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1 Exercise session 1

1.1 Black hole thermodynamics from Euclidean Quantum Gravity
1.1.1 Schwarzschild black hole thermodynamics

1. Fixing the length of the Euclidean time circle, we can relate 3y to 8 as

f Bo
/ \/ TT 5 1_26”\4"‘6(1_6;\5): 0 thrzﬁo' (1)

2. Now we want to compute

K. 2
87TG/\f (2)
We can use VhEK = n“@ux/ﬁ. We have
1 2G M M
nn, =1=n"n"g, —n" = =4/1— G ~1-— G . (3)
vV Grr Rb Rb

We will also use

V= \/W 7 (1- ), ()

We can take a derivative with respect to r to find
d,Vh = 2R, — GM. (5)

So we have, for the Schwarzschild spacetime (using [ dQs = 47),

_L/\/EK% anf (1—GM> (2R, — GM)

817G 871G Ry ©)
B (] 3GM
Tt oR, )

For the flat Minkowski metric, we can use the same result, replacing 5 — 5y and M — 0. So
for the flat spacetime:

1 B GM
Subtracting this, we find
¢ pM
Iplg'V] - Iglg"] = 5 (8)



3. For the Schwarzschild black hole, we have g8 = 8tGM. So

52
OF = Tonc ©

Then 5

E frd F = — = M. 1
0s6F = L (10)
We can also compute
52

= (805~ )FF = . (11)

The area of a Schwarzschild black hole is 47r? = 47(2GM)? = 167G*M? = 167TG2
%. So we see that indeed, S = %

52
87'&'6')2 -

1.1.2 AdS black brane

The metric of the five-dimensional black brane is given by

2 dr? 4
ds” = 5 ( r)dr? +de> L, f(r):l—%{. (12)

1. The temperature can be found by expanding near the horizon, and imposing that it locally
looks like flat space there. Writing r = rg + &, we obtain

f(r)ml—L%g. (13)

rh+ArRE e

This yields the near-horizon metric

ds? = (fgd +Zd ) e “ﬁg2, (14)

This is not in the form we want yet. In particular, we want a radial part ~ di2. So we impose

N B
drfﬁ%/gdf—mﬂfﬁ\/g. (15)

Then the metric becomes

47"HT Z da? + d? (16)

To avoid a conical singularity, we must thus impose

62
20y [T ~ 2rg JOPT + 27— TNT+7;7 (17)
H
so we read off 2
T
g=—. (18)
TH



2. We first match the Euclidean time circles again:

7“4 T4
505,/1]%z5<12]%>. (19)

Now the bulk term does not vanish. We have

4 , 4 20
R, = —g—zgw — R=g¢""R,, = £2gﬁ =& (20)
So we see R + % = —é%. The integral over z1,z9,x3 yields V', but since we divide by V, it
becomes 1. The integral over r goes from ry to Ry. Lastly, we use that
r 3
v=i=(3) - (21)
So we obtain
Ry 4
_77/ r_8__8 81 B 7Rt QZ _ (22)
V167G Jp 03 02 16wG 208 4 = 8rGo5 R;

For the empty solution, we must set 7y = 0 and take ,80 instead of 3, so we obtain

B g1 i 23
8TGes 2R} (23)
Subtracting both solutions gives
BT

. 24
167Gl A (24)

Now we compute the bulk contribution. We have

- 1 r2 T r4

using the fact that it will be evaluated at large r. We also have

ﬁ—\gsﬁ £4<—2M>. (26)

Then 4 5
Ry T\ 41
K=n" ~ — - ) ==, 2
VhE =n"0Vh~ ( 2R;§> 0 (27)
So
1 1 B R} r
—_ K ~ ——— 20 (1 _H ) 2

The same term for the empty AdS space sets ry = 0 in the above computation, and sets
8 — By. But we see that we will get exactly the same as above! Thus to leading order, the
boundary term cancels between the AdS black brane and the empty AdS space. We thus have

By
= — —_— 2
b1 167Gl (4 (29)
We now try to rewrite this in terms of 5. Using 5 = 52 , We see
1 64 4 3@3
f=- = (30)
167rGe¢ B4 16G B+



3. Computing the energy density,

E 333 1
=—=90 = —. 31
€= 5(6f) 16G 51 (31)
The entropy density is given by
S w303 1 r3
s= 5 = (00~ 06D = T 5 = 10 (32)
The area density is indeed a = A/V = r3 /03, so we see that s = a/4G as expected.
4. The specific heat is given by
Js 33 1

This is positive. This tells us that AdS black branes are stable, and do generically not evapo-
rate.

1.1.3 AdS black hole

The Euclidean metric for the five-dimensional black hole is given by

2 d2
ds? = (1—%«+T2)d72+}jﬂ+72d9§ (34)
re ot l-m+p

One can solve for r4 in terms of y and finds

3% +2)

h=—g (35)
1. We begin again by expanding in the near-horizon limit. Writing r =r + &,
242 242
P ”+J%z1@<125>+”+;¢
ri +2r.¢ 14 Ty T4 l (36)
_2pg | 2riE €23 46
o ’I”i EZ B €2T+
The r-part of the metric then becomes
dig Cry (37)
£ 2(2ri +02)°
We now write ’
T =/2ry ——. (38)
\/2r3 + 02
e §(@r2 + ) (2 + 02
26(2ry + o o(2r1+ 9
27 dr” = 03 dr (39)
From here we read off that 2
21 Ty
8= . (40)
2r2 + (2



2. Fixing the size of the Euclidean time circle yields

R2
(R R N R SR Y R A (A
T = 2+1z2 =5 +e2 R§1+

(41)
o ow pl?
fo~ By 1 2R} ”5(1 2RY )
Noting that the integral over S yields 272, we obtain
1 12 8 8
167G J Vo (R+ 62) B 16nG7/
(42)
- 4G£2 ( ) '
The same term for the empty AdS gives
/g 2123y 8
167TG/ ( €2> 167G /
pl?
4G€2 ( 2R4) (43)
_ O (-
4G 2R}
Subtracting this from the black hole solution gives for the bulk terms:
B 1"3_(7’3_ —?) ' (44)

A G2 2

Now we move on to the boundary terms again. Note that

1 i R Ry [ b
L S LY aa 45
Tor R~ 2RI (45)

We also see
O Y U P
Vh=r1- 5+ 5=~ (1 51 ) (46)
Then R 02 R3 R} 2
o (o pCNARy AR, (L plt
VhE ~ ‘ (1 2Rg> ¢~ e \! 2RY )" (47)
So we have 24 4R4 2
1 27 I
S 1— 2. 4
871G Jom VhE ~ 8rG (2 ( 2R§) (48)

For empty AdS, we set u = 0 and replace 5 by fBy. This gives exactly the same term (to this
order in 1/R}), so we find
2
T
Fr-— T2 _p2 49
= ) (49)
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Figure 1: Phase diagram of F' plotted as a function of g

. T4 is related to £ in some complicated way. It will therefore not be straightforward to rewrite

F in terms of 8. It is much easier to plug the expressions into Mathematica. Then you will

find
3rri(ri +£%)  3rm

E=030F = ——"—""1"—-=—.. 50
BBF = cm = p rYela (50)
. The specific heat can be computed once we have the entropy. Mathematica will give us
723
S=-—". 51
5C (51)
The specific heat then is given by
3 2.3 2 2 62
C = _po,5 = Tt ) (52)

2G(2r% — 1?)

We thus see that this is positive if 7, /¢ > 1/4/2, and negative if 7, /¢ < 1/4/2. This means
that small AdS black holes are unstable and can evaporate, whereas large AdS black holes are
stable and do not evaporate.

. Plotting F as a function of 8 (for various values of r) can be found in Fig. 1. The small black

holes correspond to the part of the curve connected to the origin up to the phase transition,
the large black holes are the ones that go to negative F'. Empty AdS has F' = 0 for all values of
B. At very low temperatures (large (), the thermodynamically preferred configuration (lowest
F) is thus empty AdS. If we increase T' (lower f3), at one point the large black holes will start
to dominate. This is the Hawking-Page phase transition.

Exercise session 2

Von Neumann entropy and Rényi entropies

. We have

2 “2\0 1

) O+ _1/1 0
2:2(0 1)'

b= |00) (00] 4-[11) (11] 1 (1 O) ,
(53)
p1 =



These are the same, so the rest of the computation will be identical for both of them. We have

twice the eigenvalue A = 1/2 so
S(p1/12) = log 2.

We have
P = 2in ((1) (1)> — Trply, =2
So then
S™ (p1/12) = log 2.
. We have

,  100) (00] + 01) (01] + 10) (01] + |O1) (10] + [10) (10)
3 Y
1) (1] +2[0) 0]
; :

We can write this as matrices as
1 (L 00 1/1 0
P2 =5 01 1/, n=zlg 2
0 1 1

We can compute the eigenvalues of these as

p1 =

it = (34) () =) = (=) (-

This means that we have

1 1 2 2 2
S(p12) = _§10g§ — glogg =log3 — §10g2‘

For pi, the eigenvalues are A = 1, 2 such that

1 1

S(pr) = —zlog

2 2 2
3 S—flogleogS—glogQ.

3 3

For the Rényi entropies we use

(0 1 " nofl nofl n 1 " n
P2 =3 0 2 2 — Trply = 3 (2" +1).

0 277,71 2n71

SO

1
. log(2" +1).

.1 (1 0 W 2041
pl_y 0 2n _>Trp1_ )

n
S (p12) = g3 -

Also

so also for p; we have

n n 1
§™(p1) = —— log3 — —

(54)

(55)

(56)

(58)



3.

2.2

For the GHZ state, the n — 1 limit is trivial:

lim log 2 = log 2. (66)
n—1
For the W state, it is a bit more non-trivial. We have
2" log 2
. nlog3—log(2+1) . logd— %75 2
T o1 a1 lesdgle? (o7

Here we used I'Hopitals rule, since both the numerator and the denominator approach zero.
Interestingly, both limits equal the respective von Neumann entropies!

We have
Trp" = ZA? = ZAM;H. (68)
We can use A\; = ), A\; and add and subtract 1 to ﬁnd

Trp" =143 MO —1). (69)

. As n — 1, the term inside the sum goes to zero. So we can take the limit

. no__ 1: ) n_l _
lim log Tr p" = 71113112&()\1 1). (70)
So we see
n—1 _
) g 2 MY _ “lloghi _
lim §™) = lim = = lim — Z)\ RSv= Z)\log)\ S(p). (71
. We find
—On Trp" 1 = — 3 APlog Ailn—1 = — > Ailog A; = S(p). (72)

CFT two-point function

. We write
(O(71,21)O(72,22)) = (0] eﬁHO(J:l)e(T2_Tl)H(’)(xg)e_TZH [0} . (73)
Since the Hamiltonian acting on the vacuum is zero, this is
(0] O(x1)e"™HO(25) |0) . (74)

We assume that O is not very special in that it does not create only specific energy eigenvalues.
That means that

Ol) 0) = / T AEf(E. ) |B). (75)

This means that we have
/ dEf(E, 22)e™ ™" (0] O(z1) |E) . (76)
0

This means that for 7 — 7 > 0, unless f(E) decreases exponentially (which it generically
does not do), we have an exponential divergence. If 7 > 7o, it has an exponential damping,
so it is bounded. This tells us that in Euclidean space, we should only consider time-ordered
correlation functions.



2. Taking 7 = it,
. 1
(O(it, 2)0(0)) = [T (77)
There are singularities at ¢t = £|z|.
3. Writing 7 = it 4 €, we have
22+ 72 = 2% — 2 + 2ite. (78)
Writing this as a complex number as re’?, we can compute
log(z? — t? + 2ite) = logr + i¢ = log |#? — t?| 4 i arg(x? — 1 + 2ite). (79)

The logarithm has a branch cut. We place it at the negative real axis. Then if 22 — 2 > 0
(spacelike separation), we have arg = 0. If 22 — 2 < 0 (timelike separation), it depends on the
sign of ¢ (we take e — 0F). If ¢ > 0, the argument is . If ¢ < 0, the argument is —7. So

e"imA timelike, ¢ > 0,
spacelike, (80)
eimA timelike, t < 0.

1

(O(it, 2)0(0)) = [ —2p

Another interesting thing to note is that in Lorentzian correlators, we can consider both time-ordered
and anti-time ordered correlators. Which one corresponds to the Euclidean one? We see that if e > 0,
writing 7 =4t —e sot = —i7 + €,

<01(t,1‘)(92(0)>L = <01(—iT + €,$)02(0)>E. (81)

This is correctly time-ordered, since e > 0 so the Euclidean operators are in the right order. For
anti-time-ordered, taking 7 = it + € with again € > 0,

<01 (O)Og(t, IE)>L = <(91 (0)02(71‘25 - €)>E (82)

So we see that time-ordered Lorentzian correlators correspond to the —e prescription (7 = it — ¢),
whereas anti-time-ordered Lorentzian correlators correspond to the +¢ prescription (7 = it + €).

2.3 Wave propagation in Schwarzschild spacetime

The metric is
dr

2
+ r%(d6? + sin? 0dp?). (83)

$2 — _ f(r)dt2
d f(r)dt +f(T)

The wave equation is

1. Explicitly written out in coordinates, using that /—g = r?sin, we get the wave equation

1 9 . 1 r2siné 1 9 . 1
m@T (7" S Gf(r‘)arfb) + 7"2 sin 6 't < —f(r) 815@) + mag <T Sln@qaag@)
2. 1 _ 85
r2 sin@ﬁg& (T bmeﬂ sin? 9855(1) =0, (85)
1o (r*f(r)0,®) — L ey Loger L _p2a =0
r2’ " " fr)" P2 r2sin®9 ¢ '



2. Writing

3.1

¢ = e—ithlm(a’ ©)Puim (1), (86)
we note L i l(l 1)
+
24 2 2 24
at (P = —Ww (I)7 r—289<1> + mapfb = — 7’2 (b (87)
Then the wave equation reduces to
1 w? (l+1
=0, (r* f(r)0ro) + ¢ — ( 5 )¢> =0. (88)
r f r
. Now we write " J
r
o=, dr.=——. 89
r 7 (59
Then " ” 1d ” o
- = — T / —_ -
arr_ r2+rdr¢ r2+rf' (90)

Here we write ¥ = ¥(r4), so ¢’ is with the derivative with respect to r.. However, we will
keep f = f(r), so f' means the derivative with respect to r. Then

v

o, (rzf&r) 0, (—f 1) = —f = 4 S = —pf Dy (o)

f f

The wave equation becomes

f " w? +1
72 +F+F¢_ r3 y=0 (92)

This can be rewritten to

e E ).

r2
So we have a1
vio) = (L4151, (94)

. For specified f, one can plot V as a function of r (or r.). For the Schwarzschild metric,

fry=1- 2GM - this is visualised in Fig. 2.

r )

. It can be seen that this potential does not have any minima. Because of that, there cannot be

any bound states. Furthermore, the effective potential has a maximum. For w much smaller
than this potential maximum, the waves get mostly reflected back to infinity, while for w much
larger, the waves get absorbed by the black hole.

Exercise session 3

Holographic 4-pt functions: how to succeed without really trying

. Just match the subscripts of the functions to the lines!

10



1.0 1=1
1=2
. 1=3
r 05+
o
,/
. -
-6 -4 } 2 4 6

tlz—2 | = (z—2)? (95)
Under inversion, this becomes
2 7\2 12
L (2 222 (z=2)
_ - = 96
(z-7) A + ()4 22(2)2 22(2')2 (96)

This means that

2 20,12 \ A
LEEN) = Gln )P (97)

G(2,%,2') = <

. We first use boundary translation invariance to send z; — 0 and z3 — z3;.

dit1y
As(w,z1,23) :/FGA(é-)gAl(uuo)gA?,(u?Z?ﬂ)
0
98
[ e (49)™ sutu. 0
= —7 UA — A y <31
ug+1 u2 3
Note that £ is invariant under inversion:
_(EF-w)?  (z-w)?
£= 2W0 2o a 2wo 2o =& (99)
So we see that
ditly U As
As(w,z1,23) = |z 72A3/7G )™ (0> . 100
3( 1 3) | 13| ug+1 A(f) ( 0) (’LL — 231)2 ( )

Now we take u — u + Z31 = u — Z13. This keeps the integral measure invariant, but £ changes.
However, if we send w — w — Zz13 as well, then ¢ is invariant again. So we see that

A3(’LU,Z1,Z3) = |213‘_2A31(’J) — 213) (101)

where

1) = [t oa© )™ (18)” (102)

11



10.

11.

. Poincaré transformations on the boundary do not transform wg and ug. It also keeps (u —w)?

invariant. So this means that £ is invariant under these transformations. wug is again not
transformed under these and u? is also manifestly Poincaré invariant.

. Scaling both u and w gives (u—w)? — A\?(u—w)?, this cancels exactly against wpzg — A\2wozo.

So the chord distance is invariant if we also rescale u. The integral measure is also invariant
. A: _A. A:
under this. u§ transforms to A®1u5" and (“4)7" goes to A™22 (“4)™* s0 we see that

I(w) = A3 T (w). (103)

2
. The function that is invariant under both rescaling and Poincaré transformations is s = =3.

So any function of this will be invariant under the transformations mentioned above. We still
want total invariance under the Poincaré subgroup, but a specific scaling law, so the function
will in general be of the form

I(w) = wl™ f(s). (104)
We want to show that A
2 3
(=V2 +m?) I(w) = w™* (Zg) . (105)
We can use the fact that
5w —
(=V2+m?)Ga(é) = Su—w) = 6(u— w)ug ™. (106)

VI

This means that

di 1y up\ As
(=V2 +m2) I(w) :/W(—th%%@)uoﬁl (%)
Ug u
dtly d+1. A, (YO As
/ug"’l I(u —w)ug "y (E) (107)

2\ Qs
_ A (Wo AS_ Az [ Wo
—U)O - —U}O — .
w w

. You should find the correct result after working precisely or plugging this into Mathematica.

It’s taking derivatives.

. 5§ = 1 corresponds to w — 0. This is not at all a special point in the bulk, so f should be

smooth there.

Aswy — 0, & ~wy A The hypergeometric function approaches 1 as 1/£2 approaches zero, so
G ~ wg. Since we need w§*? f(s) ~ wg, we need f(s — 0) ~ ws 21 so

A-Aq3
2

f(s—=0)~s (108)
The differential equation reduces to

D
45%(s — 1) f" +4s | (A3 +1)s — Az + 5 1 4 [A(D = Arz) +m?] f = s, (109)

12



12.

Plugging in f =Y, a;s23H gives

Zal (4(5 — 1)(A3 + l)(Ag + l — 1)8A3+l + 4 |:(A13 + 1)8 — Alg + g — 1 (Ag + l)SA3+l
l

+ [Alg(Df A13) +m2] SAerl) _ SAs

(110)
This gives
l D l
Zal<4(8—1)(A3+l)(A3+l—1)8 +4|:(A13+1)8—A13+2—1 (A3+l)8
! (111)

+ [A13(D —Aq3) + m2] 8l> =1

We will consider only fixed powers of s. For order n in [, we will have contributions from both
a, and a,_1. To zeroth order in s, we should have exactly 1. This will get contributions from
l=0and = —1. So:

a_q (4(A3 - 1)(A3 — 2) + 4(A13 + 1)(A3 - 1)) = 4@,1 (—Ag + 14+ A1A3 - Al) =1 (112)

This means that 1

41— A1)(1 - Ag)

a_1 —

(113)

For lower orders of s we see
ap—1 (4(A3 + k- 1)(A3 +k— 2) + 4(A13 + 1)(A3 + k- 1))
D
= —ag (—4(A3 + k)(Ag + k- 1) — 4(A3 + k)(—Alg + 5 - 1) + Alg(D — Alg + m2))
(114)

Using the fact that A = % + %\/ D? + 4m?2, you should be able to rewrite this to the formula
given.

If one of the aj ever becomes zero, then everything below that will also be zero. This means
that either

l:,w (115)
2
o A+As+A—D

2
So it terminates if either Ay + A3 — A is a positive, even number or if A1 + A3+ A — D is a

positive, even number. However, we want
A —Ajg

Z+A3: 2 )

(117)

so we pick the first option.

13



13. We just plug in the result:

As =

and we get

A4fzal/
—Zal/

Now

|Z13|_2A3I(7j} — 213)

|z13|~ 283450 A 1

A
2A Z WpZ13
= 21| (w2) ak <w2(

dP+1w
Py G, (w, 22

dD+1

k

S

k

2,2 Az+
w — Z13)2>

)G, (w,24)|213] 7222 (E)AIB (wg(

u702

k

2

Aq+l1 Az+l

So we see that we indeed have

— Z13

2

2,2

Wo213

w — 213

)2 ) Az+k

(u‘; — Z13

)2 > Azl

w )AIS w2 Az+l
w?(w — 213)?

0
e O (10, 22)0a, (1,20 o (55

A+l 2 Ag+l
_ins (L Wy
0 w? (w )2

— 213

()" (e
w? w?(w — z13)?

1
Ay = Zal|zl3\ l/ D1 Gy 11(w,0)Ga 41 (w, 213)Ga, (0, 22)Ga, (W, 7).

3.2 3d gravity as group theory

1. We have

This means t

e%(t"r(ﬁ)az _ Z ( (t +¢ . i — n (T

¢> 1 +isin

We also have

hat

n=0

<t
= cos

+

14

(118)

(119)

(120)

(121)

(122)

(123)

(124)



4

Then

& pn > p2n io: p2n+1
el73 = —oy = 1+ ———03
n! 2n! 2n+1
n=0 n=0 n=0 ( ) (125)
. cosh p + sinh 0
= coshpll+sinhpos = ( ’ 0 ! cosh p — sinh P) .

Then
e (t+e)oz pos 5 (t—d)o2
| cos (%) sin (%) cosh p + sinh p 0 cos (%) sin %)
| —sin (#) cos (%) 0 cosh p — sinh p. sin (%) cos %)

[ costcoshp+cos¢gsinhp  sintcoshp —sin ¢ sinh p
~ \—sintcoshp —singsinhp costcoshp — cosgsinhp/”

(126)
. The group parametrized by 2x2 real matrices with determinant 1 is SL(2, R).
. Plugging it into Mathematica will show you!
. We compute
Po3 R - —
e -~ ol 03 ZO nl (O (_Un)
" L (127)
(2l o 0 ) _ (e 0
0 YL SE) N0 e
The same goes for e¥?3. Lastly,
o0 2n o0 2n+1
por _ P q P
=D Gttt e
n=0 n=0 (128)

_ f[coshp sinhp) r r2—1

" \sinhp coshp/  \VrZ-1 T ’
Here we used r = cosh p, sinhp = \/cosh? p — 1 for p,r positive. It is easy to check that all
three matrices have determinant 1, so the product of all three will also have determinant 1.

. Again, simply plugging into Mathematica gives the desired result.

Exercise session 4

4.1 Black hole information paradox

1. For the four-dimensional Reissner-Nordstrom black hole, the metric is given by

dr? oM Q2
A ra0z ey =1- MO (129)

ds* = —f(r)dt* + ) PG

15



The horizons are at
iy = M4/ GE (130)
We will work in the near-horizon, near-extremal limit. That means that we will take M =

Q 4+ AM with AM small. This gives ry ~ |Q| (we will take @Q positive from now on). The
near-horizon limit we will take as r = Q + Q?F, with Q27 small. Then

2Q +2AM Q2

fry=1-=""—"—+=
' ' (131)
r—Q)* 2AM L 9AM
= ~ Q2T,2
N 7"2 - r ~ - T
We also have dr? = Q*di?
2M di2
d52 — Q2 (_ <~2 Q3 > dt2 L i d§22> (132)
72
QS

This tells us that the near-horizon, near extremal limit of the Reissner-Nordstrém black hole
looks like a black hole on AdS, x S2.

2. Writing t = f(u) and z = z(u), we find
(4?1

> = (133)

Guu =

Since the boundary particle is near the boundary, we can assume z is small. We will also
assume that its trajectory is not too wildly fluctuating, such that 2’ is also small. Then

U 1
Guu = — 22 :_672. (134)
We see that for any f, we can solve this by setting z = €f’. Then we go to the dilaton profile.
Since tz™ =12 — 22 =~ f? and o7 — 27 = 22 = 2¢f’, we find
- 7T 2 b,
¢|bdy ~ ‘br& g (135)
ef’ €
To solve this, we need f’ =1 — (7Tp)?f2. We can solve this through
daf
Y _ |4
/ 1= (7To)2f? / v
1 df B arctanhf .
™) 1-f2 Ty (136)

f = tanh(7Tyu),

flu) = %To tanh(rTou).

3. The boundary is parameterized through t = f(u), z = €f’(u). This means that we can write

f@)=z=t+z=f(u)+ef'(u)~ flute),

—tbr = fw) + ef ()~ —fu— o) (137
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Assuming f(—y) = —f(y), we derive from here that the boundary in y, § coordinates is given
by
g=u+ey=—(u—ce). (138)

That means that y + § = 2¢ is the boundary location, and the time there is given by ﬂ%y = u.

4. Mobius transformations are defined as

w(x) = %, ad — be # 0. (139)

Then
W — (cx + d)a — (ax + b)c ad — be

(cx + d)? ez +d)?’
c

'UJ/I = —Q(Qd — bc)m (140)
1
" = 6c*(ad — be) ———.
w c“(a c) (cxt d)f
Therefore we see that ) 2
Ge 3_ de 0. (141)

{w, o} = (cx+d)?2 2 (cx+d)? -
5. A BCFT two-point function is computed by a CFT four-point function, with mirrored oper-
ators and half the conformal dimensions. The mirrored operator from (z,z) has coordinates
(_"Ev _'T)
(o(21,21)0 (22, Z2))BCrT,A = (0(21,Z1)0 (22, T2)o (—Z1, —21)0(—T2, —22))CFT,A/2-
A conformal primary of dimension A scales under a conformal transformation as
O(z)a-24 = Uz)2O0(x),. (142)
This means that

(o(x1,71)0(22, Z2))BCFT,A,0-29
= Q(x1,71)22Q(x2, To) A2 ~T1, —21) 2 2Q(— T, _$2)A/2<0(3)1a-fl)U(nyi'Q»BCFT,A,g
= Q(x1, j1)AQ($2, fz)A<U($1, Z1)o (22, T2))BCFT,A g

This means that

(n) _ 1 _\A _\A _cn+l
Sy = —— log (w1, 71)2Q20, T2)2) + Sy = TR Z log 2+ S{™.  (143)
endpoints
This gives us
c
Sa2g =S89~ ¢ > logQ. (144)

endpoints
6. The conformal cross-ratio is given by

= (w1 + 1) (we + W2)
(w1 + w2)(wo 4 w1)

(145)
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We write w = Z —T and w = Z +T. A translation in T very obviously cancels out in the
conformal cross ratio. The BCFT is not invariant under transformations in Z (orthogonal to
the boundary), so we don’t have to check that one. Neither is it invariant under rotations. We
are left with scale transformations and inversions. A scaling also obviously cancels out. An
inversion gives

n— (r 90 (oy +ag) _ (w1 00 (wy + ) =7 (146)
F & o) @t o) tm) "

. Both endpoints to the past of the shock means mig > 0 and 27, < 0. This means that
Z12,%Z1,2 > 0. We take one of the endpoints all the way into the AdS. In the w-space, this
means that one of the endpoints is at w = 0, the boundary. So we need to use the formula

Sy = % log(w + ) + log g. (147)

We need to transform to our metric, so we actually need the formula

S = glog(w + @) +log g — glog Qw, ). (148)
Since Aded s () (7)
xdZ w'(z)w'(z T+
- dwdi = Q(w,w) = '(z) @' (z)- 149
(z + )2 @tz (w, ) = ——=Vw'(@)w'(z) (149)
Since z,Z > 0 we use
w = wfg — ! wféa
€T i
) wg / w% (150)
w = — — ,72’
xT xT
SO
T+ T wi w2 (1 1 w—+ w
Q- o _ %Y (I, -\ _ 151
N 2<x x) : (151)
Therefore,
S = glog2+logg. (152)

. We take one endpoint to the future (z1) and one to the past (x2). This means z; < 0, Z; > 0,
Z9,To > 0 We first compute the conformal cross-ratio. We have (we transform to lightcone
coordinates already)

wy = fHxy), W= —, wyp=-——2, Wy=—. (153)
x] x5 5

~1(p— ﬁ)(&_ﬁ) <L_L) _
(Pens2)(#2-) (F-d) ster-a 154
n= _ w2 w2 w2\ 1 1 - FEN ( )
(i + ) () " (L) el e
ZQ 131 xr wl 12
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For x5, we can use the computation we did just now:

271 1 wg(zy —x3)
O 7+:w0(_>:022 155
(z7,3) 2 \zf a5 205 x5 (155)
For z1, it is a little bit more complicated. We find
d ., d(—y) (dx)_l 1 1
il —x) = =_ (= = _ = — (156)
&l T ay 7o )
So
of — ] w3 1
Q=" 1 0 _ (157)
2 (1) f'(yr)

We will also use
_ _ 1 1 w(zd — 2
wy —we = f(ay) =y, W — Wy = wi ()0(21) (158)

The last ingredient that we need is

c 2
Eg~——. 159
o 247 wy (159)
Putting everything together,
c wiyy (v — ) o (xf — 23)
Szlog( I T 2)+logG(n)
6 vfzy @i (2] —ay)
g (B e et oy [
6 205 x5 2 ()2 f'(y7)
[ —yr a{ @y f'(yr) af —af +log Gln) (160)
= — Og _— — — Og 77
6 wo 2 (21 — @3 )(af —27)
A8 Eg —Y1 @1 T3 \/ f' (1) B
= Slog ks~ T 2+ ! - T2 xj — | +1og G(n)
6 ¢ ) (a7 —xy) (2] —27)
9. Both endpoints to the future of the shock gives
—1/,.— - - wg —1/,.— — - wg
wr = f"(z1) =Yy w1 = —, wy = 7 (2y) =Yy, Wy = —¢. (161)
] Lo
We will also use
i —x w 1 g w 1
Q(vaxf) == ! 0 - Q(l‘;vm;) = =2 2 0 = (162)
2 (21)? f'(y1) 2 (z3)% f'(y2)
We also have
—1 — wg wg —1
: e+ ) GEer6)  ensien (163)
(Fen+4) (dr@) D)



So we can use log G(1) =~ 0. The last ingredient is

wi —wp = [THaT) = [T ay) =y —ya, W -0y =
Ty Ty
Putting everything together yields
c _ _wi(zg —2)) c vf —x7 | w} 1 2 -2y | w} 1
S=zlog| (W —v)— 55— —Elog B 2 7= B) e =
6 Ty Ty (@1)? f'(yr) (z3)2 f'(y2)

 log A Py () (n — vy ) (e — o)

6 (zf —a7) (23 —3)

(165)
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