
 

In this first lecture we will try to

be more quantitative about how we

describe space time
curative and derive

Einstein's egs of GR

Rementer we concluded that what we

should do is allow for the distance

between two space time points to be

given by
Ish gu

Cx dxmdxu

where gu Cx encodes gravity and we

want our teeny to be invariant ouster

arbitrary coordinate truspuntions
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out there symmetries diff

together w the requirement fist

field egs contain ant 2

derivatives is what defines GR
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First le's ask ourselves how does

An lx change if we charge emotiates

Since as is something physical
it

crunst depend on which combines me

chase Therefore

1st J'm x da d x

Jmu x d XM dx V

gu G III ex axe
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This shows right away that having a



gnu Cx rather him Ym is not enough

to tell Tut space time is curved

because we can always Anit w gm x you

and perform a
very complicated diff

to get

girls nm Ii
This is e.g what happens if we

work in spherical bards
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coordinate dependence

but we know that this

is just regular Minkowski



We need a better measure for what it

means bn a
space

t be curved

Before enticing our search a side

hunch we figured out how gm lx

Changes under doffs How about other

quantities Take

I note unlike Jm I

primed ossudiates

are in the umerator

In fact this is how all h vectors

w an upper index transform



twinight

Using the metric we can define a

vector w a lower index
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This genevolires easily to tense w

an orbiting number of up and down

indices
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point particle action w Yuu Jmu x

s me fundaments
If we vary this action war t Xm we

get the pop com which is of the form
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Could Tie be a better
way of

opening if the epee tire is curved

After all in Minkowski the p p esm

is

IIe o

out this one could be tempted to say

that if Tin to them here is a

gravitational field Remember bswer tht

this Artement needs to be invariant

Under obituary essudiuste Imf

Exercise perform a commute hanif
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and show that the Christoffel symbol

charges as flaws

ii in t.ie

and show ht these two expressions are

It
Tu's mens tht we could strut w T2 o

like in Minkowski and then perform



a rift to end up with T'd
en to

Therefore This is not a good criterion

In fact densuring That physics does

hot depend on the issuer aster we use

is a source of wary anglicstious

For example what does it mean for

a vector field to be constant

everywhere Naively one would

think O V Cx 0

However under a diff we have

airmail It opt via



II I was

It Op V Cx

Because of the first term even if

Op V x 0 we can end up with

g a Vr x 0

However we can fix this by defining
a onminutderivative using the

Christoffel cymbal i
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Hence this provides a got criterion

to define whether something is constant

ornst

Earing show host the covariant

derivative of an orbiting tours dined

be
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Let us now the two covariant derivatives



of a vector and something interesting

happens unlike mainly partial
derivatives for sufficiently smooth

fields awariat derivatives as at

commute
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Based on the tumbustion properties

of ennui at derivatives and Um

it is easy
to see that the Rieman

turn tapirs as

rain
R one

Therefore if R
em

to in sure

coordinates it will be so in all coordinates

an Dh

whether or not covariant derivatives

commute is a
meaningful mesmer of
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Some pipette of the Riemann tensor

1 Rapmu Rap up

2 Rap n Rpamu
4 Algebraic

3 Rap n Raap
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20 independent amprents

Solution First me 1 3
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Values lack
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a symmetric NaN matrix has

Nintt independent ampuent

N G m 651 21

he is one more constraint

m 21 1 D

fear
Rie Rm R ma u

Ric R g Rm

Nlt Rm contains just 10

combinations of the 20 independent

quantities Therefore Rin could



he tern even if the space time

is curved i e R
em to

This happens e g for black holes

After his long detour on geometry
let's

come back to plyics
Remember Mst

we are trying to
guess

what the Las

of the egs

d h kh oh kit oh

t ht Fun

should rerun to For a paint particle

we have already guessed
an action list

should yield the RHS

We have hyprened indices but the



LUS should Chey two indices
be

symmetric and have two derivatives

There are he sue properties of Raw

Furthermore when gov You t k hmu

Rm contains an infinite umber of powers

contains on a number of powers of

Rm 12 D hmu and uh

Ordu h'm drank



which is hot quite the term in our

linear egs

D hurt 2nd uh

and nhu to duh

Ym D ht you did his

Because we are missing
the last line

however

R g pre k d de h Dh

and Therefore the combination

Rm E gu R

reproduces exactly the correct linen oven



Therefore we guess that our egs should

be

2
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and using k V14.11
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NIabontenservation content the

Biondi identity twice and we find
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Noteabautation we managed to

remm our egs Can we also rerun the

action Remember the part that depends

only on him looks like



S faux o u t kh oh

t k W oh t

what we know is that we should be

able to write this only in terms of gin
w at most his derivatives and that

this action should be invariant under

tilts One quantity that is iwai at

under lifts would be R but

f ah x R
would not be invariant because d x is

ust

d x d x d x bet



but his is easy
to fix because

det guv la a dit g ur
ex

out gap 8

let
gap

out II
at
gap out T

m d X V detglap.ci

d x N detg.gg
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We are now in a position to see



Hist This is actually at the only

action we could have written that is

invariant and has most 2 derivatives

More in general we could have

faux NH R 2N

t
cosmological constant

Thisterm curves space time even in the

absence of other stuff and Minkowski

is as bonzer a solution to Einstein's egs

w Tm D which now became
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