elements of the covariance matrix
gives similar detection significances (to within 0.2σ). As
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mode polarization field, and an odd parity B-mode po-
larization field [28, 29]. The B-mode polarization is of
particular interest, because although scalars provide the
dominant contributions to both T and E-modes, they
do not produce B-modes at linear order. Gravitational
lensing by large-scale structure results in a remapping of
the CMB photons by the lensing deflection field d – typi-
cally 3
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it was originally emitted. Lensing converts E-modes into
B-modes and thus induces a correlation between the lens-
ing B-modes and E-modes; similar correlations are also
introduced between formerly independent pairs of E po-
larization modes.
The optimal polarized quadratic estimators for lensing

make use of these changes in the statistical properties
of the CMB sky, and estimate lensing by measuring the
characteristic lensing-induced correlation between differ-
ent polarized Fourier modes [30–32]. The so-called EB
and EE estimators are given by:
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where g is a function chosen as in [32] to normalize and
optimize the estimator, L and l are Fourier space vec-
tors conjugate to position on the sky, and κ = −∇ · d/2
is the lensing convergence. Using these estimators, we
calculate a noisy map of the lensing convergence field κ
which can be correlated with the Herschel submillimeter
background maps. In the estimators, we use only scales
500 ≤ ℓ ≤ 2700 in the polarization maps.
To test the pipeline, we generate a set of 400 Monte

Carlo simulations which have similar properties to the
data. To construct these simulations, we lens Gaus-
sian simulations of CMB Q and U polarization using
the method described in [33]. We then add noise with
the same level and spatial inhomogeneity as found in the
data, with a constant power spectrum. We verified that
the deviation of the map noise power from white noise
was minimal over the range of scales used in our recon-
struction.
These simulations are used to validate our pipeline as

follows. We cross-correlate the reconstructed lensing con-
vergence maps with the input lensing convergence maps
in the simulation, which act as a proxy for the correlated
part of the Herschel maps. By testing whether the re-
sulting cross-power agrees with the noiseless lensing con-
vergence power spectrum, we verify that our reconstruc-
tion and cross-correlation pipeline is unbiased. We repeat
this pipeline validation with 100 CMB polarization signal
simulations that have passed through the entire scanning

and mapmaking pipeline and verify that our pipeline is
not significantly biased by scanning/mapmaking within
the relevant range of scales.
We use the lensing convergence maps, reconstructed

and validated as described above with the EB and
EE estimators, to measure the polarization lensing-CIB
cross-power.
Predicted Cross-power: As shown e.g. in [34], the

cross-power is given by
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Here η(z) is the comoving distance to redshift z, η∗ is the
comoving distance to the last scattering surface, H(z) is
the Hubble parameter, and Ω0 and H0 give the current
values of the matter density parameter and the Hubble
parameter.
We base our fiducial signal calculation of the lensing-

CIB cross-power on the best-fit W I(z) at 500µm from
[16], which in turn relies on the model of [35]. The re-
sulting signal theory curve is used in Figs. 1 and 2.
Measured Cross-power: We measure the cross-

powers of polarization lensing and the Herschel maps
of the infrared background on two Polarbear maps
(RA12 and RA23), with lensing derived from both the
EB and EE estimators. All four cross-power spectra
(two estimators on two maps) are shown in the lowest
panel of Fig. 1. We co-add the two cross-spectra involving
the EB estimator to calculate a cross-power correspond-
ing to a measurement of B-mode polarization, shown in
the middle panel of Fig. 1; we obtain evidence forB-mode
polarization from lensing at a significance of 2.3σ. The
significance of a detection is calculated using the expres-

sion
"

#

i(χ
2
i,null − χ2

i,theory) where the sum is over all

relevant cross-powers and χ2 is calculated using the full
covariance matrix. We similarly construct a co-added
combination of all four polarized lensing-cross powers,
shown in the top panel of Fig. 1; this corresponds to a
detection of polarized lensing at 4.0σ significance.
The errors and the 5 × 5 covariance matrix for our

cross-power measurement are obtained using the 400
Monte Carlo simulations described earlier. We perform
simple convergence tests by varying the number of simu-
lations used and find stable results. We also note that the
errors we simulate agree with the results of analytical cal-
culations based on the observed power spectra and that
using only the diagonal elements of the covariance matrix
gives similar detection significances (to within 0.2σ). As

W I(z) =
3

2
⌦mH2

0
(1 + z)
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FIG. 1. The lensing kernel W κgal (solid) for the CS82 red-
shift distribution of source galaxies (as given in Eq. 6) and
normalized to a unit maximum. For comparison, the kernel
for CMB lensing (Eq. 3) is shown as dashed, also normalized
to a unit maximum.

and WκCMB is z ∼ 0.9, illustrating that the cross power
spectrum is sensitive to the amplitude of structure at in-
termediate redshifts.

III. CMB AND GALAXY LENSING DATA

A. ACT CMB Lensing Data

ACT is a 6-meter telescope located in the Atacama
desert in Chile [36–38]. The CMB temperature maps
used in this work are made from observations taken dur-
ing 2008 - 2010 in the 148 GHz frequency channel and
have been calibrated to 2% accuracy as in [39]. The maps
are centered on the celestial equator with a width of 3
degrees in declination and 108 degrees in right ascension
and are identical to those used in [12].
The lensing convergence fields are reconstructed from

the CMB temperature maps using the minimum variance
quadratic estimator of [40] following the procedure used
in [27]. The lensing deflection induces correlations in the
Fourier modes of the previously uncorrelated, unlensed
CMB. The lensing convergence is estimated from these
Fourier correlations with a quadratic estimator:

κ̂(L) = N(L)

!
d2l f(L, l)T (l)T (L− l), (5)

where l and L are Fourier space coordinates, N is the
normalization function, T is the temperature field, and
f is a weighting function that maximizes the signal-to-
noise ratio of the reconstructed convergence (see [40] for
details). In the lensing reconstruction, we filter out tem-
perature modes with a low signal-to-noise ratio, specif-
ically those modes below ℓ = 500 and above ℓ = 4000.
This filtering does not prevent the measurement of low-
ℓ lensing modes, as the lensing signal at a given scale ℓ
is obtained from temperature modes separated by ℓ (see

Eq. 5). The maximum ℓ of included temperature modes
is the only difference between the lensing maps used in
this work and those in [12].
The final normalization is obtained in a two step pro-

cess, as in [12]. A first-order approximation for the
normalization is computed from the data power spec-
trum, with an additional, small correction factor (of or-
der 10%) applied from Monte Carlo simulations, which
are designed to match both the signal and noise prop-
erties of the ACT data. Finally, we obtain a simulated
mean field map ⟨κ̂⟩ from 480 Monte Carlo realizations of
reconstructed CMB lensing convergence maps and sub-
tract this mean field from the reconstructed ACT lensing
maps. The simulated mean field is non-zero due to noise
and finite-map effects giving rise to a small (∼5%) ar-
tificial lensing signal, which must be subtracted. Note
that this set of 480 Monte Carlo realizations is also used
to estimate error bars on the final cross power spectrum
measurement, as described in section V.

B. CS82 Lensing Data

1. Data

The Canada-France-Hawaii Telescope Stripe 82 Survey
is an i′-band survey of the so-called Stripe 82 region of
sky along the celestial equator [41]. The survey was de-
signed with the goal of covering a large fraction of Stripe
82 with high quality i′-band imaging suitable for weak
lensing measurements. With this goal in mind, the CS82
survey was conducted under excellent seeing conditions:
the Point Spread Function (PSF) for CS82 varies between
0.4′′ and 0.8′′ over the entire survey with a median see-
ing of 0.6′′. In total, CS82 comprises 173 MegaCam i′-
band images, with each image roughly one square degree
in area with a pixel size of 0.187 arcseconds. The area
covered by the survey is 160 degrees2 (129.2 degrees2 af-
ter masking out bright stars and other artifacts). The
completeness magnitude is i′ ∼ 24.1 (AB magnitude, 5σ
in a 2′′ aperture). Image processing is largely based on
the procedures presented in [42, 43]. Weak lensing shear
catalogs were constructed using the state-of-the-art weak
lensing pipeline developed by the CFHTLenS collabora-
tion which employs the lensfit shape measurement algo-
rithm [44, 45]. We refer to these publications for more
in-depth details on the shear measurement pipeline.
Following [44] and [45], source galaxies are selected to

have w > 0 and FITSCLASS = 0. Here, w represents an
inverse variance weight accorded to each source galaxy by
lensfit, and FITSCLASS is a flag to remove stars but also
to select galaxies with well-measured shapes (see details
in [44]). After these cuts, the CS82 source galaxy den-
sity is 15.8 galaxies arcmin−2 and the effective weighted
galaxy number density (see equation 1 in [45]) is 12.3
galaxies arcmin−2. Note that these numbers do not in-
clude any cuts on photometric redshift quality since for
the purposes of this paper, we only need to know the

Hand et al. 2015
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FIG. 3. Upper panel: Two-dimensional marginalized poste-
rior probability for Ωm and ΩΛ (68% and 95% C.L.s shown).
Colored contours are for WMAP + ACT Lensing, black lines
are for WMAP only. Using WMAP data alone, universes with
ΩΛ = 0 lie within the 95% C.L. The addition of lensing data
breaks the degeneracy, favoring models with dark energy.
Lower panel: One-dimensional marginalized posterior proba-
bility for ΩΛ (not normalized). An energy density of ΩΛ ≃ 0.7
is preferred even from WMAP alone, but when lensing data
are included, an ΩΛ = 0 universe is strongly disfavoured.

This constraint is due to the inclusion of CMB lensing
power spectrum data, which probe structure formation
and geometry long after decoupling and so break the
CMB geometric degeneracy. Our analysis provides the
first demonstration of the ability of the CMB lensing

power spectrum to constrain cosmological parameters.
It provides a clean verification of other measurements
of dark energy. In future work, our analysis can be easily
extended to give constraints on more complex forms of
dark energy with w ̸= −1. With much more accurate
measurements of CMB lensing expected from ACT, SPT
[24], Planck [25], and upcoming polarization experiments
including ACTPol [26], lensing reconstruction promises
to further elucidate the properties of dark energy and
dark matter [27].
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Planck Collaboration: Gravitational lensing by large-scale structures with Planck
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Fig. 6 Planck 2015 full-mission MV lensing potential power spectrum measurement, as well as earlier measurements using the
Planck 2013 nominal-mission temperature data (Planck Collaboration XVII 2014), the South Pole Telescope (SPT, van Engelen
et al. 2012), and the Atacama Cosmology Telescope (ACT, Das et al. 2014). The fiducial �CDM theory power spectrum based on
the parameters given in Sect. 2 is plotted as the black solid line.

In addition to the priors above, we adopt the same sampling
priors and methodology as Planck Collaboration XIII (2015),†
using CosmoMC and camb for sampling and theoretical predic-
tions (Lewis & Bridle 2002; Lewis et al. 2000). In the �CDM
model, as well as ⇤bh2 and ns, we sample As, ⇤ch2, and the
(approximate) acoustic-scale parameter �MC. Alternatively, we
can think of our lensing-only results as constraining the sub-
space of ⇤m, H0, and ⇤8. Figure 7 shows the corresponding
constraints from CMB lensing, along with tighter constraints
from combining with additional external baryon acoustic oscil-
lation (BAO) data, compared to the constraints from the Planck
CMB power spectra. The contours overlap in a region of accept-
able Hubble constant values, and hence are compatible. To show
the multi-dimensional overlap region more clearly, the red con-
tours show the lensing constraint when restricted to a reduced-
dimensionality space with �MC fixed to the value accurately mea-
sured by the CMB power spectra; the intersection of the red and
black contours gives a clearer visual indication of the consis-
tency region in the ⇤m–⇤8 plane.

The lensing-only constraint defines a band in the ⇤m–⇤8
plane, with the well-constrained direction corresponding ap-
proximately to the constraint

⇤8⇤
0.25
m = 0.591 ± 0.021 (lensing only; 68 %). (13)

This parameter combination is measured with approximately
3.5% precision.

The dependence of the lensing potential power spectrum on
the parameters of the �CDM model is discussed in detail in
† For example, we split the neutrino component into approximately

two massless neutrinos and one with
�

m⇥ = 0.06 eV, by default.

Appendix E; see also Pan et al. (2014). Here, we aim to use
simple physical arguments to understand the parameter degen-
eracies of the lensing-only constraints. In the flat �CDM model,
the bulk of the lensing signal comes from high redshift (z > 0.5)
where the Universe is mostly matter-dominated (so potentials are
nearly constant), and from lenses that are still nearly linear. For
fixed CMB (monopole) temperature, baryon density, and ns, in
the �CDM model the broad shape of the matter power spectrum
is determined mostly by one parameter, keq ⇤ aeqHeq ⇧ ⇤mh2.
The matter power spectrum also scales with the primordial am-
plitude As; keeping As fixed, but increasing keq, means that the
entire spectrum shifts sideways so that lenses of the same typ-
ical potential depth ⇥lens become smaller. Theoretical �CDM
models that keep ⌥eq ⇤ keq ⌅� fixed will therefore have the same
number (proportional to keq ⌅�) of lenses of each depth along
the line of sight, and distant lenses of the same depth will also
maintain the same angular correlation on the sky, so that the
shape of the spectrum remains roughly constant. There is there-
fore a shape and amplitude degeneracy where ⌥eq ⌅ constant,
As ⌅ constant, up to corrections from sub-dominant changes in
the detailed lensing geometry, changes from late-time potential
decay once dark energy becomes important, and nonlinear ef-
fects. In terms of standard �CDM parameters around the best-fit
model, ⌥eq ⇧ ⇤0.6

m h, with the power-law dependence on ⇤m only
varying slowly with ⇤m; the constraint ⌥eq ⇧ ⇤0.6

m h = constant
defines the main dependence of H0 on ⇤m seen in Fig. 7.

The argument above for the parameter dependence of the
lensing power spectrum ignores the e⌅ect of baryon suppres-
sion on the small-scale amplitude of the matter power spectrum
(e.g., Eisenstein & Hu 1998). As discussed in Appendix E, this
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FIG. 1. The lensing kernel W κgal (solid) for the CS82 red-
shift distribution of source galaxies (as given in Eq. 6) and
normalized to a unit maximum. For comparison, the kernel
for CMB lensing (Eq. 3) is shown as dashed, also normalized
to a unit maximum.

and WκCMB is z ∼ 0.9, illustrating that the cross power
spectrum is sensitive to the amplitude of structure at in-
termediate redshifts.

III. CMB AND GALAXY LENSING DATA

A. ACT CMB Lensing Data

ACT is a 6-meter telescope located in the Atacama
desert in Chile [36–38]. The CMB temperature maps
used in this work are made from observations taken dur-
ing 2008 - 2010 in the 148 GHz frequency channel and
have been calibrated to 2% accuracy as in [39]. The maps
are centered on the celestial equator with a width of 3
degrees in declination and 108 degrees in right ascension
and are identical to those used in [12].
The lensing convergence fields are reconstructed from

the CMB temperature maps using the minimum variance
quadratic estimator of [40] following the procedure used
in [27]. The lensing deflection induces correlations in the
Fourier modes of the previously uncorrelated, unlensed
CMB. The lensing convergence is estimated from these
Fourier correlations with a quadratic estimator:

κ̂(L) = N(L)

!
d2l f(L, l)T (l)T (L− l), (5)

where l and L are Fourier space coordinates, N is the
normalization function, T is the temperature field, and
f is a weighting function that maximizes the signal-to-
noise ratio of the reconstructed convergence (see [40] for
details). In the lensing reconstruction, we filter out tem-
perature modes with a low signal-to-noise ratio, specif-
ically those modes below ℓ = 500 and above ℓ = 4000.
This filtering does not prevent the measurement of low-
ℓ lensing modes, as the lensing signal at a given scale ℓ
is obtained from temperature modes separated by ℓ (see

Eq. 5). The maximum ℓ of included temperature modes
is the only difference between the lensing maps used in
this work and those in [12].
The final normalization is obtained in a two step pro-

cess, as in [12]. A first-order approximation for the
normalization is computed from the data power spec-
trum, with an additional, small correction factor (of or-
der 10%) applied from Monte Carlo simulations, which
are designed to match both the signal and noise prop-
erties of the ACT data. Finally, we obtain a simulated
mean field map ⟨κ̂⟩ from 480 Monte Carlo realizations of
reconstructed CMB lensing convergence maps and sub-
tract this mean field from the reconstructed ACT lensing
maps. The simulated mean field is non-zero due to noise
and finite-map effects giving rise to a small (∼5%) ar-
tificial lensing signal, which must be subtracted. Note
that this set of 480 Monte Carlo realizations is also used
to estimate error bars on the final cross power spectrum
measurement, as described in section V.

B. CS82 Lensing Data

1. Data

The Canada-France-Hawaii Telescope Stripe 82 Survey
is an i′-band survey of the so-called Stripe 82 region of
sky along the celestial equator [41]. The survey was de-
signed with the goal of covering a large fraction of Stripe
82 with high quality i′-band imaging suitable for weak
lensing measurements. With this goal in mind, the CS82
survey was conducted under excellent seeing conditions:
the Point Spread Function (PSF) for CS82 varies between
0.4′′ and 0.8′′ over the entire survey with a median see-
ing of 0.6′′. In total, CS82 comprises 173 MegaCam i′-
band images, with each image roughly one square degree
in area with a pixel size of 0.187 arcseconds. The area
covered by the survey is 160 degrees2 (129.2 degrees2 af-
ter masking out bright stars and other artifacts). The
completeness magnitude is i′ ∼ 24.1 (AB magnitude, 5σ
in a 2′′ aperture). Image processing is largely based on
the procedures presented in [42, 43]. Weak lensing shear
catalogs were constructed using the state-of-the-art weak
lensing pipeline developed by the CFHTLenS collabora-
tion which employs the lensfit shape measurement algo-
rithm [44, 45]. We refer to these publications for more
in-depth details on the shear measurement pipeline.
Following [44] and [45], source galaxies are selected to

have w > 0 and FITSCLASS = 0. Here, w represents an
inverse variance weight accorded to each source galaxy by
lensfit, and FITSCLASS is a flag to remove stars but also
to select galaxies with well-measured shapes (see details
in [44]). After these cuts, the CS82 source galaxy den-
sity is 15.8 galaxies arcmin−2 and the effective weighted
galaxy number density (see equation 1 in [45]) is 12.3
galaxies arcmin−2. Note that these numbers do not in-
clude any cuts on photometric redshift quality since for
the purposes of this paper, we only need to know the

Hand et al. 2015

Planck Collaboration: The Planck mission

Fig. 28. Temperature maps of size 1 deg2 at 545 and 857 GHz stacked on the 20,000 brightest peaks (left column), troughs (centre column) and
random map locations (right column). The stacked (averaged) temperature maps is in K. The arrows indicate the lensing deflection angle deduced
from the gradient of the band-pass filtered lensing potential map stacked on the same peaks. The longest arrow corresponds to a deflection of
6.3⇤⇤, which is only a fraction of the total deflection angle because of our filtering. This stacking allows us to visualize in real space the lensing
of the CMB by the galaxies that generate the CIB. The small o⇥set between the peak of the lensing potential and the CIB is due to noise in the
stacked lensing potential map. We choose the same random locations for both frequencies, hence the similar pattern seen in the top and bottom
right panels.

– The Planck best-fit model is in excellent agreement with the
most current BAO data. However, it requires a Hubble con-
stant that is significantly lower (⇥67 km s�1 Mpc�1) than ex-
pected from traditional measurement techniques, raising the
possibility of systematic e⇥ects in the latter.

– An exploration of parameter space beyond the basic set leads
to: (a) firmly establishing the e⇥ective number of relativis-
tic species (neutrinos) at 3; (b) constraining the flatness of
space-time to a level of 0.1%; (c) setting significantly im-
proved constraints on the total mass of neutrinos, the abun-
dance of primordial Helium, and the running of the spectral
index of the power spectrum.

– we find no evidence at the current level of analysis for tensor
modes, nor for a dynamical form of dark energy, nor for time
variations of the fine structure constant.

– we find some tension between the amplitude of matter fluc-
tuations (�8) derived from CMB data and that derived from
Sunyaev-Zeldovich data; we attribute this tension to uncer-
tainties in cluster physics that a⇥ect the latter.

– we find important support for single-field slow-roll inflation
via our constraints on running of the spectral index, curva-
ture and fNL.

– The Planck data squeezes the region of the allowed standard
inflationary models, preferring a concave potential: power

law inflation, the simplest hybrid inflationary models, and
simple monomial models with n > 2, do not provide a good
fit to the data.

– we find no evidence for statistical deviations from isotropy
at ⇥ >50, to very high precision.

– we do find evidence for deviations from isotropy at low ⇥s.
In particular, we find a coherent deficit of power with respect
to our best-fit �CDMmodel at ⇥s between ⇥20 and 30.

– We confirm the existence of the so-called WMAP anomalies.

These results highlight the maturity and high precision being
achieved in our understanding of the Universe, and at the same
time herald a new era in which we can no longer ignore tiny but
significant deviations at low ⇥s from our current standard model.

Other results for which the current Planck data are making
unique contributions are:

– a 25� detection of the distortion of the CMB due to lensing
by intervening structure yields a (noisy but highly signifi-
cant) map over most of the sky of the integrated distribution
of mass back to the CMB last-scattering surface. The detec-
tion of lensing helps Planck to break parameter degenera-
cies, in particular to constrain the reionization optical depth
without the help of polarization data.
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Cosmological constraints of CMB polarization
• Dependency on cosmological parameters is similar but not the same: 

break parameter degeneracies!
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FIG. 3. Standard deviations on �CDM parameters as function of ⌅max, normalized to the standard deviation ⇥ref obtained
from CTT

� with ⌅max = 2500. We consider a CVL experiment with ⌅min = 30 and a prior on ⇤ . We consider here lensed CMB
power spectra.

Data ⇥bh
2 ⇥ch

2 � ⇤ ns ln(1010As)

CTT
� 7.2� 10�5 [0.3%] 1.2� 10�3 [1.0%] 2.2� 10�4 [0.02%] 8.1� 10�3 [9%] 2.7� 10�3 [0.3%] 1.5� 10�2 [0.5%]

CEE
� 5.7� 10�5 (1.3) 6.5� 10�4 (1.9) 7.9� 10�5 (2.8) 5.2� 10�3 (1.6) 1.9� 10�3 (1.4) 9.0� 10�3 (1.7)

CTE
� 7.3� 10�5 (1.0) 6.6� 10�4 (1.8) 9.3� 10�5 (2.4) 7.7� 10�3 (1.1) 2.3� 10�3 (1.2) 1.5� 10�2 (1.0)

JOINT 2.7� 10�5 (2.7) 5.4� 10�4 (2.2) 6.4� 10�5 (3.4) 4.4� 10�3 (1.8) 1.6� 10�3 (1.7) 7.4� 10�3 (2.0)

TABLE III. Standard deviations on the �CDM model for a CVL experiment from CTT
� , CEE

� , CTE
� taken separately or from

the combination of all the power spectra. These constraints are calculated assuming ⌅min = 30, ⌅max = 2500, and a prior on ⇤ ,
⇥(⇤) = 0.013. In square brackets, on the first line we translate the standard deviation in relative error. In parenthesis, on the
next lines we show the improvement factor compared to the CTT

� case.

ature are mainly determined by the oscillation extrema
of the density distribution plus the smaller contribution
(damped by the presence of baryons that slow down the
sound speed) from oscillations of the velocity field. The
peaks in temperature, determined by these two e�ects
out of phase by ⇥/2, are thus smoother compared to the
ones in polarization, which can therefore better constrain
�. Furthermore, by comparing Fig. 3 with the diagonal
case in Fig. 5, we notice that the constraints on � are
only mildy a�ected by degeneracies with other parame-
ters, as the errorbars obtained in the diagonal case are
only a factor ⇥ 2 smaller than the ones obtained with
the full marginalization over all parameters. Finally, by
comparing Fig. 3 with the diagonal case in Fig. 5, we no-
tice that � would be better constrained by the unlensed
CMB spectra, due to the fact that lensing smooths the

peaks/throughs of the CMB power spectra, making the
position of the peaks harder to determine.

Breaking the ⇤ � ln(1010As) degeneracy with lens-
ing. The CEE

� power spectrum alone is also better at
constraining the reionization optical depth and the am-
plitude of the primordial power spectrum ln(1010As).
One of the main e�ects of increasing the reionization op-
tical depth ⇤ on the power spectra is to suppress the
amplitude of the peaks at scales smaller than the causal
horizon at the epoch of reionization. This e�ect is due
to the fact that only a fraction exp (�⇤) of the photons
manage to stream freely through the reionized universe,
so that the power spectra are in fact proportional to
exp (�2⇤) [2, 35]. This e�ect is highly degenerate with
the amplitude of the primordial power spectrum As [36].
The degeneracy can be lifted in two ways. Either mea-

Galli et al 2014
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Vector perturbations

• Vortical motion of the matter, i.e. with curl like velocity field

• Decay with 1/a2 while super horizon but can still affect CMB through 
vorticity of baryons or neutrinos

• Can produce B-modes very efficiently since they couple to dipole
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Polarization from vector perturbations

• Highly model dependent

• Various global topological  
defects 

• Inhomogenous magnetic fields (to be motivated theoretically)

• Multi-field or brane inflation, second order perturbation theory

62

vector tensor 

e.g. Inhomogeneous field B = 3x10-9 G, spectral index n = -2.9 
e.g. Inhomogeneous field B = 3x10-9 G, spectral index n = -2.9 10% local strings from 

brane inflation Lewis 2004
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Some background on experimental CMB concepts

Data analysis chain

Instrumental systematics

Perspectives on recent 
experimental results

Few more words on  
cosmological parameters

Maximum likelihood methods

Markov Chain Monte Carlo 
methods

Overview

Elements of CMB data analysis: 

• Instrument and observations

• Time-Ordered data

• Map-making

• Component separation

• Power spectrum estimation

• Parameter estimation

Theory

Instrumentation

Computer
science

Statistics

CMB
DA
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Where do the data come from?
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Where do the data come from?

Ground 
• Heavy hardware

• large telescopes (resolution)
• large receivers (sensitivity)

• Environment contamination 
(atmosphere, ground…)

• Cutting-edge technology
• Maintenance possible
• <10y to deploy
• ~ 10 M€

Space 
• Light hardware
• Extremely reliable technology
• Stable environment
• ~20y to deploy
• around G€
• full sky
• ~Only galactic contamination

Balloon are midway: 
(notably, limited atmosphere)

5
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Current ongoing experiments II
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DASI: first detection of CMB polarization
68

measure temperature as well as polarization anisotropy. Note that
these results and those for T/bT have not been corrected for residual
point sources.

Joint analyses and cross spectra results

T/E/TE. Figure 6 shows the results of a three-parameter single
bandpower analysis of the amplitudes of the T and E spectra, and
the TE cross-correlation spectrum. As before, bandpower shapes
based on the concordance model are used. The T and E constraints
are, as expected, very similar to those from the E/B, E/bE and T/bT

analyses described above. The new result here is TE which has a
maximum likelihood value of 0.91 (0.45 to 1.37). Note that in
contrast to the two-dimensional likelihoods shown in other figures,
here the contours show apparent evidence of correlation between
the two parameters; the parameter correlation coefficients from
Table 4 are 0.28 for E/TE and 0.21 for T/TE.

Marginalizing over T and E, we find that the likelihood of TE
peaks very near 1, so that L(TE ¼ 1) ¼ 0.02 with a PTE of 0.857.
For the ‘no cross-correlation’ hypothesis, LðTE¼ 0Þ ¼ 1:85 with an
analytic PTE of 0.054 (the PTE calculated from Monte Carlo
simulations is 0.047). This result represents a detection of the
expected TE correlation at 95% confidence and is particularly
interesting in that it suggests a common origin for the observed
temperature and polarization anisotropy.

It has been suggested that an estimator of TE cross-correlation
constructed using a TE ¼ 0 prior may offer greater immunity to
systematic errors59. We have confirmed that applying such a
technique to our data yields similar results to the above likelihood
analysis, with errors slightly increased as expected.
T/E/TE5. We have performed a seven-parameter analysis using
single shaped band powers for T and E, and five flat bandpowers
for the TE cross-correlation; the TE results from this are shown in
Fig. 4d. In this analysis the B-mode polarization has been explicitly
set to zero. Again, the T and E constraints are similar to the values
for the other analyses where these parameters appear. The TE

bandpowers are consistent with the predictions of the concordance
model.
T/E/B/TE/TB/EB. Finally, we describe the results of a six shaped
bandpower analysis for the three individual spectra T, E and B,
together with the three possible cross-correlation spectra TE, TB
and EB. We include the B cross-spectra for completeness, though
there is little evidence for any B-mode signal. Because there are no
predictions for the shapes of the TB or EB spectra (they are expected
to be zero), we preserve the symmetry of the analysis between E and
B by simply parameterizing them in terms of the TE and E spectral
shapes. The results for T, E, B and TE are similar to those obtained
before, with no detection of EB or TB.

Systematic uncertainties
Noise, calibration, offsets and pointing

To assess the effect of systematic uncertainties on the likelihood
results, we have repeated each of the nine analyses with alternative
assumptions about the various effects that we have identified which
reflect the range of uncertainty on each.
Much of the effort of the data analysis presented in this paper has

gone into investigating the consistency of the data with the noise
model as discussed in the ‘Noise model’ subsection. We find no
discrepancies between complementary noise estimates on different
timescales, to a level ,, 1%. As discussed in the ‘x2 tests’ subsec-
tion, numerous consistency tests on subsets of the co-polar and

Figure 3 Results from the two-parameter shaped bandpower E/B polarization analysis.

An E-mode power spectrum shape as predicted for the concordance model is assumed,

and the units of amplitude are relative to that model. The same shape is assumed for the

B-mode spectrum. c, The point shows the maximum likelihood value with the cross

indicating Fisher matrix errors. Likelihood contours are placed at levels exp(2n 2/2),

n ¼ 1,2. . ., relative to the maximum, that is, for a normal distribution, the extrema of

these contours along either dimension would give the marginalized n-sigma interval.

a, b, The corresponding single parameter likelihood distributions marginalized over the
other parameter. Note the steep fall in likelihood toward low power values; this likelihood

shape (similar to a x 2 distribution) is typical for positive-definite parameters for which a

limited number of high s/n modes are relevant. The grey lines enclose 68% of the total

likelihood. The red line indicates the 95% confidence upper limit on B-mode power. The

green band shows the distribution of E expectation values for a large grid of cosmological

models weighted by the likelihood of those models given our previous temperature result

(see ref. 50).

Figure 4 Results from several likelihood analyses. The ten-parameter E 5/B5 polarization

analysis is shown in a and b. The T 5 temperature analysis is shown in c and the five TE
bands from the T/E/TE 5 joint analysis are shown in d. All the results are shown in flat
bandpower units of lðl þ 1ÞC l=ð2pÞ: The blue line shows the piecewise flat bandpower
model for the maximum likelihood parameter values, with the error bars indicating the

68% central region of the likelihood of each parameter, marginalizing over the other

parameter values (analogous to the grey lines in Fig. 3a and b). In each case the green line

is the concordance model.

articles

NATURE |VOL 420 | 19/26 DECEMBER 2002 | www.nature.com/nature 783© 2002        Nature  Publishing Group

Kovac et al 2001
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Ground-based observatories requirements
• Observation from the ground limited by atmospheric transparency

• Reduce as much as possible atmospheric emissivity: altitude and dryness

•  
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Tremblin et al.: Worldwide site comparison

Fig.A.3. PWV statistics (top) and transmission curves (bottom)
for Mauna Kea. The transmission curve for the first decile of
PWV is in grey and the quartiles of PWV are given by red: 25
%, blue: 50 %.

Fig.A.4. PWV statistics (top) and transmission curves (bot-
tom) for Chajnantor Plateau. The transmission curve for the first
decile of PWV is in grey and the quartiles of PWV are given by
red: 25 %, blue: 50 %.

Fig.A.5. PWV statistics (top) and transmission curves (bottom)
for Cerro Macon. The transmission curve for the first decile of
PWV is in grey and the quartiles of PWV are given by red: 25
%, blue: 50 %.

Fig.A.6. PWV statistics (top) and transmission curves (bottom)
for Summit (Greenland). The transmission curve for the first
decile of PWV is in grey and the quartiles of PWV are given
by red: 25 %, blue: 50 %, green: 75 %.
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cept for Dome A and Dome C. Therefore, these two sites will be
unique for surveys and time-series studies in the submm range.

The method used to compare the different sites is robust
and based on only one instrument, IASI, and the atmospheric
model MOLIERE. We derived in this paper the PWV and
atmospheric transmission on well-known sites for submillimetre
astronomy and showed that it is possible to retrieve statistics
that are in a good agreement with in-situ measurements. A
calculator to show these PWV statistics and to compute the
corresponding transmission at any given wavelength is available
to the community9 for all the sites presented here and for the
three year 2008, 2009 and 2010. The year 2011 will be added to
the calculator. Other potential sites could be investigated upon
request10.

In conclusion, this method could identify sites on Earth with
a great potential for submillimetre astronomy, and guide future
site testing campaigns in situ.

Acknowledgements. We thank the anonymous referee for his/her comments that
helped to improve this paper, in particular pointing out the importance of the
pressure level to retrieve correct PWVs.
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Fig.A.3. PWV statistics (top) and transmission curves (bottom)
for Mauna Kea. The transmission curve for the first decile of
PWV is in grey and the quartiles of PWV are given by red: 25
%, blue: 50 %.

Fig.A.4. PWV statistics (top) and transmission curves (bot-
tom) for Chajnantor Plateau. The transmission curve for the first
decile of PWV is in grey and the quartiles of PWV are given by
red: 25 %, blue: 50 %.

Fig.A.5. PWV statistics (top) and transmission curves (bottom)
for Cerro Macon. The transmission curve for the first decile of
PWV is in grey and the quartiles of PWV are given by red: 25
%, blue: 50 %.

Fig.A.6. PWV statistics (top) and transmission curves (bottom)
for Summit (Greenland). The transmission curve for the first
decile of PWV is in grey and the quartiles of PWV are given
by red: 25 %, blue: 50 %, green: 75 %.
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cept for Dome A and Dome C. Therefore, these two sites will be
unique for surveys and time-series studies in the submm range.

The method used to compare the different sites is robust
and based on only one instrument, IASI, and the atmospheric
model MOLIERE. We derived in this paper the PWV and
atmospheric transmission on well-known sites for submillimetre
astronomy and showed that it is possible to retrieve statistics
that are in a good agreement with in-situ measurements. A
calculator to show these PWV statistics and to compute the
corresponding transmission at any given wavelength is available
to the community9 for all the sites presented here and for the
three year 2008, 2009 and 2010. The year 2011 will be added to
the calculator. Other potential sites could be investigated upon
request10.

In conclusion, this method could identify sites on Earth with
a great potential for submillimetre astronomy, and guide future
site testing campaigns in situ.

Acknowledgements. We thank the anonymous referee for his/her comments that
helped to improve this paper, in particular pointing out the importance of the
pressure level to retrieve correct PWVs.
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Data analysis overview
70

Overview

Map-making

Component separation

Power spectrum
 estimation

Parameter estimation

Timestream

Ωb, Ωm, σ8, …
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Few order of magnitudes
71

CMB Data analysis, quantitatively

• Time-Ordered data:  
Polarbear:  
Volume = sampling rate x detector number x observation time  
            =    ~100 Hz   x      ~1000         x        ~107  s      =  ~1012 samples (~10 TB)   

• Map-making  
Planck HF maps: 1.7 arcmin resolution, full sky: 5 x 107 pixels 
Polarbear: 1.7 arcmin, 0.1% sky:  5 x 104  pixels

• Component separation  
Typically, information compression of O(1)

• Power spectrum estimation  
Typically O(10)-O(100) power spectrum points

• Estimation of O(1)-O(10) cosmological parameters

Compression has to 
be efficient and 
effective
➡ computer science 

and statistics play 
important roles 

12



Name TalkName TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

The POLARBEAR experiment
• CMB polarization dedicated experiment in 

Atacama Desert

• Targeting both large and small scales

• 80% of the sky with el > 30 accessible

• First season: deep 5x5 patches integration 
for lensing B-modes signal
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PB1-RA4p5
Overlap w/ QUIET, BOSS

Crab Nebula 
(TauA)

polarization angles 
calibrator

PB1-RA12 HA
Overlap w/ Herschel 

Atlas

PB1-RA23 HA
Overlap w/ QUIET, 

Herschel

Planck 857GHz

ACT

ALMA

SPT
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Instrument design: POLARBEAR example
73

Focal 
plane

1274 bolometers @ 150 GHz
Cooled to 250 mK

Hex Module

6mm lenslet

8cm

POLARBEAR-I receiver

Primary: 3.5m

Huan Tran Telescope

Antenna
Microstrip 

Filter

TES 
bolometer

1 mm

⇣.✏ ⇧⌃⌦↵� ↵⌅�↵ � ⇤��� ���⌥�↵⌃↵ �⇥�⌃�⌃�� 197

IA: azimuth encoder zero-point

IE: elevation encoder zero-point

TF: telescope flexure

that describes the mechanical non-idealities affecting the telescope pointing.
The parameters are reconstructed through a linear model assuming similar
to the standard mapmaking equation

d
�
�az
�el

⇥
= As + n (9.1)

where the vector s contains the parameter to be estimated and the noise
term is such that its noise correlation is the identity matrix

nTn = 1. (9.2)

This is equivalent to the assumption that the source does not move during
the raster scan. Details on the role of each parameter and on the pointing
matrix A are discussed in more detail in Errard (2012). The rms residual
with between the telescope pointing after the pointing model correction is
applied has an amplitude of 17arcsec in both azimuth and elevation, lead-
ing to a total rms error of 25arcsec.

Array performance
Measurements of the product of the integrated bandwidth and fractional

throughput, ⇥�⇤ were also made from the beam maps observation previ-
ously discussed, as well as from earlier test of the receiver in the lab and
from elevation nods of the telescope. The fractional throughput is a mea-
sure of the percentage of the power seen by a detector from a source at the
input of the receiver compared to what would be seen if the detector had
perfect efficiency to that same source. The overall loss is due to expected
efficiencies of the detectors and optical components along the optical path.
Laboratory measurements of ⇥�⇤ are consistent with a ⇥ = 37% given the
measured 37GHz integrated bandwidth. Measurements of ⇥�⇤ made in
the field are consistent with these values.
The design bolometer noise equivalent temperatures (NET) of table 9.1 are
slightly degraded due to bolometer saturation powers and atmospheric con-
ditions. Once the relative gain calibration for a pair of detector is available
we can compute the timestream noise in polarization and temperature for
the Q or U stokes parameters in individual pixels. Since the two orthogonal
antennas in a focal plane pixel (from now on referred to as top (t) and bottom
(b) ) measure two orthogonal polarization, their timestream model is

dt(t) = gtop [I(n̂(t)) +Q(n̂(t)) cos(2⌅(t)) +U(n̂(t)) sin(2⌅(t))]

db(t) = gbot [I(n̂(t)) Q(n̂(t)) cos(2⌅(t)) U(n̂(t)) sin(2⌅(t))] (9.3)

Fourier transforming the semi-difference of the top and bottom detectors
allows us to see how well the unpolarized atmosphere is suppressed at low
frequencies. The fknee of this 1/f frequency noise gives us an estimates
of the NET sensitivity of the detectors in polarization assuming the atmo-
sphere is unpolarized and the contribution of the residual atmosphere to the
measured timestream difference is low. Fig 9.10 shows the sum and differ-
ence of the top and bottom timestreams power spectrum where we see can
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Instrument characterization
• Estimate telescope pointing and optical response (antenna beam)

• Convert current to physical units  
(detector calibration) 

• Estimate detectors orientation w.r.t the sky  
(polarization angle)

• Detector instant sensitivity (time domain  
noise estimation)
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Systematics error example
• Differential pointing: two detectors looking in 

different direction  
 

• Temperature to polarization leakage can 
prevent detection of B-modes

• Polarization modulation can reduce it
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IA: azimuth encoder zero-point

IE: elevation encoder zero-point

TF: telescope flexure

that describes the mechanical non-idealities affecting the telescope pointing.
The parameters are reconstructed through a linear model assuming similar
to the standard mapmaking equation
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⇥
= As + n (9.1)

where the vector s contains the parameter to be estimated and the noise
term is such that its noise correlation is the identity matrix

nTn = 1. (9.2)

This is equivalent to the assumption that the source does not move during
the raster scan. Details on the role of each parameter and on the pointing
matrix A are discussed in more detail in Errard (2012). The rms residual
with between the telescope pointing after the pointing model correction is
applied has an amplitude of 17arcsec in both azimuth and elevation, lead-
ing to a total rms error of 25arcsec.

Array performance
Measurements of the product of the integrated bandwidth and fractional

throughput, ⇥�⇤ were also made from the beam maps observation previ-
ously discussed, as well as from earlier test of the receiver in the lab and
from elevation nods of the telescope. The fractional throughput is a mea-
sure of the percentage of the power seen by a detector from a source at the
input of the receiver compared to what would be seen if the detector had
perfect efficiency to that same source. The overall loss is due to expected
efficiencies of the detectors and optical components along the optical path.
Laboratory measurements of ⇥�⇤ are consistent with a ⇥ = 37% given the
measured 37GHz integrated bandwidth. Measurements of ⇥�⇤ made in
the field are consistent with these values.
The design bolometer noise equivalent temperatures (NET) of table 9.1 are
slightly degraded due to bolometer saturation powers and atmospheric con-
ditions. Once the relative gain calibration for a pair of detector is available
we can compute the timestream noise in polarization and temperature for
the Q or U stokes parameters in individual pixels. Since the two orthogonal
antennas in a focal plane pixel (from now on referred to as top (t) and bottom
(b) ) measure two orthogonal polarization, their timestream model is

dt(t) = gtop [I(n̂(t)) +Q(n̂(t)) cos(2⌅(t)) +U(n̂(t)) sin(2⌅(t))]

db(t) = gbot [I(n̂(t)) Q(n̂(t)) cos(2⌅(t)) U(n̂(t)) sin(2⌅(t))] (9.3)

Fourier transforming the semi-difference of the top and bottom detectors
allows us to see how well the unpolarized atmosphere is suppressed at low
frequencies. The fknee of this 1/f frequency noise gives us an estimates
of the NET sensitivity of the detectors in polarization assuming the atmo-
sphere is unpolarized and the contribution of the residual atmosphere to the
measured timestream difference is low. Fig 9.10 shows the sum and differ-
ence of the top and bottom timestreams power spectrum where we see can
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Systematics error example
• Differential pointing: two detectors looking in 

different direction  
 

• Temperature to polarization leakage can 
prevent detection of B-modes

• Polarization modulation can reduce it
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IA: azimuth encoder zero-point

IE: elevation encoder zero-point

TF: telescope flexure

that describes the mechanical non-idealities affecting the telescope pointing.
The parameters are reconstructed through a linear model assuming similar
to the standard mapmaking equation

d
�
�az
�el

⇥
= As + n (9.1)

where the vector s contains the parameter to be estimated and the noise
term is such that its noise correlation is the identity matrix

nTn = 1. (9.2)

This is equivalent to the assumption that the source does not move during
the raster scan. Details on the role of each parameter and on the pointing
matrix A are discussed in more detail in Errard (2012). The rms residual
with between the telescope pointing after the pointing model correction is
applied has an amplitude of 17arcsec in both azimuth and elevation, lead-
ing to a total rms error of 25arcsec.

Array performance
Measurements of the product of the integrated bandwidth and fractional

throughput, ⇥�⇤ were also made from the beam maps observation previ-
ously discussed, as well as from earlier test of the receiver in the lab and
from elevation nods of the telescope. The fractional throughput is a mea-
sure of the percentage of the power seen by a detector from a source at the
input of the receiver compared to what would be seen if the detector had
perfect efficiency to that same source. The overall loss is due to expected
efficiencies of the detectors and optical components along the optical path.
Laboratory measurements of ⇥�⇤ are consistent with a ⇥ = 37% given the
measured 37GHz integrated bandwidth. Measurements of ⇥�⇤ made in
the field are consistent with these values.
The design bolometer noise equivalent temperatures (NET) of table 9.1 are
slightly degraded due to bolometer saturation powers and atmospheric con-
ditions. Once the relative gain calibration for a pair of detector is available
we can compute the timestream noise in polarization and temperature for
the Q or U stokes parameters in individual pixels. Since the two orthogonal
antennas in a focal plane pixel (from now on referred to as top (t) and bottom
(b) ) measure two orthogonal polarization, their timestream model is

dt(t) = gtop [I(n̂(t)) +Q(n̂(t)) cos(2⌅(t)) +U(n̂(t)) sin(2⌅(t))]

db(t) = gbot [I(n̂(t)) Q(n̂(t)) cos(2⌅(t)) U(n̂(t)) sin(2⌅(t))] (9.3)

Fourier transforming the semi-difference of the top and bottom detectors
allows us to see how well the unpolarized atmosphere is suppressed at low
frequencies. The fknee of this 1/f frequency noise gives us an estimates
of the NET sensitivity of the detectors in polarization assuming the atmo-
sphere is unpolarized and the contribution of the residual atmosphere to the
measured timestream difference is low. Fig 9.10 shows the sum and differ-
ence of the top and bottom timestreams power spectrum where we see can
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Mapmaking

• Numerically challenging, need  
to use advanced numerical  
linear algebra techniques

• Atmosphere = more problems
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the value of the chopping frequency changes for each chunk. For each these
where the frequency is fixed, the gain g of the detector is fitted as if the
incoming radiation on the focal plane was modulated as an incoming elec-
tromagnetic wave

d(t) = A cos(⇥ct) +B sin(⇥ct) g�ce
i�ct (9.4)

where ⇥c is the chopper frequency value for that specific subscan and we
fixed the phase information to zero. Despite the square wave is defined
as an infinite Fourier series of cosine and sines, the first term of the series
model the effect sufficiently well for our purpose. The gain of the detectors
is then computed as g�c = A 2 + B 2 for each value of ⇥c. Once we
have determined the gain amplitude we can solve for the time constants
noting that a bolometer records a modulation of the incoming power as an
RC circuit.

C
dT(t)

dt
= GT(t) + P(t) (9.5)

where G is the heat capacity of the bolometer and G its thermal conductivity.
If we solve this differential equation in the Fourier domain we can determine
the transfer function of the circuit as

T̂(⇥) =
(P̂(⇥)/G)

1+ i⇥�

g�
1+ i⇥�

(9.6)

where we assumed the incoming power recorded by the instrument to be
eq. 9.4. Since the POLARBeaR detectors do not measure the phase infor-
mation we only can measure the absolute value of the quantity in eq.9.6,
we can fit for the time constants as a function of frequency one we have
an estimate of the g quantity as a function of frequency, which we derived
in the real domain a first step of the analysis. We report in fig. 9.14 and
example of the results of the gain and time constant fitting procedure. We
note that the majority of the time constant is comparable to the sampling
frequency of the experiment. A frequency of 190Hz corresponds, in fact,
to a period of 5.2ms and therefore the effects of the time constant can be
safely neglected in the high-level step of the analysis. The result of the gains
fitting done directly on non-calibrated timestreams has therefore the units
of the timestream itself as recorded from the detectors. For this reason the
gain fitted from the stimulator must be absolute-calibrated on a source with
known brightness temperature as the stimulator brightness temperature per
se is not sufficiently stable. The gain fitted from the stimulator is one of the
sources of the data cuts in an observation as channels having already too
high or too low values for this quantity are discarded as they are too noisy
or they are not working correctly. In fig. 9.14 we show also a cumulative dis-
tribution over the first year of observation of the channels which managed
to perform a stimulator fit and for which it was possible to have an absolute
calibration. We can see that for the most part of the observation achieved a
yield of roughly 80%.

✏.�.� Mapmaking
Since CMB scanning experiments acquire data as series of time ordered

measurements (TOD), it is necessary to reconstruct the sky signal, a 2-d
object, from this one dimensional sequence. This operation is known as
mapmaking and consist of the inversion of the linear problem

d = A s + n. (9.7)
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nal using a maximum likelihood method. The maximum likelihood esti-
mate of the sky signal given the noise covariance matrix N nTn is then
(Tegmark, 1997)

ŝ = (ATN 1A) 1ATN 1d. (9.9)

For modern CMB experiments observing the sky with thousands of de-
tectors and at high resolution, the dimension of the problem prevent any
brute force resolution of this system. POLARBeaR , for example, has
Npixels 105 and Nt 1012 and the solution of the system is extremely
challenging. The implementation of this optimal minimum variance esti-
mate ŝ for a data set of this size must resort to the use of massively parallel
Preconditioned Conjugate Gradient (PCG) methods (Cantalupo et al., 2010;
Sudarsan et al., 2011; Grigori, Stompor, and Szydlarski, 2012). The estima-
tion of the noise correlation matrix is essential to reconstructing the maps.
In the case of ground-based experiments we usually expect a correlated 1/f
power spectrum for the noise

n(f) = �det

⇤
1+

�
f

fknee

⇥�⌅
(9.10)

as shown in fig. 9.10, with a fknee of the order of few Hz. The 1/f power is
mainly generated by physical conditions of the atmosphere (e.g., stability of
the PWV along the line of sight, wind speed etc) which induces, moreover,
an additional spatial correlation across the focal plane (Lay and Halverson,
2000; Church, 1995a). In the context of the POLARBeaR mapmaking activi-
ties I was involved in the development of the two pipelines developed for
this purpose: the first implemented an unbiased suboptimal mapmaking
and another one a filtered biased mapmaking as a part of the MASTER
power spectrum estimation method (Hivon et al., 2002). An example of the
outputs of these two pipeline are shown in fig. 9.15 and 9.12. As the data
size of the experiment is very important, the numerical efficiency of the
mapmaking method has to be carefully kept under control. The second
approach is the fastest one and consist in computing the sky signal as

ŝbiased = (ATN 1A) 1ATN 1Fd. (9.11)

where F is a filtering operator whose role is to pre-whiten the timestream
and reduce correlation due to atmosphere. For each CES an independent
map of the sky is produced which are then coadded in a noise weighted
fashion to form daily and season maps. The noise of the timestream is
computed from the timestream power spectra in frequency domain after
the filtering. For the weighting purposes the noise is then considered as
white and uncorrelated after the filtering so that the N matrix is considered
diagonal and computations simplifies significantly. Though the maps are
less noisy, thanks to the filtering effect, the estimate is biased because the
filter reduces the power of the signal we want to estimate together with the
noise. The unbiased method aims at compensating the effect of the filtering
restoring the power subtracted from the signal. The estimate of the sky
signal is computed solving iteratively the following equation

(ATN 1FA)ŝunbiased = ATN 1Fd. (9.12)

The maps are computed in this case as daily maps and the noise estimation
is done as in the biased mapmaking pipeline. The method allows to recover
the large scale power avoiding to bias the result on the map level but is
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in the real domain a first step of the analysis. We report in fig. 9.14 and
example of the results of the gain and time constant fitting procedure. We
note that the majority of the time constant is comparable to the sampling
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to a period of 5.2ms and therefore the effects of the time constant can be
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or they are not working correctly. In fig. 9.14 we show also a cumulative dis-
tribution over the first year of observation of the channels which managed
to perform a stimulator fit and for which it was possible to have an absolute
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nal using a maximum likelihood method. The maximum likelihood esti-
mate of the sky signal given the noise covariance matrix N nTn is then
(Tegmark, 1997)

ŝ = (ATN 1A) 1ATN 1d. (9.9)

For modern CMB experiments observing the sky with thousands of de-
tectors and at high resolution, the dimension of the problem prevent any
brute force resolution of this system. POLARBeaR , for example, has
Npixels 105 and Nt 1012 and the solution of the system is extremely
challenging. The implementation of this optimal minimum variance esti-
mate ŝ for a data set of this size must resort to the use of massively parallel
Preconditioned Conjugate Gradient (PCG) methods (Cantalupo et al., 2010;
Sudarsan et al., 2011; Grigori, Stompor, and Szydlarski, 2012). The estima-
tion of the noise correlation matrix is essential to reconstructing the maps.
In the case of ground-based experiments we usually expect a correlated 1/f
power spectrum for the noise

n(f) = �det

⇤
1+
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f
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(9.10)

as shown in fig. 9.10, with a fknee of the order of few Hz. The 1/f power is
mainly generated by physical conditions of the atmosphere (e.g., stability of
the PWV along the line of sight, wind speed etc) which induces, moreover,
an additional spatial correlation across the focal plane (Lay and Halverson,
2000; Church, 1995a). In the context of the POLARBeaR mapmaking activi-
ties I was involved in the development of the two pipelines developed for
this purpose: the first implemented an unbiased suboptimal mapmaking
and another one a filtered biased mapmaking as a part of the MASTER
power spectrum estimation method (Hivon et al., 2002). An example of the
outputs of these two pipeline are shown in fig. 9.15 and 9.12. As the data
size of the experiment is very important, the numerical efficiency of the
mapmaking method has to be carefully kept under control. The second
approach is the fastest one and consist in computing the sky signal as

ŝbiased = (ATN 1A) 1ATN 1Fd. (9.11)

where F is a filtering operator whose role is to pre-whiten the timestream
and reduce correlation due to atmosphere. For each CES an independent
map of the sky is produced which are then coadded in a noise weighted
fashion to form daily and season maps. The noise of the timestream is
computed from the timestream power spectra in frequency domain after
the filtering. For the weighting purposes the noise is then considered as
white and uncorrelated after the filtering so that the N matrix is considered
diagonal and computations simplifies significantly. Though the maps are
less noisy, thanks to the filtering effect, the estimate is biased because the
filter reduces the power of the signal we want to estimate together with the
noise. The unbiased method aims at compensating the effect of the filtering
restoring the power subtracted from the signal. The estimate of the sky
signal is computed solving iteratively the following equation

(ATN 1FA)ŝunbiased = ATN 1Fd. (9.12)

The maps are computed in this case as daily maps and the noise estimation
is done as in the biased mapmaking pipeline. The method allows to recover
the large scale power avoiding to bias the result on the map level but is
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(ATN 1FA)ŝunbiased = ATN 1Fd. (9.12)

The maps are computed in this case as daily maps and the noise estimation
is done as in the biased mapmaking pipeline. The method allows to recover
the large scale power avoiding to bias the result on the map level but is

Community Access 
• As with FFP6/DR1, we intend to make FFP8/DR2 available to the 

community at NERSC. 
• Since a dataset of this size requires resources to manipulated, NERSC 

cycles will be made available too. 
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the value of the chopping frequency changes for each chunk. For each these
where the frequency is fixed, the gain g of the detector is fitted as if the
incoming radiation on the focal plane was modulated as an incoming elec-
tromagnetic wave

d(t) = A cos(⇥ct) +B sin(⇥ct) g�ce
i�ct (9.4)

where ⇥c is the chopper frequency value for that specific subscan and we
fixed the phase information to zero. Despite the square wave is defined
as an infinite Fourier series of cosine and sines, the first term of the series
model the effect sufficiently well for our purpose. The gain of the detectors
is then computed as g�c = A 2 + B 2 for each value of ⇥c. Once we
have determined the gain amplitude we can solve for the time constants
noting that a bolometer records a modulation of the incoming power as an
RC circuit.

C
dT(t)

dt
= GT(t) + P(t) (9.5)

where G is the heat capacity of the bolometer and G its thermal conductivity.
If we solve this differential equation in the Fourier domain we can determine
the transfer function of the circuit as

T̂(⇥) =
(P̂(⇥)/G)

1+ i⇥�

g�
1+ i⇥�

(9.6)

where we assumed the incoming power recorded by the instrument to be
eq. 9.4. Since the POLARBeaR detectors do not measure the phase infor-
mation we only can measure the absolute value of the quantity in eq.9.6,
we can fit for the time constants as a function of frequency one we have
an estimate of the g quantity as a function of frequency, which we derived
in the real domain a first step of the analysis. We report in fig. 9.14 and
example of the results of the gain and time constant fitting procedure. We
note that the majority of the time constant is comparable to the sampling
frequency of the experiment. A frequency of 190Hz corresponds, in fact,
to a period of 5.2ms and therefore the effects of the time constant can be
safely neglected in the high-level step of the analysis. The result of the gains
fitting done directly on non-calibrated timestreams has therefore the units
of the timestream itself as recorded from the detectors. For this reason the
gain fitted from the stimulator must be absolute-calibrated on a source with
known brightness temperature as the stimulator brightness temperature per
se is not sufficiently stable. The gain fitted from the stimulator is one of the
sources of the data cuts in an observation as channels having already too
high or too low values for this quantity are discarded as they are too noisy
or they are not working correctly. In fig. 9.14 we show also a cumulative dis-
tribution over the first year of observation of the channels which managed
to perform a stimulator fit and for which it was possible to have an absolute
calibration. We can see that for the most part of the observation achieved a
yield of roughly 80%.

✏.�.� Mapmaking
Since CMB scanning experiments acquire data as series of time ordered

measurements (TOD), it is necessary to reconstruct the sky signal, a 2-d
object, from this one dimensional sequence. This operation is known as
mapmaking and consist of the inversion of the linear problem

d = A s + n. (9.7)
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nal using a maximum likelihood method. The maximum likelihood esti-
mate of the sky signal given the noise covariance matrix N nTn is then
(Tegmark, 1997)

ŝ = (ATN 1A) 1ATN 1d. (9.9)

For modern CMB experiments observing the sky with thousands of de-
tectors and at high resolution, the dimension of the problem prevent any
brute force resolution of this system. POLARBeaR , for example, has
Npixels 105 and Nt 1012 and the solution of the system is extremely
challenging. The implementation of this optimal minimum variance esti-
mate ŝ for a data set of this size must resort to the use of massively parallel
Preconditioned Conjugate Gradient (PCG) methods (Cantalupo et al., 2010;
Sudarsan et al., 2011; Grigori, Stompor, and Szydlarski, 2012). The estima-
tion of the noise correlation matrix is essential to reconstructing the maps.
In the case of ground-based experiments we usually expect a correlated 1/f
power spectrum for the noise

n(f) = �det

⇤
1+

�
f

fknee

⇥�⌅
(9.10)

as shown in fig. 9.10, with a fknee of the order of few Hz. The 1/f power is
mainly generated by physical conditions of the atmosphere (e.g., stability of
the PWV along the line of sight, wind speed etc) which induces, moreover,
an additional spatial correlation across the focal plane (Lay and Halverson,
2000; Church, 1995a). In the context of the POLARBeaR mapmaking activi-
ties I was involved in the development of the two pipelines developed for
this purpose: the first implemented an unbiased suboptimal mapmaking
and another one a filtered biased mapmaking as a part of the MASTER
power spectrum estimation method (Hivon et al., 2002). An example of the
outputs of these two pipeline are shown in fig. 9.15 and 9.12. As the data
size of the experiment is very important, the numerical efficiency of the
mapmaking method has to be carefully kept under control. The second
approach is the fastest one and consist in computing the sky signal as

ŝbiased = (ATN 1A) 1ATN 1Fd. (9.11)

where F is a filtering operator whose role is to pre-whiten the timestream
and reduce correlation due to atmosphere. For each CES an independent
map of the sky is produced which are then coadded in a noise weighted
fashion to form daily and season maps. The noise of the timestream is
computed from the timestream power spectra in frequency domain after
the filtering. For the weighting purposes the noise is then considered as
white and uncorrelated after the filtering so that the N matrix is considered
diagonal and computations simplifies significantly. Though the maps are
less noisy, thanks to the filtering effect, the estimate is biased because the
filter reduces the power of the signal we want to estimate together with the
noise. The unbiased method aims at compensating the effect of the filtering
restoring the power subtracted from the signal. The estimate of the sky
signal is computed solving iteratively the following equation

(ATN 1FA)ŝunbiased = ATN 1Fd. (9.12)

The maps are computed in this case as daily maps and the noise estimation
is done as in the biased mapmaking pipeline. The method allows to recover
the large scale power avoiding to bias the result on the map level but is
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the value of the chopping frequency changes for each chunk. For each these
where the frequency is fixed, the gain g of the detector is fitted as if the
incoming radiation on the focal plane was modulated as an incoming elec-
tromagnetic wave

d(t) = A cos(⇥ct) +B sin(⇥ct) g�ce
i�ct (9.4)

where ⇥c is the chopper frequency value for that specific subscan and we
fixed the phase information to zero. Despite the square wave is defined
as an infinite Fourier series of cosine and sines, the first term of the series
model the effect sufficiently well for our purpose. The gain of the detectors
is then computed as g�c = A 2 + B 2 for each value of ⇥c. Once we
have determined the gain amplitude we can solve for the time constants
noting that a bolometer records a modulation of the incoming power as an
RC circuit.

C
dT(t)

dt
= GT(t) + P(t) (9.5)

where G is the heat capacity of the bolometer and G its thermal conductivity.
If we solve this differential equation in the Fourier domain we can determine
the transfer function of the circuit as

T̂(⇥) =
(P̂(⇥)/G)

1+ i⇥�
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(9.6)

where we assumed the incoming power recorded by the instrument to be
eq. 9.4. Since the POLARBeaR detectors do not measure the phase infor-
mation we only can measure the absolute value of the quantity in eq.9.6,
we can fit for the time constants as a function of frequency one we have
an estimate of the g quantity as a function of frequency, which we derived
in the real domain a first step of the analysis. We report in fig. 9.14 and
example of the results of the gain and time constant fitting procedure. We
note that the majority of the time constant is comparable to the sampling
frequency of the experiment. A frequency of 190Hz corresponds, in fact,
to a period of 5.2ms and therefore the effects of the time constant can be
safely neglected in the high-level step of the analysis. The result of the gains
fitting done directly on non-calibrated timestreams has therefore the units
of the timestream itself as recorded from the detectors. For this reason the
gain fitted from the stimulator must be absolute-calibrated on a source with
known brightness temperature as the stimulator brightness temperature per
se is not sufficiently stable. The gain fitted from the stimulator is one of the
sources of the data cuts in an observation as channels having already too
high or too low values for this quantity are discarded as they are too noisy
or they are not working correctly. In fig. 9.14 we show also a cumulative dis-
tribution over the first year of observation of the channels which managed
to perform a stimulator fit and for which it was possible to have an absolute
calibration. We can see that for the most part of the observation achieved a
yield of roughly 80%.

✏.�.� Mapmaking
Since CMB scanning experiments acquire data as series of time ordered

measurements (TOD), it is necessary to reconstruct the sky signal, a 2-d
object, from this one dimensional sequence. This operation is known as
mapmaking and consist of the inversion of the linear problem

d = A s + n. (9.7)
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nal using a maximum likelihood method. The maximum likelihood esti-
mate of the sky signal given the noise covariance matrix N nTn is then
(Tegmark, 1997)

ŝ = (ATN 1A) 1ATN 1d. (9.9)

For modern CMB experiments observing the sky with thousands of de-
tectors and at high resolution, the dimension of the problem prevent any
brute force resolution of this system. POLARBeaR , for example, has
Npixels 105 and Nt 1012 and the solution of the system is extremely
challenging. The implementation of this optimal minimum variance esti-
mate ŝ for a data set of this size must resort to the use of massively parallel
Preconditioned Conjugate Gradient (PCG) methods (Cantalupo et al., 2010;
Sudarsan et al., 2011; Grigori, Stompor, and Szydlarski, 2012). The estima-
tion of the noise correlation matrix is essential to reconstructing the maps.
In the case of ground-based experiments we usually expect a correlated 1/f
power spectrum for the noise

n(f) = �det

⇤
1+

�
f

fknee

⇥�⌅
(9.10)

as shown in fig. 9.10, with a fknee of the order of few Hz. The 1/f power is
mainly generated by physical conditions of the atmosphere (e.g., stability of
the PWV along the line of sight, wind speed etc) which induces, moreover,
an additional spatial correlation across the focal plane (Lay and Halverson,
2000; Church, 1995a). In the context of the POLARBeaR mapmaking activi-
ties I was involved in the development of the two pipelines developed for
this purpose: the first implemented an unbiased suboptimal mapmaking
and another one a filtered biased mapmaking as a part of the MASTER
power spectrum estimation method (Hivon et al., 2002). An example of the
outputs of these two pipeline are shown in fig. 9.15 and 9.12. As the data
size of the experiment is very important, the numerical efficiency of the
mapmaking method has to be carefully kept under control. The second
approach is the fastest one and consist in computing the sky signal as

ŝbiased = (ATN 1A) 1ATN 1Fd. (9.11)

where F is a filtering operator whose role is to pre-whiten the timestream
and reduce correlation due to atmosphere. For each CES an independent
map of the sky is produced which are then coadded in a noise weighted
fashion to form daily and season maps. The noise of the timestream is
computed from the timestream power spectra in frequency domain after
the filtering. For the weighting purposes the noise is then considered as
white and uncorrelated after the filtering so that the N matrix is considered
diagonal and computations simplifies significantly. Though the maps are
less noisy, thanks to the filtering effect, the estimate is biased because the
filter reduces the power of the signal we want to estimate together with the
noise. The unbiased method aims at compensating the effect of the filtering
restoring the power subtracted from the signal. The estimate of the sky
signal is computed solving iteratively the following equation

(ATN 1FA)ŝunbiased = ATN 1Fd. (9.12)

The maps are computed in this case as daily maps and the noise estimation
is done as in the biased mapmaking pipeline. The method allows to recover
the large scale power avoiding to bias the result on the map level but is
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mate ŝ for a data set of this size must resort to the use of massively parallel
Preconditioned Conjugate Gradient (PCG) methods (Cantalupo et al., 2010;
Sudarsan et al., 2011; Grigori, Stompor, and Szydlarski, 2012). The estima-
tion of the noise correlation matrix is essential to reconstructing the maps.
In the case of ground-based experiments we usually expect a correlated 1/f
power spectrum for the noise

n(f) = �det

⇤
1+

�
f

fknee

⇥�⌅
(9.10)

as shown in fig. 9.10, with a fknee of the order of few Hz. The 1/f power is
mainly generated by physical conditions of the atmosphere (e.g., stability of
the PWV along the line of sight, wind speed etc) which induces, moreover,
an additional spatial correlation across the focal plane (Lay and Halverson,
2000; Church, 1995a). In the context of the POLARBeaR mapmaking activi-
ties I was involved in the development of the two pipelines developed for
this purpose: the first implemented an unbiased suboptimal mapmaking
and another one a filtered biased mapmaking as a part of the MASTER
power spectrum estimation method (Hivon et al., 2002). An example of the
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size of the experiment is very important, the numerical efficiency of the
mapmaking method has to be carefully kept under control. The second
approach is the fastest one and consist in computing the sky signal as
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where F is a filtering operator whose role is to pre-whiten the timestream
and reduce correlation due to atmosphere. For each CES an independent
map of the sky is produced which are then coadded in a noise weighted
fashion to form daily and season maps. The noise of the timestream is
computed from the timestream power spectra in frequency domain after
the filtering. For the weighting purposes the noise is then considered as
white and uncorrelated after the filtering so that the N matrix is considered
diagonal and computations simplifies significantly. Though the maps are
less noisy, thanks to the filtering effect, the estimate is biased because the
filter reduces the power of the signal we want to estimate together with the
noise. The unbiased method aims at compensating the effect of the filtering
restoring the power subtracted from the signal. The estimate of the sky
signal is computed solving iteratively the following equation

(ATN 1FA)ŝunbiased = ATN 1Fd. (9.12)

The maps are computed in this case as daily maps and the noise estimation
is done as in the biased mapmaking pipeline. The method allows to recover
the large scale power avoiding to bias the result on the map level but is
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Map-making: solving a (too) large inverse problem

How to invert this              matrix? Inversion requires                 operations (100 cpu y)
➡ Find approximate solution without explicit inversion using the Preconditioned Conjugate 

Gradient technique

Np ⇥Np N 3
p ⇠ 1018

It assumes B precomputed and 
stored (often it isn’t)

It can be reduced by proper 
preconditioning

N 2
p ⇥Niter ⇠ 10

12 ⇥ [O(10) to O(1000)] ⇠ 0.1 cpu y (optimistic)

It assumes 100% cpu
(never achieved)

Solve  B x = b   with B symmetric positive definite.
Idea:
• use B as scalar product,  given a search direction    (with                  ), the projection onto it  

        
can be interpreted as an approximate solution.

• project the solution on an increasingly larger subspace until the approximate solution is 
“good enough”: e.g., 

p̂ p̂t Bp̂ = 1

p̂(p̂t
Bx) = p̂(p̂t

b)

|Bx� b|/|b| < 10�6

16
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Fig. 16. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz. Left and
right columns show the Stokes Q and U parameters, and rows show, from top to bottom, CMB, synchrotron polarization at 30 GHz
and thermal dust polarization at 353 GHz. The CMB map has been highpass-filtered with a cosine-apodized filter between � = 20
and 40, and the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration A11 2014). The two
top rows employ linear color scales, and the bottom row employs the non-linear HDR color scale.

short frequency lever arm, and it is from algebraic considera-
tions expected to be the cleanest solution in terms of systematics.
However, it also su�ers from significantly higher statistical noise
compared to the other types. Type-2 attempts to improve on this
situation by fitting for all CO line maps simultaneously, using
the same algebra and implementation as Type-1, but addition-
ally using multi-frequency observations and imposing a simple
(spatially constant) frequency model for thermal dust. Finally,
in the 2013 release a Type-3 map also provided, which was a
Commander solution, as described above, but assuming a rigid
CO scaling between any two frequency maps, leaving only one

free CO amplitude parameter per pixel, and one free overall line
ratio per frequency map. This approach results in the highest
signal-to-noise ratio, e�ectively by compressing all information
into one map, but it is also relies directly on the accuracy of the
overall model to avoid foreground leakage into the CO map.

As described above, the Commander CO model has been
generalized in the current release, and is now in principle very
similar to Type-2, with the main di�erence being a di�erent ef-
fective signal model to account for other components. No new
Type-3 map is delivered in the 2014 data release, but this has
been superceded by the new Commander J=2�1 map, which

23

Fig. 15. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz
(Planck Collaboration X 2015). The left and right columns show the Stokes Q and U parameters, respectively. Rows show from top
to bottom CMB, synchrotron polarization at 30 GHz and thermal dust polarization at 353 GHz. The CMB map has been highpass-
filtered with a cosine-apodized filter between � = 20 and 40, and the Galactic plane (defined by the 17 % CPM83 mask) has been
replaced with a constrained Gaussian realization (Planck Collaboration IX 2015).
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Fig. 16. Brightness temperature rms as a function of frequency and astrophysical component for temperature (left) and polarization
(right). For temperature, each component is smoothed to an angular resolution of 1� FWHM, and the lower and upper edges of each
line are defined by masks covering 81 and 93 % of the sky, respectively. For polarization, the corresponding smoothing scale is 40⇥,
and the sky fractions are 73 and 93 %.

ered in the 2015 data release. Alternatively, another set of
CO maps has been produced as part of the full Commander
baseline multi-component model, which is described in
Planck Collaboration X (2015).

Type 1 and Type 2 maps are released with an associated stan-
dard deviation map, error map, and mask. The suite of tests de-
tailed in Planck Collaboration XIII (2014) has been repeated on
the new Type 1 and Type 2 maps, which have been found to per-
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Fig. 16. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz. Left and
right columns show the Stokes Q and U parameters, and rows show, from top to bottom, CMB, synchrotron polarization at 30 GHz
and thermal dust polarization at 353 GHz. The CMB map has been highpass-filtered with a cosine-apodized filter between � = 20
and 40, and the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration A11 2014). The two
top rows employ linear color scales, and the bottom row employs the non-linear HDR color scale.
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Fig. 15. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz
(Planck Collaboration X 2015). The left and right columns show the Stokes Q and U parameters, respectively. Rows show from top
to bottom CMB, synchrotron polarization at 30 GHz and thermal dust polarization at 353 GHz. The CMB map has been highpass-
filtered with a cosine-apodized filter between � = 20 and 40, and the Galactic plane (defined by the 17 % CPM83 mask) has been
replaced with a constrained Gaussian realization (Planck Collaboration IX 2015).
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and the sky fractions are 73 and 93 %.

ered in the 2015 data release. Alternatively, another set of
CO maps has been produced as part of the full Commander
baseline multi-component model, which is described in
Planck Collaboration X (2015).

Type 1 and Type 2 maps are released with an associated stan-
dard deviation map, error map, and mask. The suite of tests de-
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Fig. 16. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz. Left and
right columns show the Stokes Q and U parameters, and rows show, from top to bottom, CMB, synchrotron polarization at 30 GHz
and thermal dust polarization at 353 GHz. The CMB map has been highpass-filtered with a cosine-apodized filter between � = 20
and 40, and the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration A11 2014). The two
top rows employ linear color scales, and the bottom row employs the non-linear HDR color scale.
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Fig. 15. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz
(Planck Collaboration X 2015). The left and right columns show the Stokes Q and U parameters, respectively. Rows show from top
to bottom CMB, synchrotron polarization at 30 GHz and thermal dust polarization at 353 GHz. The CMB map has been highpass-
filtered with a cosine-apodized filter between � = 20 and 40, and the Galactic plane (defined by the 17 % CPM83 mask) has been
replaced with a constrained Gaussian realization (Planck Collaboration IX 2015).
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Fig. 16. Brightness temperature rms as a function of frequency and astrophysical component for temperature (left) and polarization
(right). For temperature, each component is smoothed to an angular resolution of 1� FWHM, and the lower and upper edges of each
line are defined by masks covering 81 and 93 % of the sky, respectively. For polarization, the corresponding smoothing scale is 40⇥,
and the sky fractions are 73 and 93 %.
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Fig. 16. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz. Left and
right columns show the Stokes Q and U parameters, and rows show, from top to bottom, CMB, synchrotron polarization at 30 GHz
and thermal dust polarization at 353 GHz. The CMB map has been highpass-filtered with a cosine-apodized filter between � = 20
and 40, and the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration A11 2014). The two
top rows employ linear color scales, and the bottom row employs the non-linear HDR color scale.
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Fig. 15. Maximum posterior amplitude polarization maps derived from the Planck observations between 30 and 353 GHz
(Planck Collaboration X 2015). The left and right columns show the Stokes Q and U parameters, respectively. Rows show from top
to bottom CMB, synchrotron polarization at 30 GHz and thermal dust polarization at 353 GHz. The CMB map has been highpass-
filtered with a cosine-apodized filter between � = 20 and 40, and the Galactic plane (defined by the 17 % CPM83 mask) has been
replaced with a constrained Gaussian realization (Planck Collaboration IX 2015).
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Fig. 16. Brightness temperature rms as a function of frequency and astrophysical component for temperature (left) and polarization
(right). For temperature, each component is smoothed to an angular resolution of 1� FWHM, and the lower and upper edges of each
line are defined by masks covering 81 and 93 % of the sky, respectively. For polarization, the corresponding smoothing scale is 40⇥,
and the sky fractions are 73 and 93 %.
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dard deviation map, error map, and mask. The suite of tests de-
tailed in Planck Collaboration XIII (2014) has been repeated on
the new Type 1 and Type 2 maps, which have been found to per-
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Snapshot of foregrounds
81

Fig. 14. Maximum posterior intensity maps derived from the joint analysis of Planck, WMAP, and 408 MHz observations
(Planck Collaboration X 2015). From left to right, top to bottom: CMB, synchrotron, free-free, spinning dust, thermal dust, line
emission around 90 GHz, CO J = 1� 0, CO J = 2� 1, and CO J = 3� 2.

Figures and captions from Planck 2015 results. I. Overview of products and scientific results, arXiv:1502.01582
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Planck Collaboration: Di�use component separation: Foreground maps
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�

Q2 + U2. The top panel shows synchrotron emission at 30 GHz and smoothed
to an angular resolution of 40�, and the bottom panel shows thermal dust emission at 353 GHz, smoothed to an angular resolution
of 10�.
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map(�) = acmb(�)scmb + adust(�)sdust + n(�)
a map at a given frequency is a sum of cmb, dust and noise
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1- Component separation generalities
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Planck collaboration: The Planck dust polarization sky

Fig. 4. Upper: Map of the 353 GHz polarization fraction p at 1⇥ resolution. The colour scale is linear and ranges from 0 % to
20 %. Lower: Map of the 353 GHz polarization fraction uncertainty, �p, at 1⇥ resolution in log10 scale. The colour scale is from
�p = 0.1 % to �p = 10 %. The data are not shown in the grey areas where the dust emission is not dominant or where residuals
were identified comparing individual surveys (see Sect. 2.4). The polarization fraction is obtained using the Bayesian method with
a mean posterior estimator (see Sect. 2.3). The uncertainty map includes statistical and systematic contributions. The same mask as
in Fig. 1 is applied.

from dust. Since we do not concentrate on regions with strong
molecular emission in this paper, no correction was applied for
the CO emission BPM leakage.

Figure 3 shows the e�ect of the correction for BPM on the
observed distribution of polarization angles toward the plane of

the Milky Way (|bII| < 5⇥) in the four Galactic quadrants (Q1,
Q2, Q3 and Q4, defined by 0⇥ < ⇥II < 90⇥, 90⇥ < ⇥II < 180⇥,
180⇥ < ⇥II < 270⇥, and 270⇥ < ⇥II < 360⇥, respectively). When
no BPM leakage correction is applied, angles are observed to
be distributed around +20⇥ and �5⇥ for the inner (Q1 and Q4)

6

Planck Collaboration: Dust polarization at high latitudes

Fig. 8: Top: map in orthographic projection of the 150 GHz DBB
⇥ amplitudes at ⇥ = 80, computed from the Planck 353 GHz data,

extrapolated to 150 GHz, and normalized by the CMB expectation for tensor-to-scalar ratio r = 1. The colours represent the
estimated contamination from dust in rd units (see details in Sect. 5.3). The logarithm of the absolute value of rd for a 400 deg2 patch
is presented in the pixel on which the patch is centred. As described in Sect. 3.3.2, the patches overlap and so their properties are not
independent. The northern (southern) Galactic hemisphere is on the left (right). The thick black contour outlines the approximate
BICEP2 deep-field region (see Sect. 6). Bottom: associated uncertainty, �(rd).

These extrapolated estimates are divided by the value of
the r = 1 primordial tensor CMB DBB

⇥ spectrum at ⇥ = 80,
6.71 ⇥ 10�2 µK2

CMB, to express the estimated power in units
that we denote rd. Because the CMB primordial tensor B-mode
power scales linearly with r,13 a value rd = 0.1 would mean

13 This spectrum does not include the CMB lensing B-mode signal,
which would become dominant even at ⇥ = 80 for a very low r.

that the expected contamination from dust at ⇥ = 80 is equal to
the amplitude of the primordial tensor CMB DBB

⇥ for r = 0.1.
For each of these estimates we also compute �(rd), the quadratic
sum of the fit errors on ABB and the above uncertainty from the
extrapolation to 150 GHz. Note that the fitted amplitudes ABB

for five of these patches are negative,14 but are consistent with

14 Negative values can arise in cross-spectra, as computed here.

13

Planck Collaboration: Dust polarization at high latitudes

Fig. 2: Planck HFI 353 GHz DEE
⇥ (red, top) and DBB

⇥ (blue, bottom) power spectra (in µK2
CMB) computed on three of the selected LR analysis

regions that have fsky = 0.3 (circles, lightest), fsky = 0.5 (diamonds, medium) and fsky = 0.7 (squares, darkest). The uncertainties shown are
±1�. The best-fit power laws in ⇥ are displayed for each spectrum as a dashed line of the corresponding colour. The Planck 2013 best-fit �CDM
DEE
⇥ expectation (Planck Collaboration XVI 2014) and the corresponding r = 0.2 DBB

⇥ CMB model are displayed as solid black lines; the rise
for ⇥ > 200 is from the lensing contribution. In the lower parts of each panel, the global estimates of the power spectra of the systematic e⇥ects
responsible for intensity-to-polarization leakage (Sect. 2.3) are displayed in di⇥erent shades of grey, with the same symbols to identify the three
regions. Finally, absolute values of the null-test spectra anticipated in Sect. 2.3, computed here from the cross-spectra of the HalfRing/DetSet
di⇥erences (see text), are represented as dashed-dotted, dashed, and dotted grey lines for the three LR regions.

8

Planck Collaboration: Dust polarization at high latitudes

Fig. 10: Frequency dependence of the amplitude ABB of the angular power spectrum DBB
⇧ computed on MB2 defined in Sect. 6.1,

normalized to the 353 GHz amplitude (red points); amplitudes for cross-power spectra are plotted at the geometric mean frequency.
The square of the adopted dust SED, a modified blackbody spectrum with ⇥d = 1.59 and Td = 19.6 K, is over-plotted as a black
dashed-line, again normalized to the 353 GHz point. The ±1⇤ error area arising from the expected dispersion of ⇥d, 0.11 for the
MB2 patch size (Sect. 2.2.1), is displayed in light grey.

�BB = �0.42 (see Sect. 4.2). In Fig. 10 we plot these amplitudes
as a function of the e�ective frequency from 143 to 353 GHz, in
units of sky brightness squared, like in Sect. 4.5. Data points at
e�ective frequencies below 143 GHz are not presented, because
the dust polarization is not detected at these frequencies. An up-
per limit on the synchrotron contribution at 150 GHz from the
Planck LFI data is given in Appendix D.4.

We can see that the frequency dependence of the amplitudes
of the Planck HFI DBB

⇧ spectra is in very good agreement with
a squared dust modified blackbody spectrum having ⇥d = 1.59
and Td = 19.6 K (Planck Collaboration Int. XXII 2014). We note
that this emission model was normalized only to the 353 GHz
point and that no global fit has been performed. Nevertheless,
the ⌅2 value from the amplitudes relative to this model is 4.56
(Ndof = 7). This shows that dust dominates in the specific MB2
region defined where these cross-spectra have been computed.
This result emphasizes the need for a dedicated joint Planck–
BICEP2 analysis.

7. Conclusions

We have presented the first nearly all-sky statistical analysis of
the polarized emission from interstellar dust, focussing mostly
on the characterization of this emission as a foreground contam-
inant at frequencies above 100 GHz. Our quantitative analysis of
the angular dependence of the dust polarization relies on mea-
surements at 353 GHz of the CEE

⇧ and CBB
⇧ (alternatively DEE

⇧

andDBB
⇧ ) angular power spectra for multipoles 40 < ⇧ < 500. At

this frequency only two polarized components are present: dust
emission; and the CMB, which is subdominant in this multipole

range. We have found that the statistical, spatial, and spectral
distribution properties can be represented accurately by a sim-
ple model over most of the sky, and for all frequencies at which
Planck HFI measures polarization.

– The angular power spectra CEE
⇧ and CBB

⇧ at 353 GHz are
well fit by power laws in ⇧ with exponents consistent with
�EE,BB = �2.42 ± 0.02, for sky fractions ranging from 24 %
to 72 % for the LR regions used.

– The amplitudes ofDEE
⇧ andDBB

⇧ in the LR regions vary with
mean dust intensity at 353 GHz, ⇥I353⇤, roughly as ⇥I353⇤1.9.

– The frequency dependence of the dust DEE
⇧ and DBB

⇧ from
353 GHz down to 100 GHz, obtained after removal of the
DEE
⇧ prediction from the Planck best-fit CMB model (Planck

Collaboration XVI 2014), is accurately described by the
modified blackbody dust emission law derived in Planck
Collaboration Int. XXII (2014), with ⇥d = 1.59 and Td =
19.6 K.

– The ratio between the amplitudes of the two polarization
power spectra is CBB

⇧ /C
EE
⇧ = 0.53, which is not consistent

with the simplest theoretical models.
– Dust DEE

⇧ and DBB
⇧ spectra computed for 352 high Galactic

latitude 400 deg2 patches satisfy the above general properties
at 353 GHz and have the same frequency dependence.

We have shown that Planck’s determination of the 353 GHz
dust polarization properties is una�ected by systematic errors
for ⇧ > 40. This enables us to draw the following conclusions
relevant for CMB polarization experiments aimed at detection
of primordial CMB tensor B-modes.
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Planck collaboration: The Planck dust polarization sky

Fig. 4. Upper: Map of the 353 GHz polarization fraction p at 1⇥ resolution. The colour scale is linear and ranges from 0 % to
20 %. Lower: Map of the 353 GHz polarization fraction uncertainty, �p, at 1⇥ resolution in log10 scale. The colour scale is from
�p = 0.1 % to �p = 10 %. The data are not shown in the grey areas where the dust emission is not dominant or where residuals
were identified comparing individual surveys (see Sect. 2.4). The polarization fraction is obtained using the Bayesian method with
a mean posterior estimator (see Sect. 2.3). The uncertainty map includes statistical and systematic contributions. The same mask as
in Fig. 1 is applied.

from dust. Since we do not concentrate on regions with strong
molecular emission in this paper, no correction was applied for
the CO emission BPM leakage.

Figure 3 shows the e�ect of the correction for BPM on the
observed distribution of polarization angles toward the plane of

the Milky Way (|bII| < 5⇥) in the four Galactic quadrants (Q1,
Q2, Q3 and Q4, defined by 0⇥ < ⇥II < 90⇥, 90⇥ < ⇥II < 180⇥,
180⇥ < ⇥II < 270⇥, and 270⇥ < ⇥II < 360⇥, respectively). When
no BPM leakage correction is applied, angles are observed to
be distributed around +20⇥ and �5⇥ for the inner (Q1 and Q4)

6

Planck Collaboration: Dust polarization at high latitudes

Fig. 2: Planck HFI 353 GHz DEE
⇥ (red, top) and DBB

⇥ (blue, bottom) power spectra (in µK2
CMB) computed on three of the selected LR analysis

regions that have fsky = 0.3 (circles, lightest), fsky = 0.5 (diamonds, medium) and fsky = 0.7 (squares, darkest). The uncertainties shown are
±1�. The best-fit power laws in ⇥ are displayed for each spectrum as a dashed line of the corresponding colour. The Planck 2013 best-fit �CDM
DEE
⇥ expectation (Planck Collaboration XVI 2014) and the corresponding r = 0.2 DBB

⇥ CMB model are displayed as solid black lines; the rise
for ⇥ > 200 is from the lensing contribution. In the lower parts of each panel, the global estimates of the power spectra of the systematic e⇥ects
responsible for intensity-to-polarization leakage (Sect. 2.3) are displayed in di⇥erent shades of grey, with the same symbols to identify the three
regions. Finally, absolute values of the null-test spectra anticipated in Sect. 2.3, computed here from the cross-spectra of the HalfRing/DetSet
di⇥erences (see text), are represented as dashed-dotted, dashed, and dotted grey lines for the three LR regions.
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Planck Collaboration: Dust polarization at high latitudes

Fig. 10: Frequency dependence of the amplitude ABB of the angular power spectrum DBB
⇧ computed on MB2 defined in Sect. 6.1,

normalized to the 353 GHz amplitude (red points); amplitudes for cross-power spectra are plotted at the geometric mean frequency.
The square of the adopted dust SED, a modified blackbody spectrum with ⇥d = 1.59 and Td = 19.6 K, is over-plotted as a black
dashed-line, again normalized to the 353 GHz point. The ±1⇤ error area arising from the expected dispersion of ⇥d, 0.11 for the
MB2 patch size (Sect. 2.2.1), is displayed in light grey.

�BB = �0.42 (see Sect. 4.2). In Fig. 10 we plot these amplitudes
as a function of the e�ective frequency from 143 to 353 GHz, in
units of sky brightness squared, like in Sect. 4.5. Data points at
e�ective frequencies below 143 GHz are not presented, because
the dust polarization is not detected at these frequencies. An up-
per limit on the synchrotron contribution at 150 GHz from the
Planck LFI data is given in Appendix D.4.

We can see that the frequency dependence of the amplitudes
of the Planck HFI DBB

⇧ spectra is in very good agreement with
a squared dust modified blackbody spectrum having ⇥d = 1.59
and Td = 19.6 K (Planck Collaboration Int. XXII 2014). We note
that this emission model was normalized only to the 353 GHz
point and that no global fit has been performed. Nevertheless,
the ⌅2 value from the amplitudes relative to this model is 4.56
(Ndof = 7). This shows that dust dominates in the specific MB2
region defined where these cross-spectra have been computed.
This result emphasizes the need for a dedicated joint Planck–
BICEP2 analysis.

7. Conclusions

We have presented the first nearly all-sky statistical analysis of
the polarized emission from interstellar dust, focussing mostly
on the characterization of this emission as a foreground contam-
inant at frequencies above 100 GHz. Our quantitative analysis of
the angular dependence of the dust polarization relies on mea-
surements at 353 GHz of the CEE

⇧ and CBB
⇧ (alternatively DEE

⇧

andDBB
⇧ ) angular power spectra for multipoles 40 < ⇧ < 500. At

this frequency only two polarized components are present: dust
emission; and the CMB, which is subdominant in this multipole

range. We have found that the statistical, spatial, and spectral
distribution properties can be represented accurately by a sim-
ple model over most of the sky, and for all frequencies at which
Planck HFI measures polarization.

– The angular power spectra CEE
⇧ and CBB

⇧ at 353 GHz are
well fit by power laws in ⇧ with exponents consistent with
�EE,BB = �2.42 ± 0.02, for sky fractions ranging from 24 %
to 72 % for the LR regions used.

– The amplitudes ofDEE
⇧ andDBB

⇧ in the LR regions vary with
mean dust intensity at 353 GHz, ⇥I353⇤, roughly as ⇥I353⇤1.9.

– The frequency dependence of the dust DEE
⇧ and DBB

⇧ from
353 GHz down to 100 GHz, obtained after removal of the
DEE
⇧ prediction from the Planck best-fit CMB model (Planck

Collaboration XVI 2014), is accurately described by the
modified blackbody dust emission law derived in Planck
Collaboration Int. XXII (2014), with ⇥d = 1.59 and Td =
19.6 K.

– The ratio between the amplitudes of the two polarization
power spectra is CBB

⇧ /C
EE
⇧ = 0.53, which is not consistent

with the simplest theoretical models.
– Dust DEE

⇧ and DBB
⇧ spectra computed for 352 high Galactic

latitude 400 deg2 patches satisfy the above general properties
at 353 GHz and have the same frequency dependence.

We have shown that Planck’s determination of the 353 GHz
dust polarization properties is una�ected by systematic errors
for ⇧ > 40. This enables us to draw the following conclusions
relevant for CMB polarization experiments aimed at detection
of primordial CMB tensor B-modes.

16

Planck Collaboration: Dust polarization at high latitudes

Fig. 9: Planck 353 GHz DBB
⇤ angular power spectrum computed on MB2 defined in Sect. 6.1 and extrapolated to 150 GHz (box

centres). The shaded boxes represent the ±1⇥ uncertainties: blue for the statistical uncertainties from noise; and red adding in
quadrature the uncertainty from the extrapolation to 150 GHz. The Planck 2013 best-fit �CDMDBB

⇤ CMB model based on temper-
ature anisotropies, with a tensor amplitude fixed at r = 0.2, is overplotted as a black line.

Appendix D.1 confirms that the result does not depend on the
method of computing the power spectrum.

This power spectrum is extrapolated to 150 GHz as in
Sect. 6.2, with an extrapolation uncertainty estimated from the
inferred dispersion of �d. Our final estimate of the DBB

⇤ spec-
trum is presented in Fig. 9, together with its 1⇥ error budget.
For the first bin, ⇤= 40–120, the expected level of dust polarized
DBB
⇤ , as extrapolated to 150 GHz, is 1.32⇥ 10�2 µK2

CMB (Fig. 9).
The statistical error, estimated from Monte Carlo simulations of
inhomogeneous Planck noise (presented in Appendix A for this
particular binning), is ± 0.29⇥10�2 µK2

CMB, so that the dustDBB
⇤

spectrum is statistically detected at 4.5⇥ in this broad ⇤ bin.

In order to assess the potential contribution from systemat-
ics, we have computed the dust DBB

⇤ spectrum on MB2 on dif-
ferent subsets of the data and performed null tests, which are
presented in Appendix D.3. In this lowest bin of ⇤, we do not ob-
serve any departure from what is allowed by noise. Nevertheless,
we stress that below the noise level our cross-spectra could be
subject to a positive or negative bias due to systematic e⇥ects.
For example, if instead of taking the DetSets cross-spectra (as
we have done throughout this paper) we take the mean value
computed from the DetSets, HalfRings, and Years cross-spectra
(presented in Appendix D.3), the statistical significance of our
measurement is decreased from 4.5⇥ to 3.6⇥.

The uncertainty coming from the MB2 definition (presented
in Appendix D.2) is 0.04 ⇥ 10�2 µK2

CMB for this bin, thus much
less than the statistical error. For this reason, it is not added to
the error budget. However, the spectral extrapolation to 150 GHz
adds an additional uncertainty (+0.28,�0.24) ⇥ 10�2 µK2

CMB to
the estimated power in MB2, added in quadrature in Fig. 9.

The expected value in this lowest-⇤ bin from direct compu-
tation of theDBB

⇤ power spectrum on MB2, as shown in Fig. 9, is
lower than (but consistent with) the statistical expectation from
the analysis of the 352 high Galactic latitude patches presented
in Sects. 5.2 and 6.2. This indicates that MB2 is not one of the
outliers of Fig. 7 and therefore its dust B-mode power is well rep-
resented by its mean dust intensity through the empirical scaling
lawD ⇤ ⌅I353⇧1.9.

These values of the DBB
⇤ amplitude in the ⇤ range of the pri-

mordial recombination bump are of the same magnitude as those
reported by BICEP2 Collaboration (2014b). Our results empha-
size the need for a dedicated joint analysis of the B-mode po-
larization in this region incorporating all pertinent observational
details of the Planck and BICEP2 data sets, which is in progress.

6.4. Frequency dependence

We complement the power spectrum analysis of the 353 GHz
map with Planck data at lower frequencies. As in the analysis
in Sect. 4.5, we compute the frequency dependence of the BB
power measured by Planck at HFI frequencies in the BICEP2
field, using the patch MB2 as defined in Sect. 6.1.

We compute on MB2 the Planck DBB
⇤ auto- and cross-power

spectra from the three Planck HFI bands at 100, 143, 217, and
353 GHz, using the two DetSets with independent noise at each
frequency, resulting in ten angular power spectra (100 ⇥ 100,
100⇥143, 100⇥217, 100⇥353, 143⇥143, 143⇥217, 143⇥353,
217 ⇥ 217, 217 ⇥ 353, and 353 ⇥ 353), constructed by combin-
ing the cross-spectra as presented in Sect. 3.2. We use the same
multipole binning as in Sect. 6.3. To each of these DBB

⇤ spectra,
we fit the amplitude of a power law in ⇤ with a fixed exponent
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Pseudo-power spectrum estimators

26

Problem with                     : alm are not available (partial sky coverage)

Cl is estimated by
• sampling the power of s along functions in the l subspace (the {Ylm}m∊{-l…l} functions)
• averaging (the expected power on each function is Cl)

In this case the functions are orthogonal but don’t have to be

If a function f straddles multiple l subspaces, the expected power of s along f is a (known) 
linear combination of Cl

Define a pseudo-basis of such f functions:        (any set!) and sample s along them.                         

Pseudo-power spectrum

Compute and “invert” the Mll and and you are done

Notable example:
W is the inverse noise
• handle cut sky
• handle inhomogeneous 

coverage
• Computing the Mll scales 

as N 3/2
pHauser and Peebles (1973),  Hivon et al. (2002), Kogut et al. (2003)



Name TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

Power spectrum estimates errors
86

Recap: angular power spectrum main uncertainties
Large 
Scales

Small 
Scales

Foregrounds

Galactic Extra-
galactic

Correlated
noise

Cosmic
variance

White
noise
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87Data Analysis Techniques

Scientific observations can be represented by a data vector d
which can be a time series {t} or temperature map of the sky
{T} or something else.

Data have information about some physical process for which
we have a theoretical model represented by a set of
parameters i.e., parameter vector ⇥.

One of its example is a Gaussian process represented by two
parameters i.e., the mean µ and the variance �2. The
probability of obtaining data d given a theoretical (Gaussian
model (µ,�2)) is given by:

P(d |µ,�2) =
1p
2⇡�2

exp


�1

2

(d � µ)2

�2

�
(1)
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88Solvable problems

Not all the inverse problems are solvable and in some cases we
can easily find out why that is so.

On the basis of whether the size N of the data vector d is
larger, smaller or equal to the size M of the parameter vector
⇥, there are three possibilities.

N = M : Unique solution is possible
N > M : Over constrained problem, �2 minimization, Unique
solution
N < M : Under-constrained problem, ill posed problem, priors,
regularization

Note that in the above consideration we have assumed that
all the data points are independent.

One of the common methods to solve an inverse is to
minimize a measure of misfit between the data and the
theoretical model.

7 / 39
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Maximum Likelihood Estimation

The probability distribution P(⇥|d) (posterior) for model
parameters ⇥ given data d can be related to the probability
P(d|⇥) (likelihood) of an experiment giving data d for model
parameters ⇥ using the Bayes’ theorem:

P(⇥|d) = P(d|⇥)P(⇥)

P(d)
(15)

where P(⇥) is called the prior and P(d) =
P

P(d|⇥)P(⇥) is
used for the normalization purpose.

For the case of flat prior, posterior and likelihood are
proportional:

P(⇥|d) = P(d|⇥) = L(d|⇥) (16)

In Bayesian formalism we can easily incorporate new data in
analysis by considering the posterior of the old data as prior.

12 / 39
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90Bayesian Analysis

Note that when likelihood/posterior is not Gaussian then the
average value of the parameter < ✓ > may not coincide with the
value of ✓0 at which the likelihood/posterior is maximum.

13 / 39
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An efficient sampling: Markov Chains MC
91Markov Chain Monte Carlo

Once we have the probability distribution P(⇥|d) for model
parameters ⇥ we can statistics of the parameters:

< ⇥ >=

Z
⇥d⇥P(⇥|d) (25)

In practice, before carrying out the above integral we find out
the one dimensional probability distribution by marginalization
over other parameters:

P(✓r ) =

Z
d✓1d✓2....d✓r�1d✓r+1...d✓MP(✓1, ✓2, ....s✓M)

(26)
and

< ✓r >=

Z
✓rd✓rP(✓r ) (27)

18 / 39
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Carrying out multi-dimensional integration is very expansive
i.e., computational cost grows as O(nM) where n is the
number of grid points along one direction and M is the
dimensionality of the parameter space.

If we can replace the multi-dimensional integration by
summation over a finite number of points which represent the
probability distribution function then computational cost
becomes manageable.

< ⇥ >=

Z
⇥d⇥P(⇥|d) = 1

N

NX

i=1

⇥iP(⇥i |d) (28)

Markov-Chain Monte Carlo sampling samples the likelihood
function in such a way that there are more point in the region
where the likelihood function has the large values and less
where it has small values.

19 / 39
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Markov-Chain Monte Carlo

When we toss a coin n times then the outcome of the nth toss
does not depend on the outcome of any of the previous
outcomes.

In a Markov-Chain the probability of a random variable Xn to
have value xn at step n depends on the probability of the
variable Xn�1 to have the value xn�1 at step n � 1.

P(XN) = P(Xn,Xn�1)P(Xn�1) (29)

where P(Xn,Xn�1) is called the transition probability,
transition kernel or proposal density.

In most cases transition kernel is symmetric:

P(Xn,Xn�1) = P(Xn�1,Xn) (30)

The transition probability P(Xn,Xn�1) has the remarkable
property that after an initial burn-in period it generates a
sample which has the probability distribution P(X ).

20 / 39



Name TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

CMB gaussian likelihood
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In terms of Cl the likelihood function can be written as:

L(T |Cl) =
Y

lm

1p
Cl

exp[�|alm|2/(2Cl)] (36)

Since we observe only one sky so we cannot measure the
power spectra directly, but instead form the rotationally
invariant estimators, Cl , for full-sky CMB maps given by

Ĉl =
1

2l + 1

m=lX

m=�l

|alm|2 (37)

Problem 5

Show that Ĉl as given by equation (37) is an unbiased estimator
i.e., < Ĉl >= Cl (true power spectrum).

Note that the likelihood has a maximum when Cl = Ĉl so Ĉl

is the MLE.
25 / 39

Problem 6

From equation (36) show that:

�2 = �2 log L(Ĉl |Cl) =
X

l

(2l + 1)

"
log

✓
Cl

Ĉl

◆
+

Ĉl

Cl
� 1

#
(38)

This expression for likelihood does not consider:

Finite resolution of the detector - window function

Detector noise

Cut-sky f
sky

to avoid foreground etc., which leads correlations
among di↵erent multi-poles.

When all these factors are taken into account computing the
likelihood function becomes challenging.

26 / 39



Name TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

MCMC chain convergence
95

CosmoMC

We can also plot scatter and contour plots from the chains.
33 / 39
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30Cosmological parameter estimation

Typical analysis of 
the MC chains

1-D marginal distribution

2-D marginal distribution

Schuhmann et al. (2016)  
Note: actually in this example the contours are not derived from the 
points
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Current strategies to detect B-modes

• 2-point correlation:  
CMB power spectrum 
 
 

• 3-point correlation:  
CMB cross correlation with biased 
tracers of dark matter halos 
 
 

• 4-point correlation: lensing 
reconstruction with polarization 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4 Results on real data

The daily map is the ones from 20120717 and 20120705. The monthly map corresponds to 75%
of the CES of 26 days of July. The Planck maps are from left to right : SMICA map at 3.5 and 5
arcmin, and 143GHz map at 7.5 arcmin.
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SPTpol: B-modes through cross-correlation
• Cosmic infrared background and lensing potential are correlated

• Idea: construct a noisy template of lensing B-modes and correlate with my 
observed B-modes hidden within noise
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FIG. 2: (Black, center bars): Cross-correlation of the lens-
ing B modes measured by SPTpol at 150GHz with lensing B
modes inferred from CIB fluctuations measured by Herschel
and E modes measured by SPTpol at 150GHz; as shown in
Fig. 1. (Green, left-o�set bars): Same as black, but using E
modes measured at 95GHz, testing both foreground contam-
ination and instrumental systematics. (Orange, right-o�set
bars): Same as black, but with B modes obtained using the
⇥B procedure described in the text rather than our fiducial
Wiener filter. (Gray bars): Curl-mode null test as described
in the text. (Dashed black curve): Lensing B-mode power
spectrum in the fiducial cosmological model.

We determine the uncertainty and normalization of the
cross-spectrum estimate using an ensemble of simulated,
lensed CMB+noise maps and simulated Herschel maps.
We obtain comparable uncertainties if we replace any of
the three fields involved in this procedure with observed
data rather than a simulation, and the normalization we
determine for each bin is within 15% of an analytical
prediction based on approximating the Wiener filtering
procedure as diagonal in Fourier space.

In addition to the cross-correlation E⇥�B, it is also
interesting to take a “lensing perspective” and rear-
range the fields to measure the correlation EB�⇥. In
this approach, we perform a quadratic “EB” lens re-
construction [13] to estimate the lensing potential ⇥̂EB ,
which we then cross-correlate with CIB fluctuations. The
observed cross-spectrum can be compared to previous
temperature-based lens reconstruction results [22, 26].
This cross-correlation is plotted in Fig. 3. Again, the
shape of the cross-correlation which we observe is in good
agreement with the fiducial model, with a ⇤2/dof of 2.2/4
and a PTE of 70%.

Both the E⇥�B and EB�⇥ cross-spectra discussed
above are probing the three-point correlation function
(or bispectrum) between E, B, and ⇥ that is induced by
lensing. We assess the overall significance of the measure-
ment by constructing a minimum-variance estimator for
the amplitude Â of this bispectrum, normalized to have

FIG. 3: “Lensing view” of the EB� correlation plotted in
Fig. 2, in which we cross-correlate an EB lens reconstruc-
tion from SPTpol data with CIB intensity fluctuations mea-
sured by Herschel. Left green, center black, and right or-
ange bars are as described in Fig. 2. Previous analyses using
temperature-based lens reconstruction from Planck [26] and
SPT-SZ [22] are shown with boxes. The results of [26] are at
a nominal wavelength of 550µm, which we scale to 500µm
with a factor of 1.22 [37]. The dashed black curve gives our
fiducial model for CCIB-�

l as described in the text.

a value of unity for the fiducial cosmology+CIB model
(analogous to the analyses of [38, 39] for the TT⇥ bis-
pectrum). This estimator can be written as a weighted
sum over either of the two cross-spectra already dis-
cussed. Use of Â removes an arbitrary choice between
the “lensing” or “B-mode” perspectives, as both are sim-
ply collapsed faces of the EB⇥ bispectrum. Relative to
our fiducial model, we measure a bispectrum amplitude
Â = 1.092± 0.141, non-zero at approximately 7.7�.
We have tested that this result is insensitive to analy-

sis choices. Replacement of the B modes obtained using
the baseline Wiener filter with those determined using
the ⇤B estimator causes a shift of 0.2�. Our standard
B-mode estimate incorporates a mask to exclude bright
point sources, while the ⇤B estimate does not. The good
agreement between them indicates the insensitivity of po-
larization lensing measurements to point-source contam-
ination. If we change the scan direction cut from lx<400
to 200 or 600, the measured amplitude shifts are less
than 1.2�, consistent with the root-mean-squared (RMS)
shifts seen in simulations. If we repeat the analysis with-
out correcting for I ⇥ Q,U leakage, the measured ampli-
tude shifts by less than 0.1�. A similar shift is found if
we rotate the map polarization vectors by one degree to
mimic an error in the average PSB angle.

We have produced estimates of B̂lens using alterna-
tive estimators of E. When we replace the E modes
measured at 150GHz with those measured at 95GHz,
we measure an amplitude Â = 1.225± 0.164, indicating

Hanson et al. (2013)

2

E-mode anisotropies. Because of this, B modes are of
great interest as a clean probe of two more subtle sig-
nals: (1) primordial tensor perturbations in the early
Universe [4, 5], the measurement of which would provide
a unique probe of the energy scale of inflation; and (2)
gravitational lensing, which generates a distinctive non-
Gaussian B-mode signal [6] that can be used to measure
the projected mass distribution and constrain cosmolog-
ical parameters such as the sum of neutrino masses (for
a review, see [7]).

Previous experiments have placed upper limits on the
B-mode polarization anisotropy [8–11]. In this letter we
present the first detection of B modes sourced by grav-
itational lensing, using first-season data from SPTpol,
the polarization-sensitive receiver on the South Pole Tele-
scope.

Gravitational lensing remaps the observed position of
CMB anisotropies as n̂ ⌅ n̂+⇧⇥(n̂), where ⇥ is the CMB
lensing potential [12]. This remapping mixes some of the
(relatively) large E-mode signal into B. The induced B

mode at Fourier wavevector ⇤lB is given to first order in
⇥ as [13]

Blens(⇤lB) =

Z
d2 ⇤lE

Z
d2⇤l�W

�(⇤lE , ⇤lB ,⇤l�)E(⇤lE)⇥(⇤l�),

(1)
where the weight function W� specifies the mixing. In
this letter, we use measurements of E and ⇥ to synthe-
size an estimate for the lensing contribution, which we
cross-correlate with measured B modes. Using maps of
the cosmic infrared background measured by Herschel -
SPIRE to estimate ⇥, and measurements of the E- and
B-mode polarization from SPTpol, we detect the lensing
signal at 7.7� significance.

CMB Data: The South Pole Telescope (SPT) [14]
is a 10-meter telescope located at the geographic South
Pole. Here we use data from SPTpol, a polarization-
sensitive receiver installed on the telescope in January
2012. SPTpol consists of two arrays of polarization-
sensitive bolometers (PSBs): 1176PSBs that observe at
150GHz, and 360PSBs that observe at 95GHz. The
instrument and its performance are described in [15–18].
The observation strategy, calibration, and data reduction
for SPTpol data are similar to those used for the SPT-SZ
survey, described in [19]. Here we briefly summarize the
important points.

We calibrate the PSB polarization sensitivities with
observations of a ground-based thermal source behind a
polarizing grid. This allows us to measure the polariza-
tion angle of individual PSBs with < 2o statistical un-
certainty and the average angle of all PSBs with < 0.1o

statistical uncertainty. We estimate systematic uncer-
tainty on the average angle to be <1o (1.5o) at 150GHz
(95GHz).

Between March and November 2012, we used SPTpol
to observe a 100 deg2 region of low-foreground sky, be-

tween 23h and 24h in right ascension and �50 and
�60 degrees in declination. We process the SPTpol
data by “observations”, which are half-hour periods in
which the telescope scans half of the field. Each observa-
tion is recorded as time-ordered data (TOD) from each
PSB, in azimuthal scans separated by steps in elevation.
For each scan, we apply a low-pass anti-aliasing filter as
well as a high-pass 4th-order polynomial subtraction to
remove large-scale atmospheric fluctuations. This sup-
presses modes along the scan direction, which we account
for with a two-dimensional transfer function measured
from simulations of the filtering process.
In each observation, we drop PSBs with cuts based on

noise level during the observation, response to elevation-
dependent atmospheric power, and response to an in-
ternal thermal calibration source. Typical observations
include ⇤800 PSBs (⇤230 PSBs) at 150GHz (95GHz).
We cut scans for PSBs with glitches (caused, for exam-
ple, by cosmic ray hits). In typical 150GHz (95GHz)
observations, we lose ⇤ 1% (⇤ 4%) of the data due to
glitch removal.
Data from each PSB are accumulated into maps of

the I, Q, and U Stokes parameters using measured po-
larization angles and polarization e⇥ciencies. We weight
the TOD for each PSB in a scan by the inverse of the
variance along the scan direction between 1Hz and 3Hz
(1300 . lx . 3900 for the telescope scan speed of 0.28
degrees per second). We make maps using the oblique
Lambert azimuthal equal-area projection [20] with square
2�⇥2� pixels. This projection preserves area on the sky
but introduces small distortions in angle; we account for
these distortions by rotating the Q and U components to
maintain a consistent angular coordinate system across
the map. For each observation we form a noise map
from the di�erence of left- and right-going scans, cut-
ting observations which are outliers in metrics such as
overall variance. This cut removes ⇤ 8% (⇤ 9%) of the
150GHz (95GHz) data. Finally, we add the individual
observations together to produce full-season maps, with
polarization noise levels of approximately 10µK-arcmin
at 150GHz and 25µK-arcmin at 95GHz.
Inaccuracy in PSB gain measurements can cause direct

leakage of the CMB temperature into polarization, which
we fit for using the cross-spectra of I with Q and U. We
find < 2% leakage at both 150GHz and 95GHz, which
we correct for by subtracting appropriate fractions of I
from Q and U. We show below that this correction is
unimportant for our final results.
We calibrate the overall amplitude of the SPTpol maps

to better than 1% in temperature by cross-correlating
with SPT-SZ temperature maps over the same region
of sky. The SPT-SZ maps are calibrated by comparing
to the Planck surveyor 143 GHz maps [21] over the full
2500 deg2 SPT-SZ survey region.
CIB Data: We use maps of the cosmic infrared back-

ground (CIB) [22] obtained from the SPIRE instrument

Planck Collaboration: Gravitational lensing by large-scale structures with Planck

2009)

Blens
⌅BmB
=
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⌅
W⇥EB
⌅E⌅BLE⌅EmE⇥LM , (7)

where W⇥EB
⌅E⌅BL is a weight function and the bracketed term is a

Wigner-3 j symbol. On scales ⌅B <⌅ 1000 the lensing B-mode
power spectrum resembles that of white noise, with a level of
about 5 µK arcmin. This lensing power acts as a potential source
of confusion for the measurement of primordial B-modes, which
can be estimated and ultimately removed in a process of delens-
ing. Given an estimate for the lensing potential ⇥ and the E-mode
polarization measured by Planck we can synthesize a lensed B-
mode map for this purpose using Eq. (7). The 5 µK arcmin level
of the lensing B-mode power spectrum is an order of magnitude
lower than the Planck 2015 noise levels, and so delensing does
not significantly improve our B-mode measurements; however,
the cross-correlation of the lensing B-mode template with the
observed B-mode sky provides a useful check on the ability of
Planck to measure this known source of B-modes.

We show the results of such a cross-correlation in Fig. 4,
finding good agreement with the expected lensing B-mode
power spectrum. In addition to our fiducial MV lensing potential
estimate, which uses both temperature and polarization data, we
have also estimated the lensing B-mode power spectrum using
the TT -only lensing estimator to measure ⇥, as well as the CIB
fluctuations measured by the 545 GHz Planck channel.† We see
good agreement in all cases with the expected power; constrain-
ing the overall amplitude of the lensing B-mode power spectrum
ÂB (relative to the predicted spectrum in our fiducial model) for
a large bin from 8 ⇤ ⌅B ⇤ 2048 we measure amplitudes of

ÂB
8⌃2048 = 0.93 ± 0.08 (⇥MV),

ÂB
8⌃2048 = 0.95 ± 0.09 (⇥TT ),

ÂB
8⌃2048 = 0.93 ± 0.10 (CIB)

for the three estimates, each corresponding to a roughly 10� de-
tection of lensing B-mode power in the Planck data. The shape of
the cross-correlation is also in good agreement with expectation.
Taking the bins in Fig. 4 as independent, forming a ⇤2 relative
to the theory model and comparing to the distribution from sim-
ulations we obtain probability-to-exceed (PTE) values of 48%,
71%, and 78% using the MV, TT , and CIB lensing estimates,
respectively.

3.3. Lensing-ISW bispectrum

As photons travel towards us from the last scattering surface,
they are not only deflected by gravitational lensing, they also re-
ceive net red/blueshifts from gravitational potentials that evolve
if they are crossed at late times. This phenomenon, known as
the integrated Sachs-Wolfe (ISW) e�ect, is believed to gen-
erate anisotropies in the observed CMB temperature on large
(⌅ � 100) angular scales. It is of particular interest because the
decay of gravitational potentials, which produces the ISW e�ect,
does not occur during matter domination, but only at redshifts
z � 2 when dark energy becomes dynamically important. The
ISW e�ect can be detected statistically by cross-correlating the
observed temperature anisotropies with a tracer of structure at
† To calculate the scaling between the CIB map and the lensing po-

tential ⇥, we model the CIB using the simple model of Hall et al. (2010)
for its redshift and frequency dependence. Further details are given in
Appendix D.
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Fig. 4 Measurement of the lensing B-mode power spectrum, us-
ing cross-correlation with estimates of the lensing potential as
discussed in Sect. 3.2. The theoretical lensing B-mode power
spectrum, for the parameters of the fiducial cosmological model
of Sect. 2, is plotted as dashed black. Green squares and blue
triangles are results using the TT and MV ⇥ reconstructions, re-
spectively, to construct the lens-induced B-mode template, while
red circles use the CIB (from the Planck 545 GHz channel) to
construct a proxy for ⇥. Lensing B-mode power is detected with
the expected scale dependence and amplitude at a significance
level of approximately 10�.

these redshifts. Here we use the lensing potential, which is well-
matched to the ISW e�ect (Hu 2002). Current Planck results
incorporating additional external tracers of large-scale structure
are summarized in Planck Collaboration XXI (2015).

In Fig. 5 we plot the cross-correlation CT⇥
L between the

MV lens reconstruction and the CMB temperature. This cross-
correlation probes the bispectrum, or three-point correlation
function of the CMB, which is due to the correlation of the lens-
ing and ISW e�ects. The measurement is noisy, due to a com-
bination of noise in the lens reconstruction and cosmic variance
in the temperature (which ultimately limits the detection of the
lensing-ISW bispectrum to about 9�; Lewis et al. 2011).

To determine the overall detection significance for the cross-
correlation, we use the minimum-variance bispectrum estimator

ÂT⇥ =
1

NT⇥

↵

LM

CT⇥, fid
L

fsky

⇥̂LM

(C⇥⇥, fid
L + N⇥⇥L )

T ⇥LM

CTT, fid
L

, (8)

where NT⇥ is a normalization determined from simulations.‡ For
the MV lens reconstruction, using 8 ⇤ L ⇤ 100 we measure an
amplitude

ÂT⇥
8⌃100 = 0.90 ± 0.28 (MV) , (9)

which is consistent with the theoretical expectation of unity and
non-zero at just over 3�. Using the TT -only lensing estimate
rather than the MV lensing estimate in the cross-correlation, we
obtain

ÂT⇥
8⌃100 = 0.68 ± 0.32 (TT ) . (10)

‡ We find NT⇥ is within 4% of the analytical expectation

NT⇥ ⇧
⇧
     ⌥
↵

L

(2L + 1)
�
CT⇥, fid

L

⇥2 1
C⇥⇥, fid

L + N⇥⇥L

1
CTT, fid

L

⌃
⌦⌦⌦⌦⌦� .
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Lensing reconstruction with polarization data
• Clean reconstruction of the deflection field from CMB polarization

• Detection of lensing of CMB polarization from CMB alone
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I. INTRODUCTION

As Cosmic Microwave Background (CMB) photons
traverse the Universe, their paths are gravitationally de-
flected by large-scale structures. This gravitational lens-
ing of the CMB can be used to reconstruct maps of the in-
tegrated deflections from density fluctuations in the Uni-
verse, and the growth of structure. Gravitational lensing
of the CMB has been detected in the CMB tempera-
ture anisotropy in several ways: in the smoothing of the
acoustic peaks of the temperature power spectrum [1–3],
in cross-correlations with tracers of the large-scale mat-
ter distribution [4–10], and in the four-point correlation
function of CMB temperature maps [11–14]. Measur-
ing CMB polarization anisotropy will enable much higher
signal-to-noise lensing maps, thus improving the recon-
struction of the projected mass distribution. However,
this measurement is challenging due to the faintness of
the polarized signal.
The South Pole Telescope (SPT) collaboration recently

reported a detection of lensed polarization using the
cross-correlation between maps of CMB polarization and
sub-mm maps of galaxies from Herschel/SPIRE [15]. A
companion paper has confirmed these results using Po-

larbear data [16]. This cross-correlation is immune to
several instrumental systematic effects, but it is only sen-
sitive to a fraction of the redshift range over which CMB
photons are deflected. Furthermore, the cosmological in-
terpretation of this measurement requires assumptions
about the relation of sub-mm galaxies to the underlying
mass distribution [17].
In this Letter, we present the direct detection of gravi-

tational lensing of the polarized CMB using data from the
Polarbear experiment. We present power spectra of
the lensing deflection field for two four-point estimators
using only CMB polarization data, and tests for spurious
systematic contamination of these estimators. We com-
bine the two estimators to increase the signal-to-noise of
the lensing detection.

II. CMB LENSING

Gravitational lensing affects CMB polarization by de-
flecting photon trajectories from a direction on the sky
n + d(n) to a new direction n. In the flat-sky approxi-
mation, this implies that the lensed and unlensed Stokes
parameters are related by

(Q± iU)(n) = (Q̃± iŨ)(n+ d(n)), (1)

where Q̃ or Ũ denotes a primordial Gaussian CMB po-
larization map, Q and U are the observed Stokes pa-
rameters, and d(n) is the lensing deflection field. CMB
polarization defined in Eq. (1) is rotation-invariant and
can be decomposed into electric- (E-) and magnetic-like
(B-) modes [18].
Taylor expanding Eq. (1) to first order in the deflection

angle reveals that the off-diagonal elements of the two-

point correlation functions of E- and B-modes are propor-
tional to the lensing deflection field, d(n). Quadratic es-
timators take advantage of this feature to measure CMB
lensing [19–21]. The two lensing quadratic estimators for
CMB polarization are:

dEE(L) =
AEE(L)

L

!
d2l

(2π)2
E(l)E(l′)

C̃EE
l L · l

CEE
l CEE

l′
cos 2φll′ ,

(2)
and

dEB(L) =
AEB(L)

L

!
d2l

(2π)2
E(l)B(l′)

C̃EE
l L · l

CEE
l CBB

l′
sin 2φll′ .

(3)
In Eqs. (2, 3), l, l′, and L are coordinates in Fourier
space with L = l + l′. The angular separation between
l and l′ is φll′ , C̃EE

l is the theoretical primordial power
spectrum, CEE

l and CBB
l are theoretical lensed power

spectra. The estimators are normalized by AEE(L) and
AEB(L) so that they recover the input deflection power
spectrum [21].
The power spectrum of these estimators is:

⟨dα(L)d
∗

β(L
′)⟩ = (2π)2δ(L− L

′)(Cdd
L +N (0)

αβ (L) (4)

+ higher-order terms).

Here, α and β are chosen from {EE,EB}, however we do
not use α = β = EE as our focus is on the most direct
probe of CMB lensing represented by the conversion of E -
to-B patterns. The four-point correlation function takes
advantage of the fact that gravitational lensing converts
Gaussian primary anisotropy to a non-Gaussian lensed
anisotropy. When calculating this non-Gaussian signal,
however, there is a “Gaussian bias” term N (0) in the
four-point correlation that has to be subtracted. The
Gaussian bias is zero when α ̸= β (i.e., ⟨dEE(L)d∗EB(L

′)⟩)
because ⟨E(l)B(l′)⟩=0 under the assumption of parity
invariance. However, the Gaussian bias is much larger
than the lensing power spectrum in the α = β case. The
Gaussian bias can be estimated, and removed, in several
ways [11, 13, 14]; the approach used in this Letter is
described in the Data Analysis section.

III. OBSERVATIONS AND CALIBRATION

The Polarbear experiment on the Huan Tran Tele-
scope is located at the James Ax Observatory in North-
ern Chile on Cerro Toco at West longitude 67◦47′10.4′′,
South latitude 22◦57′29.0′′, at elevation of 5.20 km. The
details of the instrument are described in Kermish et
al. [22]. The 1,274 polarization-sensitive transition-edge
sensor bolometers are sensitive to a spectral band cen-
tered at 148 GHz with 26% fractional bandwidth [23].
The 3.5 meter aperture of the telescope primary mir-
ror produces a beam with a 3.5′ full width at half
maximum (FWHM). Three approximately 3◦ × 3◦ fields
centered at right ascension and declination (23h02m,
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scope is located at the James Ax Observatory in North-
ern Chile on Cerro Toco at West longitude 67◦47′10.4′′,
South latitude 22◦57′29.0′′, at elevation of 5.20 km. The
details of the instrument are described in Kermish et
al. [22]. The 1,274 polarization-sensitive transition-edge
sensor bolometers are sensitive to a spectral band cen-
tered at 148 GHz with 26% fractional bandwidth [23].
The 3.5 meter aperture of the telescope primary mir-
ror produces a beam with a 3.5′ full width at half
maximum (FWHM). Three approximately 3◦ × 3◦ fields
centered at right ascension and declination (23h02m,

trative purposes, we use a flat! cold dark matter cosmology
throughout with parameters "c ¼ 0:3, "b ¼ 0:05,
"! ¼ 0:65, h ¼ 0:65, n ¼ 1, !H ¼ 4:2" 10#5 and no gravita-
tional waves.

2. LENSING

Weak lensing by the large-scale structure of the universe
remaps the primary temperature field #ðn̂nÞ ¼ DTðn̂nÞ=T and
dimensionless Stokes parameters Qðn̂nÞ and Uðn̂nÞ as (Blan-
chard & Schneider 1987; Bernardeau 1997; Zaldarriaga &
Seljak 1998)

#ðn̂nÞ ¼ ~##ðn̂nþ dðn̂nÞÞ ;

ðQ' iUÞðn̂nÞ ¼ ~ðQðQ' i ~UUÞ½n̂nþ dðn̂nÞ) ; ð1Þ

where n̂n is the direction on the sky, tildes denote the
unlensed field, and dðn̂nÞ is the deflection angle. It is related
to the line-of-sight projection of the gravitational potential
$ðx;DÞ as d ¼

D

",

"ðn̂nÞ ¼ #2

Z
dD

ðDs #DÞ
DDs

$ðDn̂n;DÞ ; ð2Þ

where D is the comoving distance along the line of sight in
the assumed flat cosmology and Ds denotes the distance to
the last-scattering surface. In the fiducial cosmology the rms
deflection is 2<6 but its coherence is several degrees.

We will work mainly in harmonic space and consider suf-
ficiently small sections of the sky such that spherical har-
monic moments of order ðl;mÞ may be replaced by plane
waves of wavevector l. The all-sky generalization will be
presented in a separate work (T. Okamoto & W. Hu 2002,
in preparation). In this case, the temperature, polarization,
and potential fields may be decomposed as

#ðn̂nÞ ¼
Z

d2l

ð2#Þ2
#ðlÞeil x n̂n ;

ðQ' iUÞðn̂nÞ ¼ #
Z

d2l

ð2#Þ2
½EðlÞ ' iBðlÞ)e'2i’l eil x n̂n ;

"ðn̂nÞ ¼
Z

d2L

ð2#Þ2
"ðLÞeiL x n̂n ; ð3Þ

where ’l ¼ cos#1ðx̂x x l̂lÞ. Lensing changes the Fourier
moments by (Hu 2000b)

!#ðlÞ ¼
Z

d2l0

ð2#Þ2
~##ðl 0ÞWðl 0;LÞ ;

!EðlÞ ¼
Z

d2l0

ð2#Þ2
h
~EEðl 0Þ cos 2’l 0l # ~BBðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

!BðlÞ ¼
Z

d2l0

ð2#Þ2
h
~BBðl 0Þ cos 2’l 0l þ ~EEðl 0Þ sin 2’l 0l

i
Wðl 0;LÞ ;

ð4Þ

where ’l 0l * ’l 0 # ’l , L ¼ l # l 0, and

Wðl;LÞ ¼ #½l xL)"ðLÞ : ð5Þ

Here !# ¼ ## ~## for example. In Figure 1, we show a toy
example of the effect of lensing on the temperature and
polarization fields (see also Benabed et al. 2001). The effect
on the E-polarization is similar to that of the temperature

and reflects the fact that cos 2’l 0l + 1 for L5 l, where the
lens is smooth compared with the field. Even in the absence
of an unlensed B-polarization, lensing will generate it. The
lensing structure differs since sin 2’l 0l + 0 for L5 l. This
fact will ultimately lead to a different range in L of sensitiv-
ity to " from the various fields.

Since the unlensed fields and potential perturbations are
assumed to be Gaussian and statistically isotropic, the stat-
istical properties of the lensed fields may be completely
defined by the unlensed power spectra

h~xx,ðlÞ~xxðl 0Þi * ð2#Þ2!ðl # l 0Þ~CCxx0

l ;

h",ðLÞ"ðL0Þi * ð2#Þ2!ðL# L0ÞL#2Cdd
L ;

where x ¼ #, E, B and we have chosen to express the poten-
tial power spectrum with a weighting appropriate for the
deflection field dðn̂nÞ. Under the assumption of parity
invariance

~CC#B
l ¼ ~CCEB

l ¼ 0 ; ð6Þ

and in the absence of gravitational waves and vorticity
~CCBB
l ¼ 0. The peak in the logarithmic power spectrum

L2Cdd
L =2# at L - 30 40 defines the degree-scale coherence

of the deflection angles.
Finally, we define the power spectra of the observed tem-

perature and polarization fields as

hx,ðlÞxðl 0Þi * ð2#Þ2!ðl # l 0ÞCxx0

l ; ð7Þ

where the power spectra include all sources of variance to
the fields including detector noise and residual foreground
contamination added in quadrature. We will include Gaus-
sian random detector noise of the form (Knox 1995)

C##
l

!!!
noise

¼ TCMB

DT

" ##2

elðlþ1Þ$2=8 ln 2 ;

CEE
l

!!!
noise

¼ CBB
l

!!!
noise

¼ TCMB

DP

" ##2

elðlþ1Þ$2=8 ln 2 ; ð8Þ

where DT ;P parameterizes white detector noise, here in units
of lK rad, TCMB ¼ 2:728" 106 lK, and $ is the FWHM of
the beam. We will often assume DP ¼

ffiffiffi
2

p
DT as appropriate

for fully polarized detectors. In Figure 2, we compare the
signal and noise contributions to the total power spectra for
the Planck satellite experiment3 (minimum variance channel
weighting from Cooray & Hu 2000; DT + 27 lK arcmin,
DP + 40

ffiffiffi
2

p
lK arcmin, $ + 70) and a near-perfect reference

experiment (DT ¼ DP=
ffiffiffi
2

p
¼ 1 lK arcmin and $ ¼ 40). In

general, where the signal exceeds the noise power spectrum
of a field, there is sufficient signal-to-noise ratio for map-
ping. When this is not the case, a statistical detection of the
signal may still be possible. The Planck experiment is on the
threshold of being able to map the E-polarization. The
reference experiment can map all three fields to l - 2000.

3. MINIMUM VARIANCE ESTIMATORS

As can be seen from equation (5), lensing mixes and there-
fore correlates the Fourier modes across a range defined by

3 See http://astro.estec.esa.nl/Planck.
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POLARBEAR direct B-modes measurement 
• First evidence for B-modes power spectrum (ApJ 2014)  

• Polarization angle self-calibration from detected EB power (~1deg)
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Fig. 12.— Binned CBB
� spectrum measured using data from all three patches (⇥ 30 deg2). A theoretical wmap-9 ⇥CDM high-resolution

CBB
� spectrum with ABB= 1 is shown. The uncertainty shown for the band powers is the diagonal of the band power covariance matrix,

including beam covariance.

TABLE 8
Reported Polarbear band powers and the diagonal

elements of their covariance matrix

Central ⇥ ⇥ (⇥+ 1)CBB
� /2� [µK2] �{⇥ (⇥+ 1)CBB

� /2�} [µK2]
700 0.093 0.056

1100 0.149 0.117
1500 �0.317 0.236
1900 0.487 0.482

trum; including statistical uncertainty and beam covari-
ance, this PTE is 42%. Table 8 enumerates the band
powers reported here.
We fit the band powers to a �CDM cosmological

model with a single ABB amplitude parameter. We find
ABB = 1.12 ± 0.61(stat)+0.04

�0.10(sys) ± 0.07(multi), where
ABB = 1 is defined by the wmap-9 �CDM spectrum.
To calculate the lower bound on the additive uncertain-
ties on this number, we linearly add, in each band, the
upper bound band powers of all the additive systematic
e⇥ects discussed in Section 7, and the uncertainty in the
removal of E to B leakage. We then subtract this possi-
ble bias from the measured band powers, and calculate
ABB . This produces a lower ABB , and sets the lower
bound of the additive uncertainty. We then repeat the

process to measure the upper bound. The multiplicative
uncertainties are the quadrature sum of all the multi-
plicative uncertainties discussed in Section 7.
The measurement rejects the hypothesis of no CBB

�
from lensing with a confidence of 97.5%. This is calcu-
lated using the bias-subtracted band powers described
above (the most conservative values to use for rejecting
this null hypothesis), and integrating the likelihood of
ABB> 0. This significance is the equivalent of 2.0� for a
normal distribution.

9. SUMMARY & DISCUSSION

We have reported a measurement of the CMB’s B-
mode angular power spectrum, CBB

� , over the multipole
range 500 < ⇥ < 2100. This measurement is enabled by
the unprecedented combination of high angular resolu-
tion (3.5⇥) and low noise that characterizes the Polar-
bear CMB polarization observations.
To validate the Polarbear measurement of this faint

signal, we performed extensive tests for systematic er-
rors. We evaluated nine null tests and estimated twelve
sources of instrumental contamination using a detailed
instrument model, and found that all the systematic un-
certainties were small compared to the statistical uncer-
tainty in the measurement. To motivate comprehensive

97.5% c.l. B-modes 
measurement
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ABSTRACT

We report a measurement of the B-mode polarization power spectrum in the cosmic microwave
background (CMB) using the Polarbear experiment in Chile. The faint B-mode polarization signa-
ture carries information about the Universe’s entire history of gravitational structure formation, and
the cosmic inflation that may have occurred in the very early Universe. Our measurement covers the
angular multipole range 500 < ⇥ < 2100 and is based on observations of 30 deg2 with 3.5⇥ resolution
at 150GHz. On these angular scales, gravitational lensing of the CMB by intervening structure in
the Universe is expected to be the dominant source of B-mode polarization. Including both system-
atic and statistical uncertainties, the hypothesis of no B-mode polarization power from gravitational
lensing is rejected at 97.5% confidence – the equivalent of 2.0� for a normal distribution. The band
powers are consistent with the standard cosmological model. Fitting a single lensing amplitude pa-
rameter ABB to the measured band powers, ABB = 1.12 ± 0.61(stat)+0.04

�0.10(sys) ± 0.07(multi), where
ABB = 1 is the fiducial wmap-9 �CDM value. In this expression, “stat” refers to the statistical
uncertainty, “sys” to the systematic uncertainty associated with possible biases from the instrument
and astrophysical foregrounds, and “multi” to the calibration uncertainties that have a multiplicative
e⇥ect on the measured amplitude ABB .
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allowing a bias on r as large as ⇤ 1⇤r, only permits a
miscalibration level of . 12�.

Miscalibration of the instrument’s polarization an-
gle (pixel rotation) mixes polarization modes, leaking
E- into B-modes, thereby producing spurious B-mode
polarization [9, 19, 20]. Additionally, due to polariza-
tion mode-mixing, new TB and EB correlations are
generated. Since the standard cosmological model is
parity-even the TB and EB correlations identically
vanish. Therefore the TB and EB spectra can be used
to probe the miscalibration of the pixel rotation an-
gle. Furthermore, the miscalibration angle itself can
be quantified, then removed, resulting in an unbiased
measurement of B-mode polarization. This calibra-
tion procedure is accomplished during data acquisi-
tion, requiring no additional observing time. There-
fore it is referred to as “self-calibration”. Moreover,
since the calibration signal is the CMB itself, any con-
cerns that the detector response will behave nonlin-
early are eliminated.

It has been shown that miscalibration produces a
distinct signature in the (otherwise zero) ⌅EB⇧ and
⌅TB⇧ correlations. The amplitude of these “forbid-
den” correlations is proportional to the amount of mis-
calibration and, furthermore, it is known that several
other instrumental systematics can be detected using
these EB and TB correlations [18, 20]. This paper
uses these correlations to calibrate CMB polarimeters
to levels not achievable with laboratory or astrophys-
ical sources.

Polarization Map Making and Miscalibration: Fol-
lowing [6], the timestream data from a single polar-
ization sensitive detector, di, is written as

di = gi [T (p) + �i(Q(p) cos 2⌅i + U(p) sin 2⌅i)] , (1)

where gi is the flux calibration, or “gain” for the i-
th detector, T,Q,U are the beam-integrated CMB
Stokes parameters for the map pixel in direction p,
�i ⇥ (1� ⇥i)/(1+ ⇥i) is the polarization e⇥ciency fac-
tor, ⇥i is the polarization leakage for the i-th detector,
and ⌅i is the detector’s polarization orientation pro-
jected on the sky. The goal of mapmaking is to recover
T,Q,U from the detector timestreams.

The angle ⌅i is modeled as

⌅i = ⌅design +�⌅ , (2)

where ⌅design is the intended orientation of the de-
tector on the sky with respect to right ascension and
declination and �⌅ is the miscalibration of the detec-
tor. Figure 1 displays the coordinate system used for
a single polarization sensitive detector.

Calibration of the detector’s pixel rotation is one
of the most challenging tasks facing the experimen-
talists [11, 21]. A miscalibration of the detector’s po-
larization angle by an amount �⌅ rotates primordial

�

�

��

�i

FIG. 1: Coordinate system showing the relevant angles
from equation (2) for a single polarization sensitive detec-
tor. The horizontal and vertical axes are right accession
(�) and declination (⇥). For this detector ⇤design was in-
tended to be parallel to �.

Stokes parameters Q̃(n), and Ũ(n) into the observed
quantities:

Q(n)± iU(n) = e±2i��(Q̃(n)± iŨ(n)) . (3)

The measured Fourier modes, E(l) and B(l), written
in terms of the primordial modes Ẽ(l) and B̃(l), be-
come

E(l) = cos (2�⌅)Ẽ(l) + sin (2�⌅)B̃(l)

B(l) = � sin (2�⌅)Ẽ(l) + cos (2�⌅)B̃(l) . (4)

The above equations show that pixel rotation mod-
ifies the power spectra of E(l) and B(l) and generates
spurious correlation between E(l) and B(l) and be-
tween T (l) and B(l), modifying the observed power
spectra as follows:

CTE
⇥ = cos (2�⌅)C̃TE

⇥

CEE
⇥ = sin2 (2�⌅)C̃BB

⇥ + cos2 (2�⌅)C̃EE
⇥

CEB
⇥ =

1

2
sin (4�⌅)(C̃BB

⇥ � C̃EE
⇥ )

CTB
⇥ = � sin (2�⌅)C̃TE

⇥

CBB
⇥ = cos2 (2�⌅)C̃BB

⇥ + sin2 (2�⌅)C̃EE
⇥ . (5)

Here, and throughout, tildes represent primordial
quantities. From Eq. 5 it is clear that pixel rota-
tion generates spurious B-modes in the absence of
primordial B-modes. Calibration of the pixel rotation
involves finding �⌅ for the detector system and re-
moving it from the data prior to map making (Eq. 1).
This procedure will recover the unrotated, primordial
CMB polarization spectra.

POLARBEAR collaboration 2014
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Cosmological constraints with B-modes
• Constraints on inflationary magnetogenesis: 

compatible with lower r and blue tensor spectra 

• Cosmic defects / vector plus tensor modes can explain 
data but rule out local strings

• Alternatives to inflation can be tightly constrained:

• string gas cosmology with blue tensor spectrum

• slow roll or null energy condition violation etc....
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values of r can be consistent with the production of cosmic
strings.
The main reason cosmic strings struggle to provide a

good fit to the BICEP2 data is the presence of B-mode
power on smaller angular scales. This power could be
suppressed if strings were to form not after but during
inflation [76,77]. Such strings could remain far separated
and prevented from reaching a scaling solution until the
onset of decoupling (this idea was pointed out to us by Alex
Vilenkin). A related scenario was recently discussed in
Ref. [78] as a way of eliminating the presence of loops
during the radiation era and, thus, evading the tight pulsar
bounds on cosmic strings. There may be an impetus for
investigating such models further in the context of string-
sourced B modes.
To summarize, we have shown that the B-mode spectra

measured by BICEP2 and POLARBEAR are consistent
with a contribution from vector modes sourced by cosmic
strings. Working with the USM model allowed us to scan
over a wide range of scaling defect models parametrized by
the effective density parameter ξ and the rms velocity v. In
order for strings to provide a satisfactory fit to the data on
their own, the ξ parameter needs to be extremely large, well
beyond values typical for local strings. The string spectra
that fit the data best are more representative of global
strings and textures.
When the string contribution is considered together with

the inflationary B-mode spectrum, they improve the overall
fit. This is primarily because the string contribution allows
the model to pass through the data points at l > 150. The
best-fit USM model in this case is consistent with B-mode
spectra from simulations of local strings.
In both cases, with and without the inflationary con-

tribution, the best fit for f10 is close to but still below the
bound set by Planck based on fits to the CMB temperature

spectra. Thus, we expect that a joint fit that included the
Planck data would not significantly change the conclusions
of this Letter. Such a fit must be performed in the future
when more data become available.
We have argued that detectable B modes can be

produced by cosmic defects. Other interesting possibilities
include phase transitions [75] and primordial magnetic
fields [79,80]. Thus, BICEP2 results are exciting not only
because of the potential discovery of the signal from
inflationary gravity waves but also because they have
pioneered the era of precision B-mode science—a new
frontier for testing fundamental physics with cosmology.

We acknowledge helpful discussions with Richard
Battye, Ed Copeland, Antony Lewis, Carlos Martins,
Dani Steer, Henry Tye, Tanmay Vachaspati, Alex
Vilenkin, Ira Wasserman, and Mark Wyman. We specially
thank Antony Lewis for help with the likelihood code.
L. P. is supported by an NSERC Discover Grant. A. M. is
supported by STFC.
Note added.—While this paper was in preparation, a

related short paper was posted on arXiv.org [81] comment-
ing on similar ideas. Our work provides quantitative
answers to some of the questions posed in Ref. [81].
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FIG. 3 (color online). The marginalized joint likelihood for the
tensor-to-scalar ratio r and the strength of the string contribution
f10. The two different shades indicate the 68% and 95%
confidence regions. The vertical dashed line indicates the
approximate bound on f10 from Planck.
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FIG. 3. Contour plots of r0.01 vs nT to fit against the data. Left panel: fit the data of the BICEP2 and POLARBEAR. The
green region is excluded by POLARBEAR. Right panel: fit the first five data bins of BICEP2 and the others are upper bound.
The pivot scale is chosen as k = 0.01Mpc�1, which is approximately the same scale as the BICEP2 detection is made.

FIG. 4. �2 is a function of r and of nT , which fits the data of BICEP2 and POLARBEAR with the pivot scale 0.01 Mpc.

deficit of power at l ⇥ 40, of 5% ⇤ 10%. If the tensor mode contributes to TT more at larger l (i.e. blue tilt), it
helps to resolve the missing power anomaly.

• It is conventionally believed that the POLARBEAR detection of B-modes (and earlier, the cross correlation
detected by SPTpol [16]) comes from lensing. This is true only if the tensor spectrum is not very blue. When
nT � 2.5, the primordial gravitational waves dominate over lensing at high l. Thus on the one hand, if nT is
indeed very blue, the detection from SPTpol and POLARBEAR may include considerable amount of primordial
gravitational waves contribution; and on the other hand, those experiments puts tight constraint on nT � 2.5.
To see this explicitly, the exclusion curve from POLARBEAR is plotted in the left panel of Fig. 3. It remains
interesting to see if the SPTpol cross correlation puts similar or tighter bound on nT.

• Although the current bound on nT is far from testing the consistency relation of inflation, it is already informative
to disfavor scenarios with very blue or red spectrum. For example, a sharp pulse of gravitational waves with
rapid decaying tail towards both ends (nT < �1.5 or nT > 2.0) are disfavored by the current data.

• Very blue tensor tilt cannot last long. Assuming the running of nT is not significant, then for nT = 1, it takes
about 23 e-folds to bring the tensor mode to be non-perturbative (Ph ⇤ 1). Those non-perturbative tensor modes

Wang & Xue 
2014

the inflationary prediction at all multipoles. On the other
hand, for smaller values of T! (M2 and especially M3),
the contribution from the vector mode is enhanced,
leading to an increase of the signal at high multipoles.
The plots show that magnetic fields (M1) and (M2) can
mimic the r≃ 0.2 inflationary prediction very well and
are also compatible with the POLARBEAR data at
subdegree scales. Moreover, because of the slightly blue
spectrum of the magnetic passive tensor mode nT ¼ 0.2
and due to the fact that the magnetic compensated vector
mode contributes in a negligible way to the temperature,
the magnetic field contribution is compatible with the
temperature spectrum measured by Planck. Note that a
bluer magnetic field with, e.g., nB ¼ −2.8 would still fit
the polarization data well, while reducing even more the
contribution to the temperature spectrum. We defer a full
Markov chain Monte Carlo analysis of the magnetic field
parameters to subsequent work.
In principle, the BICEP2 data can be explained via

magnetic fields, with inflation producing negligible
tensor modes and, thus, avoiding tension with Planck
and problems for inflationary model building.
Constraints from non-Gaussianity.—If the magnetic

field distribution is Gaussian, its energy momentum tensor
is the square of a Gaussian and its non-Gaussianity is
mainly of the local type. The Planck constraints [17] on the
bispectrum then imply B1 ≲ 2–3 nG [18]. The amplitude
B1 (or the prefactor F) needed to reproduce the B
polarization observed by BICEP2 is just small enough
not to spoil the bispectrum constraint from Planck. On the
other hand, stronger constraints have recently been shown
to arise from the trispectrum [19]. In particular, the passive
scalar mode leads to the strongest constraint: B1 ≲ 0.9 nG
for nB ¼ −2.8 and T! ¼ 1014 GeV, which corresponds to
B1 ≲ 1.2 nG for nB ¼ −2.9 [see Eq. (48) in Ref. [19]]. The
amplitude of the magnetic field needed to reproduce
the BICEP2 data therefore generates a slightly too large

trispectrum in the CMB, if one assumes that the magnetic
field itself is Gaussian (the above constraints assume
Gaussianity of the magnetic field). Note, however, that
the magnetic field contribution to the trispectrum has been
calculated in Ref. [19] for a limited number of shapes only
and that a full calculation may slightly soften the 1.2 nG
bound due to possible cancellations between the different
shapes [13].
To evade the constraintB1 ≲ 1.2 nG, we could try to build

inflationary magnetogenesis models with non-Gaussian
magnetic fields whose trispectra are suppressed with respect
to the Gaussian case. Even though a logical possibility, this
seems to be an artificial and unnatural alternative to the high-r
inflationary tensor modes. Instead, we can use a reduced
contribution frommagnetic fields that is consistent with non-
Gaussianity bounds. This will take some pressure off the
inflationary tensor modes, reducing the r value needed to
match the data. In Fig. 3, we give an example to show that
r ¼ 0.09 can be achieved by adding magnetic fields whose
bi- and trispectra are consistent with current bounds and
including a small amount of dust, ½lðlþ 1ÞCBB

l =2π'dust≃
0.0025ðμKÞ2. Note that this combination of a primordial
tensor mode and a magnetic mode also respects the Planck
bound from temperature anisotropies of r < 0.11.
Conclusions.—B modes from magnetic fields can repro-

duce the BICEP2 results with no contribution from infla-
tionary gravitational waves, i.e., with r≃ 0. This requires,
however, that the fields are generated during inflation with
non-Gaussian statistics, in such a way that their energy-
momentum tensor is nearly Gaussian. As far as we are
aware, no specific mechanism to produce such fields has
been proposed in the literature so far.
If Gaussian magnetic fields are generated during infla-

tion, then the non-Gaussianity induced by the fields that are
required to replace the r≃ 0.2 tensor mode, are in tension
with the trispectrum limits from Planck [19].
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FIG. 3 (color online). The B mode from lensed scalars plus a
primordial tensor spectrum with r ¼ 0.09 at kλ ¼ 0.002 Mpc−1,
a magnetic field with nB ¼ −2.9 and B1 ¼ 1.2 nG, and a dust
contribution of 0.0025ðμKÞ2. The sum of the primordial and the
magnetic contributions effectively reproduces the value r ¼ 0.16
cited in Ref. [1] after dust removal.
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FIG. 2 (color online). The B-mode polarization spectrum, i.e.,
the sum of the scalar lensing B mode with the magnetic modes in
cases (M1), (M2), and (M3) (as in Fig. 1). Data points are from
BICEP2 (circles) and POLARBEAR (squares) (the triangle
denotes an upper limit).
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We show below that the combination of compensated
and passive modes from a magnetic field alone can
reproduce very well the BICEP2 result without invoking
primordial tensor modes (i.e., taking r to be negligible).
However, if we require that the initial magnetic field be
Gaussian, then limits on non-Gaussianity are in tension
with a pure magnetic field solution. On the other hand, the
inclusion of a weaker magnetic field, consistent with non-
Gaussianity bounds, can reduce the required inflationary
tensor contribution to r≃ 0.09, thus removing the present
tension with temperature data from Planck.
Magnetic modes and B polarization.—We consider a

magnetic field generated during inflation, which is nearly
scale invariant nB ¼ −2.9. Such a field produces both
“compensated” and “passive” modes. The first type is an
isocurvature mode, compensated by free-streaming neutri-
nos after they decouple, and it is sourced until late times.
The passive mode, which is adiabatic, is no longer sourced
after neutrino decoupling, and its amplitude depends log-
arithmically on the scale of generation [10,11]. The infla-
tionary andmagnetic passivemodes in general have a higher
amplitude than the magnetic compensated mode. A third
“acausal” (inflationary) magnetic mode discovered by the
authors of Ref. [12] is always scale invariant and, for
nB ¼ −2.9, has the same characteristics as the passive
mode. We, therefore, do not discuss it separately in the
following—it can simply be added to the passive mode,
enhancing the prefactor F in Eq. (2) below (see however
comment [13]).
The passive magnetic mode mimics an inflationary

spectrum with scalar spectral index nS ¼ 2nB þ 7 and
tensor index nT ¼ 2nB þ 6. It can only be distinguished
from an inflationary spectrum via higher-order correlators
(bi- and trispectrum). We can characterize the passive mode
by its curvature perturbation,

PζBðkÞ ¼ Apðk=kλÞ2nBþ6; (1)

Ap ¼ 1.87 × 10−13

Γ2ðnB=2þ 3=2Þ

!
kλ

1Mpc−1

"
2nBþ6

F
#
B1

1 nG

$
4

; (2)

F ¼½logðT&=TνÞ þ 1=2'2; (3)

and the compensated mode by the density fluctuation that it
induces,

PδB ¼ Acðk=kλÞ2nBþ6; (4)

Ac ¼
1.71 × 10−13

Γ2ðnB=2þ 3=2Þ

!
kλ

1Mpc−1

"
2nBþ6

#
B1

1 nG

$
4

; (5)

where T& is the energy scale at which the field started to
evolve freely in the radiation-dominated era, e.g., after
reheating, and Tν ≃MeV is the scale of neutrino decou-
pling. More details are found in Refs. [10,11].

We consider three magnetic cases

ðM1Þ B1 ¼ 1.83 nG; T& ¼ 1014 GeV; (6)

ðM2Þ B1 ¼ 3.04 nG; T& ¼ 103 GeV; (7)

ðM3Þ B1 ¼ 5.5 nG; T& ¼ 57 MeV: (8)

Here, B1 is the amplitude of the magnetic field today at
the scale 1 Mpc. The case (M3) has been included as an
illustration with a large contribution from the compensated
mode and has a nonrealistic value of T&.
In Fig. 1, we compare the contribution of a primordial

magnetic field to the temperature spectra (calculated with
the modified CAMB code of Ref. [10]) with the contribution
of a primordial tensor mode with r ¼ 0.11 and with r ¼ 0.2
at the pivot scale kλ ¼ 0.002 Mpc−1. The three magnetic
models (M1—M3) make a contribution that is just at the
edge of what is allowed by Planck temperature measure-
ments, r < 0.11, and well below the contribution from a
primordial tensor with r ¼ 0.2 [14].
Figure 2 shows a fit to the BICEP2 and POLARBEAR

data [15] from pure magnetic field B modes plus a scalar
lensing B mode. It is interesting that magnetic fields with
nB > −3, which is required in order to evade an infrared
divergence, automatically lead to a blue tensor spectrum
which seems to be favored by the data [16]. The value of
nB ¼ −2.9 adopted here yields nT ¼ 0.2. In all three cases,
the dominant contributions to the magnetic field B modes
are from the passive tensor mode and the compensated
vector mode. A large value of T& (M1) amplifies the passive
tensor mode with respect to the vector mode so that the
magnetic contribution is essentially indistinguishable from
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FIG. 1 (color online). Temperature angular autocorrelation
spectra: from an inflationary scalar mode (red, bottom solid
line), inflationary scalar þ tensor modes with r ¼ 0.11 (cyan,
middle solid line), inflationary scalar þ tensor modes with
r ¼ 0.2 (black, top solid line), and from an inflationary
scalar modeþmagneticmodes , in case (M1) (green, short-
dashed line), (M2) (blue, long-dashed line), and (M3) (magenta,
dot-dashed line). Data points are from Planck. (Note that the
(M1-3) curves are nearly coincident.)
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Fig. 3.— Example maps from the region 29.65� < RA < 40.49� (horizontal), �7.60� < Dec < �0.68� (vertical), in the center of patch
D6. Panels 1,2,3,5,6 (left to right, top to bottom) show T, Q, U, E and B respectively. Panel 4 is a zoom on a 2.79� ⇥ 1.73� subregion of
the T map, showing the full map resolution. The maps have been bandpass filtered to maximize signal-to-noise (240 < � for temperature,
260 < � < 1370 for polarization). The visible patterns in the Q and U maps are consistent with a sky dominated by E-mode polarization,
as can be seen in the derived E and B maps. The B map is consistent with noise except for a faint m = 0 (constant declination) ground
residual (see §3.6). We do not use m = 0 modes in the power spectrum estimation. See Figure 4 for an illustration of the noise properties
in these filtered maps. The circled galaxy cluster candidate, ACT-CL J0205.2-0439, is within 2⇥ of a CFHTLS cluster candidate with
photometric redshift z = 1.1 (Durret et al. 2011) and three concordant galaxies with spectroscopic z = 0.97 found in the VIMOS Public
Extragalactic Survey (Garilli et al. 2014). The circled point source may be associated with FBQS J0209-0438, a quasar at z = 1.128
(Véron-Cetty & Véron 2006).

Fig. 4.— Di�erence maps (odd vs. even pairs of nights) for the same region as Figure 3, illustrating the noise properties of the map.
Correlated noise is visible as diagonal stripes aligned with our dominant scanning directions (diagonally in these coordinates). These are
the map-space equivalent of the correlated noise in the time-ordered data. Noise correlations are taken into account in the noise model in
the power spectrum estimation.

azimuth during a constant elevation scan, and are degen-
erate with the ground even when observing at multiple
azimuths and elevations. The remaining modes could, in
principle, be disentangled, but in the current analysis we
remove both these and the degenerate modes by applying
an azimuth filter to the time-ordered data and excluding
Fourier modes with |�y| < 50 from the power spectrum
estimation.5

While the filters are e�ective at suppressing the ground
pickup, they also remove some bona fide sky signal, mak-
ing our maps and power spectra slightly biased. The ef-
fects of the filtering are assessed by passing simulated
maps of the polarized CMB through the filtering proce-

5 Excluding |�y | < 50 removes an approximately 4µK/� residual
ground gradient from the azimuth-filtered maps.

dure, and comparing the power spectra of the input and
output maps. The main e�ect of the filter is to suppress,
slightly, the signal in temperature (polarization) on large
angular scales, with a transfer function that decreases
from 0.995 (0.99) at � = 500 to 0.95 (0.9) at � = 200.
Leakage from E to B is also seen, but at a level that
is negligible for this analysis. Our simulations show that
with a more sophisticated treatment we can expect a sig-
nificantly reduced impact from ground signals in future
ACTPol results.
We investigate the possibility of contamination from

sidelobes overlapping the Sun or Moon by making maps
in coordinates centered on these objects. We identify
two sidelobes this way, one around 20� away from the
boresight, and another one 120� away. These have an
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Fig. 12.— The ACTPol BB data rebinned into four bins, together
with data from (Polarbear Collaboration 2014). The black curve
shows the expected power from lensing B-modes. The ACTPol
data points are consistent with zero.
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Fig. 13.— �CDM parameters estimated from the ACTPol TE
and EE data alone(with a prior on the optical depth and spectral
index from WMAP), and ACTPol TT alone. They are compared
to the constraints from Planck temperature data, and combined
Planck and ACTPol TE and EE. The temperature and polarization
data give consistent results.

(Dunkley et al. 2011), where as is the amplitude for the
residual unmasked radio/synchrotron sources and ad is
the amplitude for the pervasive dusty star forming galaxy
(DSFG) or CIB component. The latter is unresolved.
The two components are separated in ACT temperature
measurements with two observing frequencies. In ACT-
Pol we currently have just one frequency and so place
a limit on the combined Poisson power: ap = as + ad.
In Sievers et al. (2013) we found as = 3.1 ± 0.4 and
ad = 7.0± 0.5, for a total of ap = 10.3± 0.6 for the TT
data. With the ACTPol TT data we find a consistent
level of ap = 10.9± 1.5, for the same masking threshold.
Without masking any point sources in the EE data we

find apolp = 1.5± 0.6 at 68% confidence, or apolp < 2.4 at

Fig. 14.— Recovered amplitudes and phases of the polarization
peak/dip pattern from ACTPol data. The black curves mark the
best-fit �CDM model power spectrum. The green curves show
the best-fit amplitude/phase EE (top) and TE (bottom) models to
the ACTPol data as described in the text. The thin lines in the
background show the envelope of the phase-shifted model. The
polarization data are in excellent agreement with the �CDM pre-
diction.
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Fig. 15.— Three of the highest signal-to-noise polarized point
sources from each of patch D5 (left) and D6 (right). Each disk
has a radius of 8’, with the value range being ±2000µK for T and
±200µK for Q and U. We do not mask polarized sources in this
analysis. The sources may be associated with (from left to right)
[HB89] 2332-017, [HB89] 2335-027, SDSS J001130.40+005751.7,
PKS 0214-085, [HB89] 0226-038 and PKS 0205-010.

95% confidence. In flux units this corresponds to C� =
0.15+0.05

�0.07 Jy
2/sr, or < 0.24 Jy2/sr (95% CL), at 146 GHz,

and puts a limit on all polarized sources before masking.

5. CONCLUSIONS

The polarization capabilities of ACTPol have already
enabled new probes of the cosmological model. We have
shown that ACT is capable of measuring polarization to
high accuracy and of measuring CMB temperature and
polarization during the day. With one third of the full
complement of detectors observing at night over just 90
days, we have already made some of the most competi-
tive measurements yet of CMB polarization at � > 1000.
The ACTPol EE, TE, TB, and BB data obtained to date
are all in agreement with the standard model of cosmol-
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Fig. 8.— The Planck, ACT, and ACTPol data. Many Planck points for TT are obscured by the ACT data for 1000 < ⇥ < 2500. The
model spectra labeled CMB-TT and CMB-EE are for ‘Planck+WP+highL’ (Planck Collaboration 2013c). It is clear that the same model is
an excellent fit to the TT and EE data (see §4.3.1). Recently WMAP (Bennett et al. 2013) and SPT (Story et al. 2013) have also published
new data on the TT spectrum in this range, which are not shown here. All measurements are broadly consistent. The best-fitting Poisson
polarized source level is shown, with no sources masked. A non-zero level is preferred, but the distribution is consistent with zero at 95%

confidence, with apolp < 2.4. The x-axis is scaled as ⇥0.45 to emphasize the mid-⇥ range.

4.3.2. Peak/Dip Phases

⇥CDM predicts that the TT and polarization peaks
should be out of phase. We test this quantitatively,
in a manner similar to that used in Readhead et al.
(2004). We start by computing the theoretical ⇥CDM
TE and EE power spectra based on the best-fit param-
eters from Section 4.3.1. Since we wish to test for any
unexpected phase shift between the TE and EE spec-
tra, we construct a simple parametric model that ap-
proximates the ⇥CDM spectra, but has individually ad-
justable phases for each spectrum. This model takes the
form r1(⇤)+r2(⇤) cos(2�⇤/L+⇥) where r1(⇤) and r2(⇤) are
rational functions with third-order polynomials in both
the numerator and denominator, L is the period of the
peaks, and ⇥ is the phase of the pattern, all of which are
fit independently to each spectrum such that the devia-
tion from the ⇥CDM spectra is minimized in the range
100 < ⇤ < 2000. The result is best-fit rational functions
r̂1(⇤) and r̂2(⇤) and a best-fit phase parameter ⇥̂ for each
of TT and EE. These modulated rational function mod-
els are very good fits to the ⇥CDM spectra, but there is
still a small residual. We therefore make the replacement
r̂1(⇤) ⇥ r̂1(⇤)+residual(⇤), such that at ⇥ = ⇥̂ the model
exactly reproduces the ⇥CDM spectra.
With these models in hand, we are now in the po-

sition to ask whether our observed power spectra pre-

TABLE 5
Results of fitting a phase shift in the observed TE and EE

spectra relative to the ⇥CDM best-fit model.

TE EE TE+EE

a1 1.036± 0.066 1.008± 0.032 1.014± 0.032
a2 1.000± 0.080 0.985± 0.088 0.986± 0.061
a3 �0.108± 0.080 0.108± 0.088 0.003± 0.061
�data (�) 23.0 �64.9
�� (�) �6.2± 4.6 6.2± 5.1 0.2± 3.6

Note: In the last row, a single common phase shift is fit jointly
for TE and EE while still using their individual � angles. The fits
are in agreement with the ⇥CDM expectations.

fer the same ⇥ values as ⇥CDM does. For each of
TE and EE, we fit linear a three-parameter model
a1r̂1(⇤)+a2r̂2(⇤) cos(2�⇤/L+ ⇥̂)+a3r̂2(⇤) sin(2�⇤/L+ ⇥̂)
to our observations in the range 225 < ⇤ < 2000. This
model e⇤ectively encodes a phase shift �⇥ = ⇥data� ⇥̂ =
Arg(a2 + ia3) (our main interest here) as well as a wave
amplitude and an overall amplitude factor.
The resulting fits can be seen in Table 5, and are con-

sistent with the ⇥CDM expectations (i.e. the phase shifts
are all consistent with zero). A graphical illustration of
the fit compared to the prediction and model space can
be seen in Figure 14.
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Fig. 12.— The ACTPol BB data rebinned into four bins, together
with data from (Polarbear Collaboration 2014). The black curve
shows the expected power from lensing B-modes. The ACTPol
data points are consistent with zero.
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Fig. 13.— �CDM parameters estimated from the ACTPol TE
and EE data alone(with a prior on the optical depth and spectral
index from WMAP), and ACTPol TT alone. They are compared
to the constraints from Planck temperature data, and combined
Planck and ACTPol TE and EE. The temperature and polarization
data give consistent results.

(Dunkley et al. 2011), where as is the amplitude for the
residual unmasked radio/synchrotron sources and ad is
the amplitude for the pervasive dusty star forming galaxy
(DSFG) or CIB component. The latter is unresolved.
The two components are separated in ACT temperature
measurements with two observing frequencies. In ACT-
Pol we currently have just one frequency and so place
a limit on the combined Poisson power: ap = as + ad.
In Sievers et al. (2013) we found as = 3.1 ± 0.4 and
ad = 7.0± 0.5, for a total of ap = 10.3± 0.6 for the TT
data. With the ACTPol TT data we find a consistent
level of ap = 10.9± 1.5, for the same masking threshold.
Without masking any point sources in the EE data we

find apolp = 1.5± 0.6 at 68% confidence, or apolp < 2.4 at

Fig. 14.— Recovered amplitudes and phases of the polarization
peak/dip pattern from ACTPol data. The black curves mark the
best-fit �CDM model power spectrum. The green curves show
the best-fit amplitude/phase EE (top) and TE (bottom) models to
the ACTPol data as described in the text. The thin lines in the
background show the envelope of the phase-shifted model. The
polarization data are in excellent agreement with the �CDM pre-
diction.
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Fig. 15.— Three of the highest signal-to-noise polarized point
sources from each of patch D5 (left) and D6 (right). Each disk
has a radius of 8’, with the value range being ±2000µK for T and
±200µK for Q and U. We do not mask polarized sources in this
analysis. The sources may be associated with (from left to right)
[HB89] 2332-017, [HB89] 2335-027, SDSS J001130.40+005751.7,
PKS 0214-085, [HB89] 0226-038 and PKS 0205-010.

95% confidence. In flux units this corresponds to C� =
0.15+0.05

�0.07 Jy
2/sr, or < 0.24 Jy2/sr (95% CL), at 146 GHz,

and puts a limit on all polarized sources before masking.

5. CONCLUSIONS

The polarization capabilities of ACTPol have already
enabled new probes of the cosmological model. We have
shown that ACT is capable of measuring polarization to
high accuracy and of measuring CMB temperature and
polarization during the day. With one third of the full
complement of detectors observing at night over just 90
days, we have already made some of the most competi-
tive measurements yet of CMB polarization at � > 1000.
The ACTPol EE, TE, TB, and BB data obtained to date
are all in agreement with the standard model of cosmol-
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• No direct B-modes 
measurement reported
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Figure 1. A typical �30 deg2 field from the spt-pol survey. Top: wmap W -band (Left) and Planck 143 GHz (Right)
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first flight in the 2014-2015 Austral summer. These instruments are e⇥ciently designed to focus on measuring
the tensor-to-scalar ratio r (and, hence, the energy scale of inflation), but they will have little or no sensitivity
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and ground-based act30 and polarbear31 experiments will, by contrast, have su⇥cient resolution to measure
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The low-resolution, single-band approach was appropriate for a pathfinding mission in the era in which no
B-mode polarization was detected, and indeed this approach may have resulted in the first successful detection
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model to the Planck plikHM TT lowTEB dataset. Di↵erences in power between experiments at high ` are caused by varying levels of
foreground masking and/or component fitting in the respective analyses.

Fig. 8.— Summary of recent EE measurements (Planck Collaboration et al. 2016a; Keck Array and BICEP2 Collaborations et al. 2015;
Louis et al. 2016) with the results of this work. The spectrum is plotted on a log-scale at ` < 30 (vertical dashed line) and otherwise
scaled by `0.6. The solid gray line is the best-fit ⇤CDM model to the Planck plikHM TT lowTEB dataset. Di↵erences in power at high
` between ACTPol and SPTpol data are caused by varying levels of foreground masking. Planck data are restricted to ` < 1750.

Henning et al. 2017
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Fig. 2.— (Top) Map of Stokes Q. (Bottom) Map of Stokes U . The clear striping along lines of constant right ascension and declination
in Q and ±45� striping in U are indicative of high signal-to-noise E modes. The maps have been smoothed by a 40 FWHM Gaussian.

we want to test the e↵ect of the flat-sky approximation
on large angular scales. These simulations will test for
any errors in the analytic calculation, however. We gen-
erate a HEALPix realization (Górski et al. 2005) of the
full sky from spectra limited to a small range of input
multipole �` = 5. We then multiply the sky realization
by our apodization mask WWW before calculating the power
spectrum using spherical harmonic transforms. The ra-
tio of the input spectrum to the output spectrum reveals
to what multipoles ` the power from the limited �` = 5
input range is mixed by masking the map. This process
is repeated for each �` = 5 input range from 0 < ` < 500

to construct one realization of the mode-coupling matrix.
We make 400 realizations of the mode-coupling matrix in
this way and compare their average to the result of the
flat-sky analytical calculation at 0 < ` < 500. We find
the two calculations are in good agreement, so we pro-
ceed in using only the flat-sky analytical solution for the
mode-coupling when unbiasing bandpowers.

4.4. Transfer Function

Our map-making procedure is a lossy process that does
not recover all modes of the true sky. We lose informa-
tion during timestream filtering as well as when we bin

Henning et al. 2017
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SPTpol lensing results
• Lensing reconstruction with polarization (still dominated by 

temperature sensitivity)
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Fig. 4.— The Ĉ��
Lb

power spectra for all estimators we consider in this paper. “MV ⇥ MV” is the spectrum from the minimum-variance

estimator. The amplitudes of each spectrum relative to the fiducial Planck+Lens+WP+highL model are calculated with Equation 27
and shown in each panel.

TABLE 2
MV lensing bandpowers

[Lmin Lmax ] Lb 107[Lb(Lb + 1)]2Ĉ��
b /2�

[ 100 133 ] 117 1.47± 0.37
[ 134 181 ] 158 0.58± 0.24
[ 182 244 ] 213 0.40± 0.19
[ 245 330 ] 288 0.29± 0.13
[ 331 446 ] 389 0.331± 0.092
[ 447 602 ] 525 0.121± 0.067
[ 603 813 ] 708 0.115± 0.053
[ 814 1097 ] 956 0.156± 0.046
[ 1098 1481 ] 1290 0.008± 0.038
[ 1482 1998 ] 1741 �0.000± 0.041

Note. — The bandpowers for the MV spectrum are presented
here as defined in Equation 29 and shown in Figures 5 and 6. Bins
are evenly spaced in log(L), and bandpowers are reported at the
center of each bin.

plitude (AMV,sys). We then calculate the di�erence be-
tween this spectrum (or amplitude) and the spectrum (or

TABLE 3
MV Systematic Error and Null tests

Test Name ⇥2 (PTE) � AMV (PTE)
±var(�AMV,sim)

L-R jackknife 7.1 (0.72) 0.0040 ± 0.0052 (0.45)
lxmin = 400 17.5 (0.06) -0.063 ± 0.030 (0.025)
lxmin = 500 10.7 (0.38) 0.053 ± 0.033 (0.10)
lmax = 2500 13.6 (0.19) -0.122 ± 0.107 (0.26)
lmax = 3500 9.2 (0.51) 0.007 ± 0.067 (0.91)
Apodized Mask 13.6 (0.19) -0.043 ± 0.034 (0.22)
C-inverse 9.6 (0.47) 0.146 ± 0.534 (0.78)

Note. — Results of systematics tests. For each test, the ⇥2 and

PTE of the C��
L spectrum are shown in the second column. The

change in amplitude and associated PTE are shown in the third
column. See Equation 30 for more detail. The lxmin = 400 test
fails, which is why we place the cut higher, at lxmin = 450 in the
analysis.

amplitude) from the baseline analysis (the baseline spec-
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Fig. 2.— Lensing � maps reconstructed from the SPTpol 100 deg2 deep-field data, smoothed with a 1-degree Gaussian beam. The
colorbar on the far right shows the color scale, which has been fixed for all � maps in Figures 2 and 3. Left: The �-map for our MV lensing
estimator, which combines all temperature and polarization information. Right: Individual � estimates from the TT, EB, TE, and EE
estimators, with the same color scale.

Fig. 3.— Example simulated �-maps, plotted with the same color scale as Figure 2. Left: a simulated input �-map. Middle: the
reconstructed �-map estimated from a noisy simulation that has been lensed using the potential shown in the left panel. Right: the
reconstructed �-map estimated from an unlensed simulation. Comparing the reconstructed lensed �-map to the input map gives a visual
sense of the fidelity of this reconstruction, and comparing to the unlensed �-map gives a sense of the signal-to-noise in the MV �-map.

Foreground emission from extra-galactic sources and
galactic dust contributes both Gaussian power and non-
Gaussian signal to CMB observations which, if not ac-
counted for, will bias lensing reconstruction measure-
ments. The Gaussian power component contributes to
the N0 bias, which we subtract using the simulations de-
scribed in Section 4 and procedure described in Section
3.3.
The non-Gaussian mode-coupling from foreground

emission has been studied in detail in (van Engelen
et al. 2014a, hereafter V14), and Osborne et al. (2014).
The work in V14 is particularly relevant to our analy-
sis. They studied a comprehensive list of potential bi-
ases to the temperature lensing reconstruction that arise
from foregrounds; they considered Poisson-distributed
galaxies, CIB emission from clustered galaxies, tSZ sig-

nal from galaxy clusters, galaxy-lensing correlations, and
tSZ-lensing correlations. For the point-source and clus-
ter masking thresholds used in our analysis, the bias to
the lensing spectrum never exceeds a few percent. van
Engelen et al. (2012) also tested di�use Galactic cirrus
emission and found that the bias was less than 2% in all
L-bins.
The contribution to the N0 bias from polarized fore-

grounds is negligible at the sensitivity level of this anal-
ysis since the polarized power from point sources is too
low to be detected significantly in the EE and TE polar-
ization spectra in C14, even with the significantly higher
flux cut of 50 mJy in that work. The non-Gaussian signa-
ture of polarized foregrounds is expected to be negligible
as well: the polarization fraction of foreground emission
is expected to be lower than the polarization fraction

14

Fig. 6.— Lensing potential power spectrum bandpowers estimated from SPTpol, as well as those previously reported for temperature by
SPT-SZ (van Engelen et al. 2012), ACT (Das et al. 2014), Planck (Planck Collaboration XVII 2013), and for polarization by POLARBEAR
(POLARBEAR Collaboration). The black solid line shows the Planck+Lens+WP+highL best-fit ⇥CDM model.

Fig. 7.— The distribution of reconstructed MV lensing am-
plitudes from simulations are shown here for lensed (green) and
unlensed (red) simulations. The amplitude of the MV estimate
for the data is shown as a blue line. The statistical uncertainty
of the MV lensing construction is given by the standard deviation
of the lensed simulations (�AMV = 0.14). The significance with
which we rule out the no-lensing hypothesis is calculated from the
standard deviation of the unlensed simulations (0.065).

tion 9. We find the data are consistent with the
expectation from simulations in this test.

3. Apodized Mask: We apodize the sky and point-
source mask with a cosine profile on the edges, and
recalculate the amplitude and C��

L . The change in
amplitude is consistent with the expectation from
simulations.

4. C-inverse test: We recalculate the MV spectrum
and amplitude without using the C-inverse filter-
ing process. The covariance of the simulations in-
creases by a factor of four, but the shift in the lens-
ing amplitude is consistent with the shift of the
simulations.

5. Scan Direction: We perform a “jackknife” null
test on the telescope scan direction. This test is
sensitive to any systematic di�erences between left-
going vs. right-going scans. We calculate null maps
by subtracting all left-going scans from all right-
going scans. The resulting maps should be free
from signal but still contain any systematic di�er-
ence between left-going and right-going maps. Be-
cause this is a null test, we calculate the pass-fail
metrics for the jackknife spectrum and amplitude
relative to zero (rather than relative to the MV
spectrum and amplitude). Formally, this means re-
placing the baseline spectrum C��

b and amplitude
AMV in Equation 30 with zeros, and using noise-
only simulations. We find that the null spectrum
and amplitude are consistent with noise.

Finally, we compare the spectra and amplitudes from
each of the estimators with those from the MV spec-

Story et al 2014

Story et al 2014
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ACTpol lensing results
• Lensing reconstruction using temperature and polarization

• Cross-correlation with Planck CIB at small angular scales, additional 
constraints for CIB model at small angular scales

• Indirect constraints of lensing B-modes consistent with POLARBEAR 
and SPTpol results
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Fig. 5.— Comparison with other surveys. The left panel shows the temperature bandpowers from this work (red) together with those from
the Planck lensing reconstruction cross-correlated with the Planck CIB maps at 545 GHz (purple), and the SPT lensing maps correlated
with flux maps from Herschelat 500µm. The right panel shows polarization results, with the results from this work (red), the Polarbear
Collaboration (2014b, with EE and EB estimators combined) and Hanson et al. (2013, SPTpol, EB only). All Herschel results have been
color-corrected by a factor of 1.11 to compare them to Planck CIB results which are at a di�erent frequency. The green solid curve is as
in Figs.1–3. The dotted green curve shows the prediction using the linear matter power spectrum.

TABLE 2
Fits and ⇥2 values for the lensing curl field

S/N A ⇥2
bf (�) PTE

TT, D1 0.0 0.02+0.36
�0.40 17.2 (9) 0.05

TT, D5 0.5 -0.14±0.24 6.7 (9) 0.67
TT, D6 0.2 0.02+0.16

�0.12 8.8 (9) 0.46

TE, D1 1.1 -1.46±1.32 11.9 (9) 0.22
TE, D5 0.2 0.18±0.80 5.7 (9) 0.77
TE, D6 1.1 -0.50+0.40

�0.44 5.6 (9) 0.78

EE, D1 0.1 0.26+1.96
�1.92 3.9 (9) 0.92

EE, D5 0.5 0.54+1.04
�1.00 7.2 (9) 0.62

EE, D6 1.6 -0.78+0.48
�0.52 11.5 (9) 0.24

EB, D1 1.9 2.26±1.16 10.9 (9) 0.28
EB, D5 1.1 0.66±0.56 5.5 (9) 0.79
EB, D6 0.1 0.02+0.28

�0.24 17.3 (9) 0.04

EB, all 1.0 0.22+0.24
�0.20 37.8 (29) 0.13

Pol. estimators, all 0.5 0.10±0.20 32.7 (29) 0.29

All estimators, all 0.1 0.02+0.08
�0.12 36.3 (29) 0.16

Null check for the cross power between the curl lensing field
obtained from ACTPol maps and Planck maps at 545 GHz,
for each field and estimator. Columns are as in Table 1,
where quantities are quoted relative to the same (scalar)
model.

gating the maps through our lensing reconstruction and
cross-correlation pipeline, we find a change of only 2%
in the cross-correlation signal measured. Given that our
bound on the angle error is 0.5� from measurements of

null cross-power (N14), we conclude that this source of
error is negligible for our purposes.
We now turn to estimates of astrophysical system-

atic errors. An important source of possible systematic
contamination is flux from dusty sources in the CMB
maps, which propagates through the lensing estimator
and forms a non-zero bispectrum when the lensing esti-
mator is correlated with the Planck maps. This signal is
proportional to the �I150(l1)I150(l2)I545(l3)⇥ three-point
function for three multipole vectors l1, l2, and l3. For
spatially uncorrelated sources, the associated bispectrum
is constant in l and is small (< 1%) with the point-source
flux threshold we have applied (van Engelen et al. 2014;
Planck Collaboration 2013f).
The clustered CIB bispectrum can also give spurious

lensing signals (Planck Collaboration 2013f). The first
detections of clustering in the CIB bispectrum have re-
cently been made (Crawford et al. 2014; Planck Collab-
oration 2013g), and simulations give varying levels of
clustered bispectra (e.g., van Engelen et al. 2014). A
bias term arising from a three-point function of the form
��(l1)I(l2)I(l3)⇥ was shown by van Engelen et al. (2014)
and Osborne et al. (2013) to a�ect cross-correlation anal-
yses at the level of a few percent. Preliminary analysis
of the full CIB bispectrum using the simulations ana-
lyzed by van Engelen et al. (2014), including those of
Sehgal et al. (2010), appears to yield large biases (tens
of percents), depending on the bispectrum level, the flux
threshold, the masking method, and the maximal CMB
multipole lmax. Given the dependence of this signal on

8

Fig. 7.— Recent measures of B-mode power at 150 GHz. The
solid green curve is the expectation for lens-induced B modes, while
the dashed and dotted lines show the expectations for primordial
gravitational waves for two reference amplitudes. Shown are direct
measures of the B-mode power spectrum CBB

l , including those by
the Polarbear Collaboration (2014a, orange stars) and the BI-
CEP2 Collaboration (2014, dark brown diamonds). We estimate
the lensing B-modes from the BICEP2 power spectrum measure-
ment by subtracting the central values of dust contamination at 150
GHz given in Figure 9 of Planck Collaboration (2014b) (light brown
diamonds), which are roughly comparable to the tensor curves
shown. Also shown are indirect B-mode measures obtained from
the amplitude of B modes arising from the CMB lensing-CIB cor-
relation, including results from SPTpol (Hanson et al. 2013, blue
squares) and this work (red circle). The orange circle is a simi-
lar result using lensing autospectra from B-mode estimates, from
Polarbear Collaboration (2013). The ACTpol point reflects the
measured amplitude A = 1.30±0.40 relative to the fiducial model.

terpreted their measurement of this bispectrum as the
first evidence for B modes induced by lensing (Smith
et al. 2007). Our EB lensing estimator shows B-mode
lensing at a significance of 3.2�. This result is shown, to-
gether with other recent measures of the B-mode power
spectrum, in Figure 7. We have treated the ACTPol
measurement as a single e�ective bandpower in the B-
mode power spectrum with amplitude relative to fiducial
of A = 1.30 ± 0.40. We place this single e�ective band-
power at l = 1000, near the center of the distribution
for lensing information with the EB lensing estimator
(Pearson et al. 2014).

9. SUMMARY

We have presented the first large-scale lensing results
from ACTPol, a polarization-sensitive camera on the
ACT telescope, using the cross-correlation between the
lensing field and another tracer of large-scale structure,
the unresolved galaxies comprising the Cosmic Infrared
Background. Using the first 600 hours of data from the
ACTPol survey, we have demonstrated lensing of the
CMB polarization at 4.5�, and a 9.1� detection includ-
ing the temperature data. Lensing cross-correlations are
thus emerging as strong probes of the manner in which
galaxies trace mass in the Universe. The CIB is also
promising as a proxy for the lensing field for the pur-
pose of removing the lens-induced B modes in searches
for primordial gravitational waves (Simard et al. 2014).
The ACTPol survey is now in its second season and

is observing with an upgraded receiver. As more CMB
polarization data are obtained in the near future, lensing
of the CMB polarization will become a powerful probe
of precision cosmology.
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Atacama in northern Chile under the auspices of the
Comisión Nacional de Investigación Cient́ıfica y Tec-
nológica de Chile (CONICYT). Computations were per-
formed on the GPC supercomputer at the SciNet HPC
Consortium. SciNet is funded by the CFI under the aus-
pices of Compute Canada, the Government of Ontario,
the Ontario Research Fund – Research Excellence; and
the University of Toronto.

REFERENCES

Addison, G. E., Dunkley, J., & Bond, J. R. 2013,
arXiv:1210.6697, MNRAS, 436, 1896

Barkats, D., et al. 2014, ApJ, 783, 67
Bernardeau, F. 1997, arXiv:astro-ph/9611012, A&A, 324, 15
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BICEP2/Keck

• Dedicated to large scale polarization, series 
of subsequent upgrades (BICEP1, 2, Keck, 3)

• Reported evidence of B-modes at first 
interpreted by primordial GW r=0.2
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) should accurately simulate the actual B-mode template estimated from data.

at 150GHz, the residual dusty sources power spectrum
amplitudes are A150GHz

dusty = 9 µK2 and A95GHz
dusty = 1.5 µK2

(George et al. 2015); and the residual radio sources am-
plitudes are A150GHz

radio = 10 µK2 and A95GHz
radio = 50 µK2

(Mocanu et al. 2013; George et al. 2015). We need
the foreground component in the temperature maps to
properly account for T/E ! B leakage that is removed
through the convolutional cleaning step of the power
spectrum analysis of the B-mode map (Section 4.4).

We model the polarized foregrounds in this work with
two components: galactic and extragalactic. Following
the arguments from K15, we model the contribution from
polarized galactic dust as

DX,i

`,dust = AX,i

dust

✓
`

80

◆�0.42

for X 2 {E, B} and i 2 {95, 150} GHz. As in K15, we
use the values AB,150GHz

dust = 0.0118µK2 and AB,95GHz
dust =

0.00169µK2, and the value for the EE dust spectra is
twice that of the BB spectra in both frequencies (Planck
Collaboration et al. 2016b). We model the extragalac-
tic polarized sources by assigning polarization fractions
to unclustered sources: We set the polarization fraction

to 2% for dusty sources (based on Sei↵ert et al. 2007)
and 3.7% for radio sources (based on an investigation of
the polarization properties of bright AGN in the SPTpol
500d survey field).

The process above produces a set of simulated
CMB+foreground sky signal maps. In order to simulate
the e↵ects of the SPTpol instrument and data processing,
these simulated skies are passed through a mock observa-
tion and data processing pipeline. First, the sky maps are
convolved with the azimuthally symmetric beam func-
tion from K15. Next, SPTpol pointing information from
each observation is used to create bolometer time-ordered
data for each beam-convolved simulation map. These
data are then processed into simulated maps on a flat-
sky projection using the data pipeline as described in
Section 4.1.

As a final step, noise realizations are added to the sim-
ulations. These noise realizations are estimated directly
from the data as described in K15. We make noise re-
alizations for each simulated map-bundle of a simulated
sky by splitting the input data maps from that bundle
into two random halves, coadding each half, then sub-
tracting these coadds. These are noise realizations for
each map-bundle in the B-mode map pipeline. For the
B-template map pipeline, we coadd the noise realizations
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Fig. 5.— This figure shows the spectrally-combined B-mode bandpowers before (•) and after delensing (�). The error bars represent the
variance of realistic, noisy simulations. To guide the eye, the solid line shows the theory spectrum (lensed B modes) and the orange dashed
line denotes the expectation value of the delensed spectrum from 100 simulations. In order to match the data multipole range used in this
work, we only plot the simulation results for multipoles ` > 300. We find that delensing reduces the amplitude of the B-mode spectrum by
28%.

with B̂true. Thus noise in the B-mode templates adds
a negligible amount of noise bias to the delensed spec-
tra compared to our statistical error bars. The delensing
e�ciency of these templates is discussed further in Sec-
tion 8.

6. RESULTS

This section presents the main results of the paper,
starting with the expected delensing e�ciency from sim-
ulations and ending with the delensed SPTpol B-mode
power spectrum.

6.1. Expectation from Simulations

Before looking at the data, we calculate the expected
level of delensing using the simulations described in Sec-
tion 5. The “realistic template” B̂

Ē,�

CIB

is used to delens
the corresponding noisy simulated B maps. The mean
delensed spectrum from 100 simulations is shown in Fig-
ure 5 by the orange dashed line. This is the expectation
value of the delensed power spectrum.

Using these simulations, we calculate the bandpowers
and fit the mean bandpowers from the 100 simulations to
an Alens-scaled BB spectrum for both the nominal and
the delensed case. We find that delensing is expected to
reduce the best-fit amplitude from Alens = 1.09± 0.29 to
Ares

lens = 0.87 ± 0.28. The expected delensing e�ciency,
calculated as the value of ↵ averaged over these simula-
tions, is h↵i = 0.23 ± 0.10.

In the limit of the B-mode measurement having zero
noise, the fractional reduction in lensing B-mode power
through delensing corresponds to the fractional reduction

in lensing B-mode sample variance. In this work, since
the variance of the B-mode measurement is dominated
by the instrument noise, we do not expect a significant
reduction in the variance of the delensed B-mode band-
powers. This can be seen already from the marginally
reduced uncertainty of Ares

lens compared to Alens in simu-
lations.

6.2. Data

The SPTpol B-mode maps described in Section 4.2 are
delensed using the B-mode template described in Sec-
tion 4.3. The nominal and delensed B-mode bandpowers
are shown in Figure 5. It is clear by eye that the delens-
ing process removes some of the B-mode power; that is,
delensing is at least partially successful.

To highlight the power removed by delensing, the spec-
trum di↵erence for the data, as defined in Eq. (12), is
shown in Figure 6 for the spectrally-combined bandpow-
ers as well as the individual frequency band auto- and
cross-spectra. The error bars in this plot show the vari-
ance of the spectrum di↵erence for the realistic simula-
tions and the dashed line corresponds to the mean spec-
trum di↵erence from simulations. Note that the spec-
trum di↵erence from the data is consistent with the ex-
pectation from simulations.

To quantify the power removed by the delensing pro-
cess, first the nominal bandpowers are fit to a lensed
B-mode spectrum yielding an amplitude of

Alens = 1.06 ± 0.29 . (13)

After delensing, the bandpowers are re-fit to the lensed

6 A. Manzotti, K. T. Story, W. L. K. Wu, et al.
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Fig. 2.— Maps used for delensing the data. The filtered E-mode map Ē150 (left) is combined with a tracer of the CMB lensing potential

obtained from filtering the CIB �̂CIB (center) in Fourier space to obtain a template of the lensing B modes B̂lens (right). This template is
then subtracted from the B-mode data.

simulations. The amplitude of the nominal bandpowers
is denoted Alens; the amplitude of the residual delensed
bandpowers is denoted Ares

lens.
We define the “delensing e�ciency” from this ampli-

tude as the percent of lensing power removed with the
delensing procedure:

↵ =
Alens � Ares

lens

Alens
. (11)

The e�ciency will approach one for perfect delensing and
zero for no delensing.

Finally, it is useful to consider the di↵erence between
the nominal and delensed bandpowers. This “spectrum
di↵erence” is defined as

�CBB

`

⌘ CBB

`

� CBB,del
`

(12)

and is the amount of power removed by delensing.

5. SIMULATIONS

This analysis and its interpretation depends critically
on an accurate and realistic suite of simulations. Sim-
ulated skies are formed from lensed CMB and fore-
ground emission components. These skies are then
passed through a “mock-observing” pipeline to simulate
the e↵ects of SPTpol observations and data processing.
This gives us an accurate and realistic suite of simula-
tions.

In Section 7 we use simulations to quantify the signif-
icance of our results and to test their robustness against
possible systematics in the data. These simulations are
used in Section 8 to separate out di↵erent factors af-
fecting delensing e�ciency and to understand where im-
provements in e�ciency can be expected in the future.

In this section, we first describe how the simulated
CMB and CIB skies are generated. We then discuss sev-
eral di↵erent simulated B-mode templates that will be
used to understand the delensing e�ciency.

5.1. Pipeline

We generate realizations of un-lensed CMB
anisotropies (T,Q,U) and the lensing potential from
the fiducial cosmological model. Our fiducial cos-
mology is the ⇤CDM model that best fits the 2015
plikHM TT lowTEB lensing dataset (Planck Col-
laboration et al. 2016a). The CMB skies are then lensed
using realizations of the lensing potential using Lenspix
(Challinor & Lewis 2005).

At this step, the lensed CMB skies and lensing poten-
tial maps are projected directly into the format of the
100d SPTpol map. The resulting “truth” maps are re-
ferred to as Etrue, Btrue, and �true.

We next add a Gaussian realization of our foreground
model to each simulated CMB sky. The components of
this model are taken from measured values where known,
and upper limits otherwise. In the temperature skies we
add several components: the thermal Sunyaev-Zel’dovich
(tSZ), the clustered and unclustered components of the
CIB (dusty sources), and radio point sources (AGN). The
tSZ component is modeled by a tSZ power spectrum tem-
plate taken from Shaw et al. (2010) rescaled by AtSZ. We
use AtSZ = 4 µK2 for 150GHz and AtSZ = 12 µK2 for
95GHz (George et al. 2015). The other three sources are
modeled by power-laws in angular multipole ` space with
the form:

Di

`,source = Ai

source

✓
`

3000

◆
p

,

where i 2 {150GHz, 95GHz} and D
`

= `(`+1)
(2⇡) C

`

. For

the clustered CIB term, we use p = 0.8 and A95GHz
CIB =

0.56 µK2 and A150GHz
CIB = 3.46 µK2 (George et al. 2015).

We neglect the correlation between these CIB compo-
nents at 150 and 95 GHz and the simulated CIB map at
500µm. Power from unclustered point sources is by def-
inition flat in C

`

, so p = 2 for unclustered sources. With
the adopted threshold for point source masking of 50 mJy

Manzotti et al (2017)
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The future of ground-based CMB experiment
• Multichroic pixels receivers: 7,588 detectors, 

95/150 GHz e.g. for POLARBEAR-2

• Simons Array by 2018: 3 telescopes,  
22,764 detectors, 95/150/220 GHz and high  
resolution (similar, AdvACTpol, SPT3G)

• High sensitivity B-modes characterization  
on all angular scales

• 500.000 detectors telescope network CMB-
S4

111

95/150&

2x

150/220&

1x

 

POLARBEAR 
collaboration

Funded

102 103
10−4

10−3

10−2

10−1

100

101

102

EE
total B−modes
primordial B−modes
lensing B−modes
Dust 5% pol

P
L
A
N
C
K

S
IM

O
N

S
-A

R
R

AY

S
E
N

S
IT

IV
IT

Y

r = 0.025

r =
 0.2

(
+
1)

C
/2

π
[µ

K
2
]

multipole

Existing

!"#$%&�'(()*�!+%&","-",*
• .$(+/($0%1�
(+2+3,"$%�4",5�
67897:8;;:�
<=>?�@A)%3B�C�
D�E'!!
– =+(+F�;G:�
<=>�35)%%+A

• � � � ��� � � � ���
• � 
� � � � ����
• H+0,("%$�I)&&F�
� �	� ��96�#+J
K4�8�LM!N�E'OP

POLARBEAR collaboration

Toki Suzuki



Name TalkName TalkGiulio Fabbian CMB fundamentals - PSI Cosmology 2017

90 CMB Lensing

Figure 28. Constraints on total neutrino mass from various CMB surveys and with and without large-
scale structure data included. In the minimal seven-parameter model (left bar) with all data included (red),
the minimal neutrino mass of 60meV can be detected at 4�; the plot shows how this number degrades when
including less data or when freeing up additional cosmological parameters. Figure from Allison et al 2015.

5-1 also shows the large improvement in neutrino mass constraint that CMB lensing measurements o↵er.
When BAO data from DESI is added to this, neutrino mass errors of about 20 meV are achievable, which
would yield a 4-sigma detection of the neutrino mass sum in the minimal mass scenario (also see Figure 28).

We also vary the resoltuion and sensitivity of CMB-S4 and explore the impact on neutrino mass constraints.
We find that, given the assumptions above, the neutrino mass constraints are robust to modest variation in
resolution (between 1 and 3 arcmin) and sensitivity (between 1uK-arcmin to 5uK-arcmin in temperature).
However, we point out that a higher-resolution of 1 arcmin, as opposed to 3 arcmin, would make high-ell
foreground removal more e↵ective. High resolution on the scale of an arcminute is also critical for CMB
halo lensing science as discussed in Section 5.3.3. Additionally, increased sensitivity gives more weight to the
EB lensing estimator (see Figure 21), which is relatively free from foreground systematics and atmospheric
noise.

CMB-S4 Science Book

Towards “Stage 4” experiment

• Large sky, overlap with other  
astrophysical surveys for  
cross-correlation studies

• Constrain neutrino mass 
hierarchy,  
galaxy mass bias, dark energy....

• 1% error constraints on r with  
internal delensing capabilities

• Cosmic birefringence, primordial  
magnetic fields... 
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ing the three known neutrino flavors, is < 250
meV (95% C.L.) [23].

Neutrino oscillation measurements tell us
that the sum of masses has to be > 58 meV
in the “normal” hierarchy and > 100 meV in
the “inverted” hierarchy. As shown in Fig. 3,
the Simons Array will have a 1⇥ error bar of 53
meV when combined with Planck data. When
combined with Baryon Acoustic Oscillation mea-
surements, a degeneracy is broken and the con-
straint becomes 18 meV1, providing a 3⇥ detec-
tion of the sum of masses. If the masses are be-
low 100 meV, the neutrino mass hierarchy will
be known. Measurement of the sum of neutrino
masses would have a profound implication for
fundamental physics, perhaps providing insight
to the origin of mass itself.

In reference to neutrino measurements, the
Decadal committee writes “Another potential
contribution to fundamental physics will come
from microwave background observations using
future CMB telescopes combined with probes of
structure formation, which can provide an upper
limit to the sum of the masses of the three fla-
vors of neutrino with higher sensitivity than can
be done with ongoing laboratory experiments.
More detailed information may also emerge on
the individual particle masses.”

The evolution of the dark energy equation of
state w can be constrained by comparing high-
redshift CMB lensing measurements and lower
redshift probes of large-scale structure. This sen-
sitivity comes from the fact that dark energy in-
hibits the growth of structure. Measurements
of B-mode lensing have a similar power to con-
strain w at z > 2 as, for example, current su-
pernovae measurements have to constrain w at
z � 1. The combination of measurements from
these two redshift regimes will provide new con-
straints on the evolution of dark energy.

1.3 Cross-correlation with other surveys

Cross-correlation of the Simons Array data with
data from other surveys will be a key science
focus of our work. The Simons Array’s survey
overlaps with the premier future optical surveys
including dark energy Survey (DES) [29], Hyper-
Suprime CAM (HSC) Survey [21], Dark Energy
Spectroscopic Instrument (DESI) [20], and the
Large-Synoptic Survey Telescope (LSST) Survey
[15].

1This value was calculated using assumed DESI BAO
specifications with fixed w and �k. Allowing these pa-
rameters to vary gives a 21 meV error.

Figure 4: Ecliptic-coordinate map showing the
overlap of the Simons Array broad survey with op-
tical surveys DESI (here taken as BIGBOSS), HSC,
DES, and LSST. The 80% broad survey covers decli-
nations from -83� to 37� as indicted by the vertical
line to the left. Simons Array has 100% overlap with
DES and LSST and substantial overlap with HSC
and BIGBOSS

Cross-correlation data from the Simons Array
with these data sets will help us understand both
data sets and, therefore, obtain better cosmolog-
ical constraints [6]. For example, in galaxy sur-
veys the mass-to-light ratio (bias) can be mea-
sured by cross-correlation with CMB lensing,
greatly enhancing the power of the galaxy survey
data [25]. In another example, Vallinotto [32]
has suggested that cross-correlation of Lyman-�
data with CMB lensing would measure the flux-
matter bias relation which connects fluctuations
in the Lyman-� flux with those in the dark mat-
ter density, thereby enabling better cosmological
constraints from the Lyman-� data.

1.4 E-mode CMB Power Spectrum

A deep map of the CMB temperature and polar-
ization with 3.5� resolution over 80% of the sky
provides an important complement towmap and
Planck. In particular, the E-mode spectrum of
Planck will be cosmic-variance-limited only to
⇤ � 700. The Simons Array can extend this
range to ⇤ � 2000. The Simons Array’s high-⇤
E-mode spectrum measurement will improve the
measurement of the scalar index ns, the running
of the scalar index � = dns/d ln k, the cosmolog-
ical helium abundance YHe, the e�ective number
of relativistic species Neff , and searches for pri-
mordial non-gaussianity [12].

1.5 Cosmic Polarization Rotation

CMB polarization measurements have the po-
tential for a fundamental physics discovery by
measuring the rotation of the plane of polariza-
tion due to any birefringence that occurs along
the travel path of the CMB photons. Cosmolog-
ical birefringence violates a number of symme-
tries, in particular, the interchanging of handed-

3

Arnold et al 2014

CMB-S4 Science Book
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Conclusions

• CMB is one of the most accurate method 
available to constrain cosmology (both 
primordial and intermediate epochs)

• CMB field IS NOT dead: the B-modes era 
will be dominated by suborbital 
experiments for the next years to come

• Cross correlation: among the most active 
area of research nowadays 
(both LSS and primordial science)

• Early universe constraints will face  
dramatic improvement in few years

• Foreground (galactic and extragalactic) 
crucial for experimental success
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