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V Extrase 1

Start with the FLRW metric and write it in conformal time. Why is

it useful ? (set K =0) ·

Define the conformal Hubble parameter H= o ; how
a

is it related to H ? How does I" evolve in RD/MD ? And DE ? Write thb

Friedmann egs in terms of M and I.

ds
= -dt + (t)) dra

+ redo" + reseczode)1-Krz

ds= (i) (-di+ trado + rseaody
K = 0 > conformally Minkowski

H==
21=a
MD : & &

23
- t

- 13

RDi ⑳ <
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> it decreases with time !
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H= 2 (g + 3p)

S
H
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Extrase 2

Compute the
comoving

distance at which we see the photons as steady .

Is it possible we see an object moving Faster than light ? Ifyes , explain why

Uph = ar

~ (ar) = Hiph +-Up
= =

to = 0
> Hrph + oph = 0

Har + 1 = 0
-

r=-



Exercise 3

Show
using

the 2nd F
. 2.

and p = wg that <o Wc
- 1 ·

p =wg

i =- ( + 3p) =- (+ 3w)
a

= -ga(1+ 3w)

aso >
1+ 3wC0 , wa

- 13



Exercise 4
Find the integra relation between t and T

.
Revrite the definition of comoving

particle horizon do in terms of Ma and the Hubble radius H.

The write

the comoving Hubble radius YaH in terms of a only (hint : use est F
. q.

and equation of state ; set K=0) . Integrate the expression you found to

get a result for d
p .

What is the dminout contribution in the

NCDM model (RD + MD) .

What happens if we essere there is a priod of a >O

in the Early Universe ?

d = adt
-> -To=

Comoving partide horizon : rph = arcomoving

dot) =f =
= to

I↓
ai

ma Ma

= I A daI dhot
In i hai

H2
= S& j + 3H(g +p) =

0
, p = wg



= - 3Hg(1+w) = - 3(+w)

& = - 3( +w)H(t)dt = - 3(+w)d

In (g - fi) = - 3/1+w)hn(a - ai)

9 = J:/
-31

-H==(
3 Q#Ag:

a (1 +w) 1/2(1 + 3w)

C

· dp(t) = f c
"h+ sw)
da

=a
e

A

ma

= I c eleswitc blu

=↳ Jekltsulla sulla
-Ed Tolsw

bu standard BB scenario Mi < dolt)
Late time contribution dominates

.

Set Ti = 0 for Qi =0-dp = t
.

Notice that ine this case dp(t) &YH i
W = 13 -> dp = di

N = 0
. d = 2



If so
, wa-f > (1zw)c

· (t) co
,

Hubble rodius shricks

~ major contribution from carly times
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O
ai -> 0Indeed Mi= a se

1+ 3 0
> -

d
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I in the stondeed scaric Mi = 0
, if

push to Mit-to the stacting point i /utillyio
se



EXERCISE 5

Derive the redshift of equality knowingfi and Mi
.

Derive li(t) knowing is and Min
.

Im= Er
, Ge = Monza > Zeg =

Mim-1
zi

ti ~ 0
.3/e-8 .

4x10-3 , zp2 3570

Et =

(0H
(aH)2

MD + RD : H = Ho in( + 2(
At equality : ter = -m

↳
tin = vid ,

Mi =a

~
M= Hein[(to + a(

= Ho rin( + ag]
= H Rima

*

(a + Req)

Mill= -i (00HA)2
a2H ima-4(a+&e)

=

a
=

ata



↓ Exercise C

2 component Universe : find a solution for the scale factor in

the presence of both metter andmediation.

Chint : work an conformal time)

U= It a tatS H=- /+ 3PH) ,- (+ 3p)a

= (ft + 3pt)a + g + a = (ft - 3pt)a

a"
=(g+ - 3pt) a

It = fr + Im

At equilibarm : gr = fun=

gr =gr()
Im = gi (0 =
- It= ( +(



gr- 3 pr =
0 (P = &9)

pm = 0

a= gra

Sm = I p > gra = Ju== cus

sa" = gepope

1 a(t) = Se ept" + CT + 22

a (t =% = 0 = a = 0

Use 1st F
· ep

to detective 21 .

a(t) = -gegg,
T + CT

2

Ia (T) = geT + c]
Ist Fe : a

= (+ ( +(
= [ je di (a + ac)3"

·Call" = gogqT + <5 + aq)
= (Jap)"



&
e (Sepa) 200 Sep)"
- -

> all= gep T + #gege)"T =

= [ + c)

To = (Se5)



V Exercise 7

From statistical mechanics considerations
,

we can write the energy density
and the pressure of particles as :

SIE
E(i)) = Ik1 + m2

->
it quantifies the number of
particles in a volume element of

phase space f(x , p , t)

Mi =gifil (number density)

where
giare the degrees of freedom of partide i and fi the phase-space

distribution function . Fi = filE) in a hourgensous and isotropic Universe.

1) Show that for ultrc-relativistic particles (m) pi = & gi
2) Derive from the equation of state how o scates with the scale

factor for both radiation (ultra-relativistic) and matter (nas-relativistic
3) Suppose the Universe is at therwal equilibrium ,

then

f= f L
+ fermious

exp(E-r/TE-bosous
with T a comman temperature .

Find Mi
, gi for witt-relativistic particles.

Chint : 11/sm
, mast) NB : fabosous MOM (otherwise fro) ,

while

Le fernious no restrictions
,

but observationallyM sull
.

4) Compare g(a) with g(T) for ultre-relativistic particles

5) Find Mi
, gi for mon-relativistic particles (hint : mxT

, Km)
NB : T Mi-Mi (dilute system)

6) Compute Stot .
Which terr dominates ?



1) E = 1k)
-> Pi =gifi(E)

2) gazishir) -wig

3)Jü=per = 1

%.=-1

1 fi

1 *
= 24(3)03i 1)+1(x = zy(3)a3

E

gi= =s

d

=

bo SS (fermions)

Pi= Si

4) Go-raT" feletistic ptl ae



E =N+ m2 = MAN = m(+ ) = m+

5) Ji=PE
+

= 1

= exp(i -E)/ =

= exp (i - mi-/T

K2 dkMi exp(miMi
-

(*x2e
- *

dx=

-

7 Milemi =
MiT

gi=d dk

exp((
-m

%***x =·

mi-Ti #exmimix

-> fi = mi (mi + -T)

O6) glot-fre + from-ed
_

Gmi-Mi)/T
↳ ~ C

mxT - ~ O



EXERSE 8

Derive the required feld range di-bf to get N = 60
,

with a linear

potential V(P) = &

N = IHd=d

S,
v = p

:
N= - da

do=? Elend=
↓

= Four Friedmauer

equationsxo

when EX1
.

(M)
=> E = 1 end !

~ Q = 120.
5 Ma



EXERCISE8

The dimensionless power spectrum Dg (4) is defined as :

Eg(k)=K PC
where :

<GiGic) = (CTt) S"(+) Pg(k)

Knowing that Dg (1) = 2x10-9
,

which is the value of the mess

In that the inflator feld has to have
, considering V = 1 m22 ?

(M : evalute it when the leyest I leaves the horzol
,

ie
. beginning

of inflation)

Since G approaches a constant on super-honzon sceles
,

we can evaluate the

spectrum at hotzon crossing and this determines the future spectrum until

a given fluctuction mode re-enters the horizon.

The dimensionless sodes power spectrum has then the following fewr :

E (1)=
k = 2H

H
=

=

v
> Eg(k) =

12Mi
kam

3 M2pe

For a potential V= &m2D2 we then have :

4g(k) =

1 m
=

p
+

962 M ..
k = aH



When leyest I leaves the horizon we are at the beginning of inflation !
Smaller I need more time to

grow till H"

When Jphys ~ H"
,

adom-H" > &H , Kat

& i is computed as in the previous exercise :

Di e 15 Mpe

> M = 6 . 12 x
10-0 Mpe



THEORETICAL PARENTHESIS

ds = a
2 (i) [-dT2 + Vijdxidxi] Enclideau 3d metric

↑S ds
= ai (t)[- (1+20) di2 + 2B: dxidt + (ij + Eij) dxidxi]

ST decomposition >
transverse and traceless tensos hij
(gravitational waves)

hij ,
2 polarizations ,

which evolve independently as 2

scalor felds

S Ps(r)
= c (32 As /ne

As
= Ho M = -GEy

Pn() =
A+( m+ =

-
25

v

Scale invariance : Ms = 1
,

M+ = 0

= 1



Exercise 10

Find the predictions for r and Ms of the potental V = Q.

S
Ms

-
1 = -

62 + 21

r= 165

= M =M
With this potential :

E =
Map

202
. y = 0

3 Ms = 1-3 r=
Evaluating of herzon

crossing for the largest wovelought : Di = 11 Mos

> Ms = 0
.
975

,
v = 0

,
066

Looking at this plot

(10 .Moz/Phys RevLett
.

121
. 221301)

we see that these values for Ms and r

are compatible with the current

observations
, except for the BK15 result

S

within 20.
.

Ne conclude that V & D is a

viable model of the observed universe .



ExeraSe M

Compute the recombination temperature , knowing that it is deined when

8% of protons are "caught" into hydrogen stoms
,
i

.e we have 10% free

electrons
.

p+ e
-

=H +2

When Tc Br = 13
.
6 el electrous get trapped .

Start from the
Boltzmarn equation

dMp + 3Hmp = mmov /MMSMidt
e

If reaction rate MXH
>
ths much loyer than ths

. Only
way is the individual terms i (- ) cancel separately :

SAHA

EQUATION
E Mes > Me +Mz =Mi+Ma

/chemical equilibrium)

Photons of equilibr -> Mr =M

m
Free dectrous fraction : Xe=Mi

m = gi/Texpi gp = ge = 2

NB : Me -0 . 5 MeV -> men-relativistic

Mp ~ 1 Gel -> mon-relativistic



Xe M2 Me + Ma
= =

1- Xe * 2+ M+(Me +M +

1 M2e
I # =

Me + Ma MH

=
Memp S

Ma MetMi

=En exp To (me + mp -mi)/]
↓

= Mp + Mr = baryon density (without helium nuclei)
= 0.76D= 0.76A M = bargon to photon ratio

X H = 0.76 the eulat def
Xnew 0. 24 BBN)
M = Gx(0

+0

Mi = 2 .G

Xe #
7

1 - Xe
=

0. 76 .4EG13)mede
e-bu/t

Ingiues : TIBr

② TCBu

Xe = 0
. 1= Xe1

Xe(T) = [ # &0
.

76 · 45.(1)
-B

0. 1

=> Trec a 0
. 3eBH = 13

.

6 e


