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Friedmann Eq. From Newtonian Gravity: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Consider a Universe filled by non relativistic vice particlesof mass M
Assumetheyare distributed isotropically and HOMOGENEOUSLY

This means we can define an ENERGYormass Density p t

We can pick an arbitrary sphere of radius R t a Ctl Xiu
and ask what happens to a particle positioned at that distance
Theparticle feelsthe Newtonian attraction of the particles
inside thesphere The net contribution of theparticles m
outside is zero justifiedbyBirkoff'stheorem in GR p er i
m t a

Ret rat iImassdensityeat
1 Im CtlXiyu 41 mypet CtXiu Mtot masswithin1 thesphere

a 45GtEct Friedmann Equation
modified in GR

Go back to c bymultiplyingby a t we canget an equation forthe energy

e fi ie gItifo EiEH eofatal
a'd adz 41 p a ai 45 Po E a'a 4jGload a

Integratebothsides
do da ad fat

2

45 Poao al t U
t Vca U Energyconservation

a 8jTGe t t 2 Friedmann Equation
true in aRt

similar to rocket launched fromEarth therocket flies away if the initial
velocityisabove acritical velocityVer
For thesphereto seecollapse we need a 0 at somepoint we need UCO
If u 0 thesphereexpends forever a to

Hobblefunction H t aaY rateofexpansionof the universe

we can find the critical density feebysetting
0 0

Per 3H2
8 IG i u co freecollapse

t Pct I 0 0 a o t s I
E I s u 0 expansion



GR Effects:
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

UNITS 1 er 1 2 to meters 4 10 15seconds

a In SR GR pCt is not themass densitybut theenergyDensity

E tp
set c fromnow
Photons m o E to contribute to expension ofthe universe
We can have many species Matter Radiation contributing to
to theexpansion

b In GR the constant ofintegration U is replacedby the
SPATIAL curvature K F ZU
Khas ageometricalmeaning like the curvature of a 2 sphere
but here in 3 d
K o flat space

k o 3 sphere positivelycurved

k co hyperbolic1open negativelycurved

curvature K can be provedlooking at Fried equation
More importantly can be measured by direct geometrical
effects
Experimentallyvery small cease to zero
AffectsFried Eofwith less than i



     Continuity equation:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

wealsoneed an equation for pet so that we can solve the Fried eqa
In a volume V iceabsence ofpressure E f V is conserved

If P to the 1st law ofthermodynamicsgives IE
DE pdV
For expending universe the variation

is w r E tiene t
ret

E p il

s e E E E e ice e

If universe expends ieCt act to vet Voact3 3 3H

p 3H et E

EXAMPLES i
a MATTER E 20 s 3Eia p Coq

3

b RADIATON P 3P I PI tag f Po AI 4FLUID

recallthat
P NEEE n tea E

EI i
jemoi

EquationRecoup

i a 8gtGEct lat FRIEDMANNEQ

I2 p 3H et E CONTINUITY EQ

iii oig IgE et 3P ACCELERATION EQ consistency with ci iii
implies weneed a term Ict

EXERCISE Obtain EQ iii from i and ii

I ti auieaaeaaaay rga.it H
zufaaHysgaEtzraH
any s e1 a faucets 2k

ua ceti stage
a Cy ie se a cetsp.am

commentsabout iii It describesthe acceleration deceleration f the
Universe Normal substancesgivedecelerations et3P o
This is intuitive deceleration attractive forceofgravity
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Kiaenergyn mvNONRELATIVISTIC IDEAL aas PV KBNT

P Krs IT f KB T f CkBm f K fv m m
For mom nee systems thepressure isnegligible
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Hubble Law: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Luminosity Distance:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

UsuallytheHUBBLELaw is phrased as r V t rct adz act ra cigar Hor

Far awayobjest are seemmovingfasterthanclose byones
However velocities are difficulttobe measureddirectly What ismeasured is the
REDSHIFT ofemission1absorption lines Theredshift called z isanalogous to thevelocity
The distance instead canbeobtainedbyknowing theLUMINOSITY of an object
Z Xobs term

Xem
For more reel motion 2 Vlc
The Hubble law can bephrased as

2 Hot worksforclose byobjects1c
Indeed the wave lenghtdependson the scale factor X act Xc
it 2 tabsaobsxe.msa em
For faxobjects lighttravels for a relevant portionofthehistoryof the UniverseSinceHct fHo the redshiftbecomes more complicated

The Hotoday can be obtained by fitting tothis relation

Ho 2 70 km s t Mp2 Ipc 3 086 106 meters I

consider an objectof LUMINOSITY L at some distance d im expending
universe

L AEem energy emittedperunit time at the emissionAteen

In mom expendingspacetheobserved flux F foran objectof luminosity 1
at a distance d is F s4Ad
similarly forexpending universe redefine a LUMINOSITY DISTANCE die
as it wouldbe in flat spece
DL IIe Thisratio ismeasurable

Thedistanceevolvesas thephotons propagate so can bedefinedonly forclose
objects
de t R

dL it Z R It Z aoRc



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

This result can be understood bylooking at thedefinition of di
one Hz entersbecauseoftheredshiftofphotons w s la
one Hz enterssince thedistance increases with a

Thesetwoeffectsmaketheflux lower sothatobjectsappear dimmer
dL can be used toprobetheevolutionof act
Fox flat universewe can relate R with 2 and sodowithZ

Sidenote physicaldistances are calculated with a lime element 1metricmurmur In relativity ds it d 2 t dy't d22
ImFLRW wehave a scalefactor dsk dt ta t 2 dx t dy dz

Photons travel alongpathswith d5 0 speedoflight
dt dx SR dt act DX CFLRW

aobs
ARE Eft REI data a Fado a Iida Itai i

aan
aass o data dz

2obs o data are E JdI.CH cite72
2een 2 aya H ao ao it 27 HCzaan zz

I dz
a Io HCI

z
d2R aoRc fo HCz

z
die Itt f d the integral makes de sensitive to theo H E who.eehistoryofthe Universe

Exercise H Z Ho Rm Hz 3 Rn F H Z as a function of redshift
forMATTER t cosmological constant
no radiation or curvature

Withexperiments we can obtain DL Z and then fit to obtain the
values for RM Sn Ho best fit
See Mathematica Notebook

NB data are given in magnitude vs z

Themagnitude is related to do
through the relation

din hope 10 F

Ho 70 Kms Mpc



 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

Stronger evidence for thecosmological
constant comesfromCMB
Bycombining CMB b SNe Ia we get
tightconstraints on the values of ra t
Rm
IndeedCMB ismainlysensitive to curvature
so theconstrain isalongthe flatuniverseline Smt rn I
On the other handSHEhavea different
dependencethathelpsto break the degeneracies
between rm a sin

aye
SNe Ia andCMBgivealsogood
evidence for an equationofstate forDARKENERGY
w e 1
Noticethat to explainacceleration
oneneedsonly Wh j
Thesedata are reallytellingus
we aredealingwith a cosmological
constant notwith some other
exoticform ofmatter

Am



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

COMPOSITION OFTHE UNIVERSE

Mostof theconclusions we can draw about thebehaviour1dynamicsofparticles in
theearlyuniverse are based on well known physics which we believe is under
control Forexample as we will see CMBphysics is really atomic physics
What we canprobedirectly extends back toenergiesofaMeVsceees nuclearphysics

Belowtheseenergies the main energycomponentsof theUNIVERSE are
PHOTONS BARYONS Electrons neutrinos DARK MATTER DARK ENERGY

PHOTONS primordial radiation
MaketheCMB with a temperature
todayTcreis 2.7k Today this
correspondswith around 10 5
of the total energy
This mediation has a perfect
Plemckian spectrum blackbody

BARYONS In cosmologybaryonsarebasicallyeverythingwe can see directly
Inotherwords planets stars clouds are made of beryons
Essentiallytheyarejust neutral hydrogen
asf 0 04
There are much more photons than beerions

DARKMATTER Fromobservations we havethat curvature is negligible this
implies we need to add formsof energy to make I r i 1
Most of the energybudgetof the universe is thus in Darkcomponent
Dark Matter is one of these components Gravitationally it
behaves as repeeve baryonic matter Cpressureess coed dust
However since we don't see it and dou t detect it it must be
weaklycoupledwith normal matter Standon model particles
Overall room o 25
Dark matter is essential forformationof structures in the universe
each gelexy is supposedly made out of a DM halo surrounding the
usual disk of stars Dre com cluster

POSSIBLE explanations For Dre WINE weaklyinteracting massive particles
SUSYparticles supersymmetric AxlONS Primordial BlackHoles
Still we don't know

DARKENERGY Mostabundant energytodayNDE E o 7 It can be a cosmoke
gicalconstant wise l on an even more exotic form
of energy It does not cluster contmerely to DM
We have no idea why DE dominates exactly now
and why it takes the values it has

RELICNEUTRINOS they are relicsofthe BIGBANG like photons Weknow they
are massive veryeight andtheyconstitute1 I of energytoday



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A consumotogiceemannstammt is necessary to fit data i na 20.7
Peculiar form of energy with equationsof stateE k w I

Im Fried eight it leads to acceleration i

aa 41 ft3Pa 41 C 2 f 81 Pa 70

if 3H ftEa o f const

otherformsofenergydecay in time 11 dominates at late
times in the universe from now on

It iscompatiblewiththeprinciplesof GR actuallyintroducedbyEINSTEINhoping to make the universe static

The theoretical estimate for its value is off by several 60
orders of magnitude

EXAMPLE Thecontributionsfrom the STANDARDtease are wayberger than
what we measure For instance the vacuumENERGY of the
HIGGS is expectedto ee around

V h Mh 125Gen

E Item tommi WGIh SIG 1

LHCprobesphysics 10Tell so we actuallyexpect larger
contributions sumover 2ecopointenergies
It seems there is a conspiracy forwhich these contributions

cancel between each other

Manyattempt to solve thisconceptualissue nogood answer
so far
Onepossiece explanation is the ANTHROPIC principle if I was larger
theuniversewould be muchdifferent and structures galaxies Stars
wouldn't haveformed Theonlyuniverses compatiblewith what
we see stars planets are thosewith a small 11

Byacceptingthis however we don't haveadditional insights
on itsmature still anopenproblem



Equilibrium Thermodynamics  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fromobservations mainlyCMB as wewill see thereisgoodevidence the universe
at earlystages was at thermal equilibrium local THERMAL Eaau Brion
Densitiesofspeciesfollow thermodynamical distributions
Macroscopic quantities can becomputedfromstatisticaldistributions
For a gas thestate isdescribedbypositions and momentaofall particles Statistically we can
describethesystemaccording to the distributionfunction f x P t oftheseparticlesi l

phase spece thedistributionvariaerees am woeve in timeBecauseofHomogeneity isotropy we have respectiveeye
f is independent n I
f dependsonly on Ipl p
In quantummechanics momentumeigenstates arediscreteThisfixesthedensityof states
thinkofaparticlein abox as yu

numberof internal
degreesoffreedom
spin

with these ingredients we can write the NUMBERDENSITY particlesperunit volume
as anintegral over momenta

m IE3Idf f ft p
Theenergydensity f can be obtainedbyintegratingover f EP

f gpJd3p f tip E P j forweaklyinteractingparticles E p 2

Finally thepressure I takes the form
I aqzpJd3pfltsPYEIp1PIt notallparticlesatfixeduvelocity readsthesurfacearea

We can set K l the integralcomeesimplified to f dp 4Tftp
EQUILIBRIUM DISTRIBUTIONS

If the collisionsbetween particles are frequentenough the wequickly reach
cooee thermal equilibrium Thethermaldistribution depends on thestatisticsofthespecies
weconsider Fermi Dirac or BoseEinstein

f p 1 1 fermion bosom
deep µ Ik'T I I



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We can alsochooseunits whereKB I
At low temperatureswe recover Maxwell Boltzmann distribution
The coefficient µ CHEMICALPOTENTIAL cameo T dependent It enters in
the2nd law of thermodynamics

Tds du t Pdu ndN i p T FITtnumberofparticles

Let's see how m p E behave in the relativistic non relativistic limits

highttorelimit relativistic E p I P m K T pe O

9 17,3 dp p4T p3e dp ftp.T fIt I zeel ez

gT4 1 Bosons

7 Fermions
8

StefanBoltzmann forphotons bosons wegetg 2

Bosons
m Jdp ee p

4T P
e

DP 8T
pennons

v3 3 I 2oz
one canshow P Iz w 3 radiation fluid

low temperature limit Non relativistic E p I m t m T pe oem

m2,9 f 2e.cm m fdp zaqzT e 2 e dz IT 2 if
8zI e fz x312 g z E e

m't

At lowtemperatures massiveparticles ms T are exponentially rare as isexpected
E am f I m m

I E m T exercise convinceyourselfthis is correct

w EgE ImeK 1 matter fluid i pressureless fluid dust

Differencebetween fermions bosoms important at hightemperatures
but irrelevant in non relativistic limit at thelevee of distributions



 

     Entropy Conservation: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     Radiation Era: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

optional
The2nd law of thermodynamics tells us that the entropy always
increases or stays constant At equilibrium the entropy stays constant
and we can exploit this feat to track the evolution of certain species
Recall the continuity equation f t 3HCe c I o j U PV

des f 1dL Pdt e v t e V t I v ft IC PteDE DE DE V

V a b I 3H fE t 3H ft E O
V

We can define an ENTROPY DENSITY s

It obeys It 3Hs o s d a 3 dilution by volume only

In theearlystagesthe universe isdominated by radiation As we haveseem
the energy density for radiation scales as f a 4
Aswe will see more im details at thispoint species are in thermal equilibrium
the rate ofinteractions is largeenough and speciesfollowtheir thermal distribution
For instance if f da t and f L T then T T t and the temperature can be
used as a clock
1 t To aa To Citz where to is somereference time

Temperature redshifts like energy

H 85 prao 8 cried
a

H Ea E
t

a a const Iftaact dt a ao cometCt to
to Z

gact c Ct to ao
ct for a ao t to

T t Yz

Theevolution of H as a functionof t im matter era can be obtained in a similar
ray
H 851fmae I 81 him

3
ja ah const fdaFa a a c t to

a et
eamatter

zag 3too Teo 0.75W 9180k witha 2Meo3 T gk 7 co tell



 

     Rates & Boltzmann equation: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

I k 8 6 co 5K
The distribution functions f Ltp can be out ofequilibrium and can evolve
in time depending on the interactionshappeningbetween particles
It isconvenient to track the evolution of its integral m SfdpIn absence of interactions the numberdensity of a species dilutes as thevolume
expands

in 3H m O m a a 3 conservation of particlenumber

However in thepresenceof scatterings we can have changes in particlenumber
at b Ctd e.g we will see recombination e t p Ht 8
b and Thompson scattering e t V e 8particletype
These collisions are described by a CROSS section 0 and the rate
of theprocess is 0 I v l MaMb

t number densitysquaredavgvelocity weneedtwoparticles to
collide

This rate changes the RHS of art we'd have

his 3Hm cowl MaMba a g t B Mcmd
particle x is t effectof inversebeingannihilated process

However the incense process ctd at b can happen as well
DETAILED BALANCE at equilibrium thenumberdensity remainsunaffected sincethe inverse

process is aslikely Thismeans atequilibriumtheRHSvarnishes

cowl meatMbe t 13meetmde9 O

p mamb Lolv1
mend eg

ft inat 3Hma cowl Imamb Mand mm IbaHeeI
exercise
i rewrite us of ft showit can bewritten as I ft asma

ii introduce Ni mils whereis entropydensity Fromprevioussectionsreceee
that s so 3 forsomeconstantssoa
Showat mad asfHdivaduga

Iii Definea cowl mb showusingthepreviousstepsthat i

d.io a iIIs fiIETaX'I Ieg



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

I

ith d.iq iIIs fiIENIa11 lIiaI 5lE
efficiency deviationfromequilibrium

Impractice whatmattersis theefficiency considerthat toc d are at equilibrium
and NatNaleq forexample Na Naleg Considerlargeefficiency 171141771The equationbecomes approximatively

dlogNa I Na decreases towardsNato
dtoga H

For sina.eeefficiency T1HK 1 the reactions don't bring Na to the equilibrium
awe

Thismakes sense T H means that wehavemany collisions in the time scale of the
expansionParticleshavetime to thermalize before the universeexpends
For Tct wehavetheopposite expansionis faster thanthenoteofscattering



    Brief History of the Universe  
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Fromprevious formulas we have seen that act is larger in the past
and thebehaviour of the energy components is

RADIATION fda 4 MATTER DarkMatter G Bayoms f x a 3

curvature ft a 2 DARKENERGY FLconst

Evolution of RR Rk Rm Ra duringhistory

parumnmmmmparumnmmmm

I 1east this'eectorevEarlyphaseofDark Energy next eectore Theuniversebecomes
expansion transparent photonsarefreetopropagateCanexplainwhycurvature is also theuniversebecomes

meutneecmoionssmall and size ofinhomogeneities
intheuniverse



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



    Cosmic Microwave Background 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TfishmealgoodIs or
e
homogeneouspoet anisotropies

Homogeneous microwave radiation thermal spectrum extremely homogeneous
ofphotons Tanis 2.7K

Discovered in1964byPenzias AWilsonNobelin78

TheCMBis madeoutofrelic photonsthat intheearlyuniverse where atthermalequilibrium
withelectrons and protons
e andisformed a hydrogenplasma glowing at a homogeneous temperature Photons
wherecateringwithelectrons andhydrogen so theywhere trapped the universe was
an opaquecloud
The expansion of the universe bringsthe temperature of theplasma down
Hence at somepoint et f p combine toform neutral hydrogen H e p H tr
and photons don't have enoughenergy to ionize H anymore RECOMBINATION
universe becomes neutral

Alsobeforerecombination photons G e wherescatteringbetween each other
e y e 8 via THOMPSON SCATTERING
Immediately afterrecombination the number of e arounddrops drastically
photons don'tscatter any more and are free to propagate The universebecomes
transparent The photonswe see in the CMB are theones that lastnattered
photon Decoupling

The radiation we see hasTemps 2.7 Kand is thermal
g oTates o26MeVm 3 stroke n 5 lo 5 criticalraiddensitytoday
my I toophotonscm 3

Temps

Baryonsare moreabundant today r b fo 04 fb g
t rb noMev m s nghmefkeetshese

fromexperiments
baryons hydrogen mu mp 1GW heavy mb ed o 22 m 3

mp
BARYON PHOTONRatio y mtg 5 10 observationalfact
Therearemuch more photonscompared to atoms Thisratio is constantback toCMB
Sincey41 at CMB it is more difficult to form H Ctakeslonger



     Recombination  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     Decoupling  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Taeis 2 7 K I lo 4eu
TheBINDING ENERGY of H is Bt 13.6 ell We d expectthat Recombination
happens around Tze Bu Howeverthisturns out to be not correct
Dueto thelarge number ofphotons we need lower temperatures
A proper calculation gives

Tree BI o 3 ex 3700K as opposed to BH ooo k
42

From this valve we can workout the redshift at recombination
Soonafter recombination photons travel freely meaningtheyredshift like
radiation of course
f d Tt d a a TL a I

sale factortoday
Tree a 3700K 2 re 1320Ct 2res
Tcmis a tree 2 7 K
d

caB temptoday

A process closelyrelated to recombination
Photons remain coupled with the plasma due to THOMSON SCATTERING
e y e se

zRecall that the Thomson cross section of 8gI mecz
In natural units c A KB I we get
0T

me mate i D I
3 AT
z lo 3peer 2
6.6 co25ms

p momeeedensityofelectronsThe rate ofscatterings is D me or
since electrons become bounded in hydrogen onedropsduring recombinationT drops decoupling basically coincides with recombination

AThe scatteringsbecome noteffectivewhen ITbecomes smaller than the rate
of theexpansion H z
From this equation one com imprinciple work out 2idea

2dec 1100

Note that decoupling recombination happen when we are MATTERDOMINATED
Exercise find 2equality redshift ofmatter radiation equality
i e when fr fm

emo Hz 3 Sir Itza itZee Rim 3365144ee sno



      CMB Anisotropies  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fluctuations in the uniformtemperature are small i 30012k
2 2K Io 4

however theycontain a lotof informations
CMB fact are a greatprobe

theyare smallleimeon
canbestudiedwith known atomicphysics

Thesefluctuations correspond to density fluctuations in the plasmaof PHOTONSElectrons
protons Thesecomponents interact via Thompson and Coulomb scattering but
are also affected by gravity

gravity p t DH neutrinos A

e
5

we can describe theplasma as a fluid baryon photon fluid
Temperaturefluctuations density fluctuationsof photonsa x a banyanphoton fluid

sound waves

Soundwaves are characterized by a SPEEDOFSOUND CsSC
For photon fluid Csf YgCZ

Cs F 0 expansion of the universeneeds to be accountedfHere we neglectit forsimplicity
Linear fluctuations Fourier analysis Kit Ak cos Kast

Peeks waves that at recombination are at maxima of cos k t
are enhanced peaks in temperature If C tree then

peeks K fI m X I
C k

special scree ofthe fluctuations thisgives atypicalangular
r scale in theCMB angularsize of fluctuations

MATTERERA HkPmsa 3
no E Cte u HoO CTt Itza to Ct2red

n Ho avec Ho REC it2 E
is
v Itza at 2nea 2 it 2realE

T TRue rue
0.03 radiants 20



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

T corrections owe to the expansion similar to the Litz in the
expressionof duCLuminosity Distance

ANGULARDIAMETER DISTANCEi
suppose we have an objectwhosesize is known e.g X but its distance not
What we usually measure is theangle0 subtended bythisobject in the sky
In feetspece for farawayobjects theangle can be related to the distance D
as i intrinsic size

distance X
Im curvedFLRWspace we are led to
define the ANGULAR DIAMETER DISTANCE
imanalogous terms

DA I
In FLRWgeometry thephysical size X can be written as
X 0 te a e

d t
comouig screefactoratdistance emissions

Da re ae re ao a e aone
ao l Z

X X ao
az XatZ thisexplains t

reae re a read
1

This size ultimately depends on Cs depends oncosmological
parameters
Thepositionof the first peek depends on the SPATIAL curvature
as we have seem positive curvature leads to larger angles 0
as compared to Euclidean space for some size
This means wecouldinterpret K o as longerobjectsKLo as smaller objects

CMB probes curvature Rk today strong evidence for K 20with E T precision
Effectofberyoms more bayions imply a smaller Cs
effectively this translates into a forced harmonic oscillator inFourierspace

Cs K F shift due to the Enhancementof even peaks
forcing 2

a

1



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

CMB temperature correlation L II
2

damping viscosity

t
l wave

I
number

largeangular Firstpeak l zoo
sareesunaffected
bybanyanphotonoscillations

ParameterDependence TheCMB spectrum istheresult ofmanyprocesses which
in turn depend ondifferentcosmologicalparameters Tobetterunderstandhow
theseperimetersaffecttheshapeof the spectrum lets look at theseplots

qpumwzas



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a curvature Ik Recallthat she
a

Byvarying arefrom0 to 1 we are
addingnegative curvature to space Negativecurvature
makes angles smaller so wewould see a shift in the CMBpeaksto smallerangles
i.e larger e Themeasureofthepositionofthepeaksgiveinformations constraints
on rn

b darkenergy In CMB isformed in matter dominated era ahem was negligible
However Aaffectsthepropagationofphotonsfromthe last scatteringsurfaceand us therefore theeffectof A is mainly at largescales
Integrated Sachs woefeeffect

c baryons Db Theeffectof baryons is tochange theforcingterm F in
the equationfor Thismeans that the relative heights ofthepeakschange
bychanging Srb Thisclearlyseen in fig c

d matter Am Bydecreasing Dm we aremovingmatter radiationequalitycloser
to theCMBCatZone Hoo Asaconsequenceofthistheforcingteambecomesmore
efficient and the whole spectrum isboostedup



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Exercise Neutrino decoupling Neutrino temperature

An interesting case ofstudy are NEUTRINOS Neutrinos are very light particlesbutmassive nonetheless I mu L O 3EU Since they are very eight
they were also relativistic for a very long time some of them might stillbe relativistic
They interact veryweakly Thesefeats imply that theydecoupled from
the thermal oath while still in the relativistic limit Hot Relics

other features o V are fermions like electrons protons and have an associated
anti penticle J
they interact via WEAK interactions This means theystop
being in thermal equilibriumbeforebeing able toannihilate into other particles theirdensity is higher
than the one of p to e
when e et annihilate theyproducephotonsy not neutrinos
this means thatenergy is added to j s not to us

Tv is smaller than Ty To I TcmB

when do u decouple what temperature

They interact via the interactions we Je et t e e'stoe e ve
et Je e et eJe

whereas µ t neutrinos only react with ettVeee e t Une

Theseare weak interactions thetypicalcross section O GE T
Ge Lw Mw Io 5 Gev2 Cdw 1130

1 mo v eGE t i IT a Ia new s Idreeetivistic

Thisestimateshowsthat neutrinosdecouple at temperatures Te 4MEN



 

Inflation
The standard BIGBANG picture from radiation era works very well butit facessome conceptual issues Inflation is thought to be an era preceding radiation
and tries to alleviate theseproblems Additionally the inflationaryperadigm
is able toexplain the featuresof the fluctuations we see in CMB and LSS

First wehave a look at theproblems we are facing
HORIZONPROBLEM wehave seen that theCMB has a homogeneous temperature

in all sky directions withfluctuations 10 5

Information can travel at most at the speed of light
InFLRW it means wehaveto look at thelight comes

dr tact
In ordertoexplainthishomogeneity and withoutassuming
special initial conditions wewould like to require that
different points in the crib where in causal contact inthepest
In thisway theycould have thermalized together

re
today t t

t
d

a B CMBess tess

BiaBana t o
causaepastkg

causaepestof a of B
in this case A Bwherein aeusee contact at one
pointHencetheycaredhavethermacized

However we find that not all thepointsof theCMB we see where
in causal contact

today t to

pointsnot in
contact

a pointsincontactBr CMBess tess
A B

BiaBana t o
causaepast causaepest
of a of B



POINTS INCAUSAL contact The comoving distance A B canbeobtained byintegrating
formula t e tess
Raeosae RAB J DI 1

o act a H less
zweassumewe are in raid era from t o untilTessThusact t Ao HCt da

Theintegralbecomes
toss

Rausal fa.de in ao2tYs's 2aete.esT aftTssHCtessT I
COMOVINGRADIUS OF Lss Thisisthe distance A B and can be obtained in a similar

way to
Riss RaB dt z

tossatt't at It
312Herewe are in matter era a t ao t HAI I a a

3Tto
3to'sRoss fad.tt at 3ft te's F a Etz to Itotss to tess

Theangrier size in theskyofcausally connected regions is in radiants

Rouse cattle nfaj.ae o faagss
Z 1 e I n't

Rlss a 4 iss T iss 1 Too 30
ignoring matter
factorsof2 ere

Thiscorresponds to 10 basically everything is causally disconnected

EXERCISE Confirm this with a more precise calculation numerically
i Thepreciseformulafor Rbetweentwo times can bewrittenin termsof 2 receeeda

a

RH.zzkft.at afaIa.IdIa faafadoi fdaI a id dz
a

z
I dZ

g z
sin 0.7 irm 0.3

Hoaoffratsrm.az trecitz42 sore8.4 to 5zz
ii evacuatemumericoeey Raeusee Rca noo Riss RChooo

verifythat thuggee



CURVATURE FLATNESS PROBLEM

Recall how K enters in the Friedmann equation
3 H2 p 3 k
SIGN SIGN a2

Thecurvaturetoday is small meaning that Ig3 gna 3 K L
SIGN

i e du L is small
at 2

However if it is small now it needs to be tiny in thepast
att a a 312 a h

Are A so itgrowsat time increases itwas smaller in thepest

Toobtain the value we see today we need t.my initial conditions for 52k
Thisseemsvery unnatural

Solution postulate initial acceleration a so

If wehave an era wheretheuniverseaccelerate at the beginning for example
with a cosmological constant themtheintegral Raeusee becomes dominated by
earlytimesi

toss acss
Raeusee DI doi

act a aitwit aim

If a is not there R Dogaid Depending on thebehaviourof a wehave that theaiu
integraldivergesIis dominated at early or late tim

If weexpend around a o aLAP da if p o diverges at early times
if pco diverges at late times

ForRD a x t k aiL i i
th a f pro and earlytimes donotcount

ForMD as 1213 a'a L L
t's a a

To solve horizonproblemwe need aphaseof the universe with p o ii o

INFLATION ii 0 beforeRD



EXERCISE Considerinflation as a A dominated ere I g w i

Verify thehorizonproblem can be solved computeexplicitly RaoulRess

For P e 14 0 a arad eHint t trad
H t Hint

The universe starts in inflationthemgoes to RD and MD
tess trad tess

Raeusee dat adit Itf Print cat less
tiny tiuf trad

at less
trad trad

Riaf If ad d 1 e 1
Arad Hint t tradtiuf AradHinttiny

N Hiuf trad time eHiuf AI ON measureof duration of
durationofinflation inflation

we can solve thehorizon problem if e 771

Raeusee E 1 EN l t 1 e 1
aradHint attHess att 1rad att less1

trad

Ress L as before
a Ho

Rousse CeoHo ft e att less y e Cattless
Ress att less H11rad i o att raid

fatness Tess
att raid Trad

raidera
H Ya's
an 11T

we are certain that radiation era extends at least back to nucleosynthesis
Trad 10 Kelvin
Tess 103Kelvin

3
Rpagggsel glo t t EN Nowwe can make the ratio of order say OCD

bytaking
lo te z o i EN e10730 108 N en 108 n 20

If we requireinflationtohappenatTrad 1029K Gotscale themN 60



Slow-roll inflation

Inpractice oneneeds tospecify thetypeof matter responsibleforthe acceleration
Themostrobust1acceptedmodeeis slow nee infection
scalarFIELD01 like theHiggsparticle Sloweyreeling down a potential
lol 1 Theinflators d t movesseowkysince itspotential140seowrou e

nE is initially very flat Also HubbleexpansionIEE
YEE y gives friction1energy dilution

Ict 3Htt Ct t Vcot o

DAMPED oscillator I smaller than
theother teams

The cosmologicalconstant1acceleration isgiven
by Kol 211

H SIGGI Et V ol 8tzGN ol since dmovesslowlyand
VCollis small

Features

Seow roll inflation has a mechanism to END inflation when10
becomesimportant REHEATING t ol decays into standarparticles 1
we enter in radiation era

Itexplainsthe size featuresof inhomogeneitieswesee forexample inthe etB
Idea 4has at least quantum fluctuations

IoCt x act t SolCt x
homogeneous quantum initial fluctuationsslow rollingsolution

thequantum fluctuations 80 are not deterministic but correlations are
dictated by quantum mechanics Ip Dx ZKy

H
it is easy to estimate 484Lt Htt I Hiuf is almost constant andact re
Expansion stretches theFouriermodes waves somuchthat theybecomeslowly varying

4842 does not depend on it X By dimensional analysis it has to
score as H2 Histheoueydimensionfol perimeter relevant for 801

SlottxD H2

oftencalled scare invariant spectrum Isconsistent withwhat we see inCMB

Nowwegive averybriefrecapofthefeaturesofinflation so as togetaccustomed
to theterminologycosmologists use



SCALEINVARIANCE wecangetanintuitionforwhythespectrumis scaleinvariant byunderstandin
theevolutionof ageneric Fourier mode84kIt withwavelengthx 2Ilk
wegetdifferentbehavioursfortheregimes a 1 anda HE i
aH
For re 1 the physical wavelength is muchshorterthanthesizeoftheuniverse and

at effectively it islikebeing in featspece theFouriermodes
oscillate in time

ForanyK 1 we reach apointwhereXphysbecomeslongerthantheuniverse
The mode doesnot evolve and FREEZES IRecall thebehaviourofreactions
when MHK 1

Additionally becausewehaveacceleration a so we alsohavethat att decreases
duringinflation we can thusplotthebehaviourof a mode xcomouing

n CaHl
Frozen

Hmmmm Sdk

logainflation radiation era

when a mode freezeswesayit exitsthehorizon

Inpractice we can obtainthespectumoffluctuation at thehorizoncrossingsinceafterthatpoint modes don't evolve
Such modes will startevolving again once they recenter the horizon
during radiation for matter era

Tofind thespectrum at horizoncrossingweneedto evaluate aSol It when I
Since owninginflation H const wehavethat 484 willhaveonly a tiny att
timedependence tiny Kdependence This is what is meant by scale invariance
Usuallythespectrum in Fourierspace Acs is peremetrizeed asfollows

ms spectralINDEX
A s As

S
where k o o5Mpi is anarbitraryreferencemeeee

This scalar powerspectrum isexaceyscale invariant if ms 1
Slowweeinflationpredictstinydeviationsfrom suer invariance and thisisconfirmedexperinneu
Indeed Planckmeasured ms 0.96

Acs

Inflation leads to theproductionof primordialgravitationalwaves htt x
GW's are produced in a similar fashion they startquantum mechanical
and subsequently grow and freezewhen exitingthehorizon



Theirspectrum 1st is peremetrized similarlyi

A te At
Mt

Ctlstands for tensormodes

At amplitude ofGW fluctuations

Amajorexperimentalchallenge is to measure tensormodes theyleave an imprint inthe
polarization ofphotons in thecupsWhenpeople talk aboutmeasuringprimordial aw's
theyusually mean measuringthe so called B modes of theCMB particulartypeof
polarizationpatternsof relic photons

Theperimeter that experimentalists areafter is r A TENSOR To SCALARRATIO
which measures thepowerin aw compared with Acs
the power in solar inflator fluctuations
So farPlanckobtained averyprecisemeasurement of ms bet for r
we onlyhave an upper bound

Theblue regionis
the one favouredby
Planck data
Limesand colored
regions refer to the
predictionsof differe
inflationarymodel
someof them are

already reeled out

Thedetectionof primordial gravitationalwaves be a verycompelling
argument in favourof slow roll inflation
It would also give the a value forthe ENERGYSCALE at which inflationtook
peace This would be averystrong indication for theexistence of unknown
physics beyond the standard model ofparticlephysics


